prtss t- 
BULLETIN OF THE 
AMERICAN 


ATHEMATICAL SOCIETY 
CUK -Hol3ye -I(- PITSS 2 - 


A HISTORICAL AND CRITICAL REVIEW 


oF MATHEMATICAL SCIENCE 


EDITED BY, 

VIRGIL SNYDER J. W. YOUNG 
ALEXANDER ZIWET D. E. SMITII 
1. LEVI-CIVITA R. C. ARCHIBALD 


VOL. XXI 


OCTOBER 1914 To Jury 1915 


PUBLISHED BY THE SOCIETY 
LANCASTER, PA, AND NEW :YORK 
1915 





PRE3S OF 
THE NEW ERA PRINTING COMPANY 
LANCASTER, PA, 
e 
b 
* 





f P y * ze e 
a i m : “TT 3 Am 
vi 
| Tox x LIBRARY: n 


BULLETIN OF THE 


AMERICAN MATHEMATICAL SOCIETY. 


JN A SMALL VARIATION WHICH RENDERS A 
LINEAR DIFFERENTIAL SYSTEM 
INCOMPATIBLE. 


BY PROFESSOR MAXIME BÓCHEHR. ` 


(Read before the American Mathematical Society, April 25, 1914.) 


Lr us consider a homogeneous linear differential expression 
of the nth order* 


d" dry du, 
L(u) = Tan t buco hs Im, 


whose coefficients are continuous functions of the real variable 
x in a closed interval ab. We suppose that L does not vanish 
in this interval. We consider the 2n quantities 


ula), w(a), ‚u (a); u(b), w(b), +++, ub) 


and form n linearly independent linear forms in them, U;(u), 
-, U„(u), with constant coefficients. 
Consider now the homogeneous linear differential system 


(1) L(u) = 0, U,(u) = 0 (2 = 1, 2, vk n). 


This system is said to have k-fold compatibility if there 
are k and only k linearly independent functions which satisfy 
it. It is well known and immediately obvious that, if yi, 

+, Yn 1S any fundamental system of the equation Lu = 0, 
a necessary and sufficient condition is k-£old eontpatibility is 
that the rank of the matrix 





* No additional difficulties would be introduced if we considered the 
more general expressions treated in my PH Transactions, vol. 14 (1913), 
p.403. Seein particular the latter part o 
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Ui(y) +++ Uilyn) 
(2) o xe. xh. go n 









be n — k. Since all the elements, and hence all the deter 
minants, of this matrix will be only slightly changed by 
small variation of the coefficients of the system (1) (provide 
that, as is obviously possible, the y,’s and their first n — 
derivatives are allowed to vary only slightly) we immediatel 
infer the following important result: 

THEoREM I. If the system (1) has k-fold compatibility, i 
has no higher order of compatibility after any variation of its 
coefficients which is uniformly sufficiently small in ab.* 

While this theorem tells us that no very small variation 
wil raise the order of compatibility, the main result to be 
established in this paper refers to the possibility of lowering 
the order of compatibility, and here we shall prove not merely 
that there always exist arbitrarily small variations which 
render the system incompatible (i. e., reduce its order of 
compatibility to zero) but that a variation of a very simple 
and important type will have this effect; namely a real vari- 
ation of the coefficient lọ alone (so that the conditions U, = 0 
are not varied) and, indeed, a variation which is everywhere 
positive, or, what is not essentially different, everywhere 
negative. The proof will depend on certain preliminary 
lemmas. 

Let us suppose that the system (1) has k-fold compatibility, — ; 
and, as a matter of notation, let us suppose that the (n — k)- | 
rowed determinant in the upper left-hand corner of the ` 
matrix (2) is not zero. Then every solution of the equation 
Li = 0 which satisfies the first n — k conditions U; = 0 | 
wil also satisfy the remaining conditions. Such a function | 
is given by the determinant 


| 1 rt Yn Clfa—ki tsch Ck 


| Uy) «ee Uy) Ulyana) Ft Uly) 
(3) l. te Ze g ( ; 3 
| N 

| Un alyı) : Da Ais lg Da x 31) +++ +t eU xs) 


* The special case k = 0 of this theorem tells us that if the system (1) 
is incompatible, it remains so after every variation of its coefficients which 


is uniformly sufficiently small. 
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Moreover this determinant vanishes identically only when 
Ci, ++, € are all zero, since otherwise yi, :::, y, would be 
linearly dependent. Consequently the formula (3) gives a 
linear family of solutions of the system (1) whose bases con- 
sist of just & functions, so that, since by hypothesis (1) has 
k-fold compatibility, (3) gives its general solution. 

eLet us now suppose that the coefficients of L(u) are con- 
tinuous functions of (z, X) and that the coefficients of the U';'s 
are continuous functions of A; and that when A = A, and for a 
certain neighborhood of this value the system (1) has just 
k-fold compatibility. If we arrange the notation so that 
when A = An the (n — k)-rowed determinant in the upper 
left-hand corner of (2) is not zero, we can take the neighbor- 
hood of Ae so small that this same determinant does not 
vanish in this neighborhood, provided that, as is surely 
possible, yi, ---, Yn are so chosen that they and their first 
n — 1 derivatives are continuous functions of (z, A). Then 
(3) gives the general solution of the system (1) for all values 
of A in a certain neighborhood of ^o, and it is clear that for 
any special determination of the c,'s, either as constants or 
as continuous functions of A, the function (3) is eontinuous in 
(x, A). Hence 

Lexma I. If throughout a certain range of values of A the 
coeficients of L are continuous functions of (x, X) and the co- 
eficients of Ui, ---, Un are continuous functions of A, and if 
for all values of X in this range the system (1) has exactly k-fold 
compatibility; then if ug(x) denotes any particular solution of 
the system (1) when X = Xo, there exists a function u(x, X) 
continuous in (x, X) which, throughout a certain neighborhood* 
of ^o, satisfies (1), and ts such that «ts limit for A = Xp 28 ule), 
this limit being approached uniformly in ab. 

We turn next to 


Lemma II. Jf v tis any solution of the system 
(4) M(v) = 0, Via) 290 @=1, 2, ---, n) 
adjointt to (1), and u, is any solution of the system `° 











* This will be a one-sided neighborhood if Xo is’ an extremity of the range 
uestion. 
ag For a definition of the adjoint system cf. for instance the paper already 
Se where a more detailed statement of (Green's theorem will also be 
oun . 
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(5) L(u) = gu, U,(u) = 0 (2 = 1, 2, "tty n), 
then 

b 
(6) d gudr = 0. 


The proof consists in applying Green's theorem 


f [oL(u) — uM(v)]dx = x U,(u)Vss ci (0) 


to the two functions u, and v, when it reduces at once to (6). 

Lemma III If the system (1) has k-fold compatibility 
(k > 1), and e is an arbitrarily given positive constant, a con- 
tinuous, real function g(x) exists such that O S g(x) < e, and 
that the system (5) has less than k-fold compatibility. 

To prove this, let u be a non-identically vanishing solution 
of (1) and » a similar solution of (4), which surely exists since 
(1) and (4) always have the same order of compatibility.” 
Since, by a fundamental (though seldom explicitly. stated) 
theorem toncerning homogeneous linear differential equations, 
neither u nor v has more than a finite number of zeros in ab, 
we can select a point p at which the product uv does not 
vanish. Either the real or the pure imaginary part of ur does 
not vanish at p; and without loss of generality we may assume 
-that the former is the case as otherwise we might have multi- 
plied v by a pure imaginary constant before beginning. Since 
‘uv, and therefore its real part, is a continuous function of x, 
we can surround p by an interval a’b’ so short that the real 
part of wv does not vanish there. Now define p as a real 
continuous function of z which vanishes everywhere outside 
of a'b’ and is positive but less than e everywhere within. We 
see then that 


(7) f ourde + 0. 


a 


We now define the function g, whose existence is asserted 
in our lemma, by the equation 
es 9G = Ae 


where A is an, as yet undetermined, positive constant less than 
1; and we see from (6) that 


* Loc. cit., Theorem I. 
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(8) f pu gods = 0, 


where u, 1s any solution of (5). 

Now assume Lemma III to be false. Then for all positive 
values of A less than 1 the system (5) would have at least 
kdold compatibility, while by Theorem I it cannot have 
more than &-fold compatibility for sufficiently small values 
of A. Let us then restrict A to values so small that (5) has 
always exactly k-fold compatibility. Then, by Lemma I, 
we can take for u, a continuous function of (x, A) which 
approaches u(x) uniformly as A approaches zero through posi- 
tive values. Consequently 


b b 
lim eusdz- | Quda. 
a 


A=4+0 va 


This, however, 1s in contradiction with formulas (7) and (8). 
Thus our lemma 1s proved. 

We have indeed proved more than is stated in the lemma, for 
we have shown that o may be taken as identically zéro except 
in the interval a’b’, which interval could be taken as short 
as we please and in any position we please provided it avoids a 
finite number of points. If now the order of compatibility 
of (5) is not zero, we can start afresh with this system, in 
place of (1), and, applying Lemma III to it, form a new system 


L(u) = gu + gu, Uiu)-0 291,2, 50) 


which has a still lower order of compatibility and where 
0 Sgı <e. Moreover gı can be made to vanish everywhere 
except in an interval a/'b" as short as we please and not 
overlapping the interval a'b’. Hence the function g + gi 
satisfies the same inequality as g and gy. Proceeding in this 
way step by step, we finally come to a system which is incom- 
patible. Since all the intervals a'b’, a’’b’’, etc., which we use 
may be taken, if we wish, within an arbitrarily chosen sub- 
interval of ab, we may state our final result as follows: 


THEOREM II. If € 18 an arbitrarily given positive constant, a 
continuous, real function g(x) exists “such that O < g(x) < e 
and such that the system (5) is incompatible. This function g 
may be taken to be identically zero except an an arbitrarily chosen 
subinterval of ab. 
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We have proved this theorem, it is true, only when k > 0. 
If k = 0 it 1s, however, merely an obvious consequence of 
Theorem I. 

We come now at last to our most important result, though 
one which is, at bottom, less far reaching uma Theorem II, 
namely 

THEOREM III. Jf € 28 an arbitrarily given positive constant, 
a continuous, real function g(x) exists such that O < g(z) < e 
and such that the system (5) 18 incompatible. 

The proof consists simply in noticing that if we add to the 
function g(x) determined in Theorem II a sufficiently small 
function everywhere positive (not zero), the system (5) will, 
by Theorem I, remain incompatible.* 

This theorem is useful in making connection, by the method 
originally given in special cases by Hilbert, between the 
system (1) and an integral equation of the second kind. 


HARVARD UNIVERSITY, 
CAMBRIDGE, Mass. 


THE SMALLEST CHARACTERISTIC NUMBERS IN A 
CERTAIN EXCEPTIONAL CASE. 


BY PROFESSOR MAXIME BÓCHER 


(Read before the American Mathematical Society, September 8, 1914.) 


Tue characteristic numbers of the system 


(1) £ (ku!) + Qg—Du=0, (k>0, 120), 
(2) œu’ (a) — a’u(a) = 0, (aa 2 0, lo | + |æ | > 0), 
(3) Bu’) + Buß) = 0, (68 > 0, |B] +16"|>0) 


are those values of X for which (1) has a solution not identi- 
cally zero which satisfies (2) and (3). We assume that k, g, l 
are continuous real functions of x in the interval a S2 < b, 


* A similar method | énableg us to deduce from Theorem I a great variety 
of other results, for instances: 
If ewan arbitrarily given positive constant, and x, ' are arbitrardy 
given points in ab, there exists a continuous, real function M s. which a 
a sign at each of the points x, but vanishes nowhere else in ab, 
re satisfies the condition lg(z)I < e, and for which (5) is incompatible. 








1914.] THE SMALLEST CHARACTERISTIC NUMBERS. a” 


and that a, a’, B, B' are real constants. It is with the real 
characteristic values we shall be concerned; indeed it is easily 
proved that there are no others. 

If g 2 0, but not identically zero, we have obviously a 
special case of the system considered by Sturm in his first 
memoir of 1836, and indeed one which Sturm, and later 
Liouville, considered explicitly. If g changes sign, we have a 
case which has been supposed to be essentially different from 
Sturm's, and has been several times treated on this basis by 
more or less independent methods. I believe I was the first 
to point out* that if we divide (1) by |X | the system becomes 
merely a special case of the one originally treated by Sturm, 
whose results tell us that the characteristic numbers consist 
of two infinite systems, Ad, A1*, --- and Ag, Ar, e, the 
first set positive, the second negative (we suppose these sets 
to be both arranged according to increasing absolute values), 
such that the characteristic function corresponding to any 
one of them has in the interval a < x < b a number of zeros 
exactly equal to the subscript of the À in question. 

There is, however, one exceptional case in which the result 
just stated becomes accurate only after a slight modification, 
. namely that in which 


L= 0, a’ = p' = 0. 


In this case, and in this case only, A = 0 is a characteristic 
number, a corresponding characteristic function being u = 1. 
In this case also Sturm’s results assert the existence of the 
characteristic numbers A;* and AC, when 7 = 1, and the fact 
that the corresponding characteristic functions vanish just 4 
times. It is not, however, immediately obvious whether the 
numbers Ae" and Ag still exist. As a matter of fact at least 
one, and sometimes both of them, will have disappeared, or, if 
we prefer, will reduce to the value A = 0. The facts in this 
special case were established by Piconet by a different method. 
I wish here to show how very readily they follow by means 
of Sturm's results. 

* In & lecture delivered at the 5th International Congress of Mathe- 
maticians at Cambridge, England, 1912. See Pröceedings, vol. 1, pp. 178, 
176. The literature there cited should havt included a reference to Hilb, 
Jahresbericht der deutschen Mathenattker-V ereihigung, vol. 16 (1907), p. 279, 
where & sketch for & ois eun of & special case in which g changes sign 


is given, viz. l = 0, a = 8 = 
T Annali della R. Scuola Normale di Pu vol. 11 (1909), p. 39. 
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Let v(z, X) be the solution of (1) for which v(a, A) = 1, 
v(a, `A) = 0. According to Sturm’s second theorem of 
comparison,* as À increases from the value 0, the function 


k(b)v' (b, X) 
4) Av(b, X) 


decreases until it becomes negatively infinite. This occurs 
when A reaches the value, ui, for which ab, m) = 0. The 
characteristic number Ac, if it exists, must evidently lie in 
the interval 0 <A < m, since a characteristic function corre- 
sponding to a characteristic number greater than gu; would 
necessarily have at least one zero in ab. 

Now (4) approaches a definite finite limit as A approaches 
zero, namely 


(5) . D — k(b) | ve A | 


Consequently, if D > 0, the quantity (4) in its decrease starts 
from positive values and passes, for some value of X less than u, 
through the value zero. This is the characteristic value Ac, 
since for it v’(b, X) = 0. On the other hand, if D < 0, (4) does 
not pass through the value zero, and Ae" does not exist. 

In just the same way, by considering negative values of A 
and dividing (1) by | A |, we infer from Sturm's second theorem 
of comparison that, if D < 0, Ag exists, if D 2 0, it does not. 

It remains merely to evaluate D in terms of given quantities. 
From (1) we have 


A=0 


b 
d 
a, ev (g, Al on Ag(z)v(«, A). 

Integrating, and remembering that v’(a, X) = 0, we get 


k(b)v'(b, X) = — ^ T g(x)o(x, Ad, 
or, on differentiating with regard to X, 


d, = ER d 
k(b) IA v (b, A) = m T g(x)v(«, A)de SR Ta OA or, A)dz. 
If here we let A = 0, we get the desired formula 


(6 D= — | gode. 


a 


* See, for instance, T'ransacttons, vol. 1 (1900), p. 420. 
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All the steps we have here taken are justified since olx, A) 
and o'(z, A) are both continuous in (x, A) and analytic in A.* 
We have thus established Picone's result: 


The differential system 
d , B 
Ja EV) + Agu = 9; (k > 0) 
u'(a) = 0, u'(b) = 0 


in which g changes sign in ab has, if f gda = 0, no characteristic 


number other than zero for which the characteristic function does 
not vanish, otherwise it has just one such characteristic number, 


b 
namely a positive one if f gdx < 0, a negative one 1f f gdæ 0. 


I note in closing that the case | gdx = 0 is of interest as 


giving one of the simplest examples of a characteristic number 
A = 0) whose order of multiplicity when regarded as a root 
of the characteristic equation (2 in this case) is not equal to 
its index (1 in this case), i. e., the number of linearly inde- 
pendent characteristic functions corresponding to it. 


HARVARD UNIVERSITY, 
CAMBRIDGE, MASS., 
July 15, 1914. 


- ou Ė 


ON APPROXIMATION BY TRIGONOMETRIC SUMS. 
BY PROFESSOR T. H. GRONWALL. 


(Read before the American Mathematical Society, December 31, 1918 ) ` - 


IN his paper “On approximation by trigonometric sums and 
polynomials" t Dr. Jackson has shown that, f(x) being a func- 
tion of period 2r and satisfying the Lipschitz condition 


fa) — fla) | S^] 2 a | 
* For the fundamental properties of this important class of functions 
see my paper “On semi-analytic functiofs, of two variables," Annals 
of Mathemalws, 2d ser., vol. 12 (1910), p. 18. I was not aware when I 
ublished this article that some of these properties had been already given 
y Dini, Annali di Matematica, ser. 3, vol. 12 (1906), p. 179. 
t Transactions, vol. 13 (1912), pp 491—515. 
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for all values of 2 and 1, then there exists, for every integer n, 
a trigonometric sum of order not exceeding n 


Ta) = do + a, cos x + a cos 2a + --- + a4 eos nz 
+ b sin g + & sin 2£ + --- + b, sin ne, 


approximating f(x) in such a way that for all values of x 





dÄ A 
| f(@) — Tal) |< 7 d un? 
where the integer m is determined by the condition 2m — 2 
S n < 2m, and 
1 bes W D dir 
sin u 
(1) 


By asymptotic on Dr. Jackson shows that for 
m 2 4,n > 6, 
4J. 


(2) j^ £290. 


It is the purpose of the present note to show that the quotient 
in (2) decreases as m increases, 


Jasi _ Im E 
(3) TE « 0 (m = 1, 2,3, +++). 
Since it may be shown that* 

T 1 

(4) Jn = Sit ga): 
the inequality (3) is equivalent to 

SI? gint (m + 1)u — sin! mu 

= (2m? + » f W- — 7 du 

(5) . 





SEH IA du < 0. 


* T. H. Gronwall, “On the degree of convergence of Laplace’s series," 
Transactions, vol. 15 (1914), pp. 1-30. 
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We shall begin by replacing u by an approximate expression 
in terms of sin u. We have 

du-sinu snu-— 3u cos u + 2 sin u cos u 

du siðu sin‘ u 
and 


ad. f : 
E (sin u — 3u cos u + 2 sin u cos u) = 3 sin u(u — sin u) 


+ (1 — eos u > 0 for0 < u < «[2; 
therefore sinu — 3u cos u + 2 sin u cosu > 0 for 0 < u< 
u — sinu., I 
7/2, and consequently iy  [Nereases monotonely with u 
for 0 < u < 7/2, so that 
u = sin u + n(u) sin? u, 


(6) 1 
5 = 00 < na) EA EELER 


The expression (5) for Am now gives - 
x/2 144 — and 
= (2m? + 1) f sin“ (m + Du — ge mu, 
0 





sin? u 
rj? 
— (4m + 3) SR s i du 
| mi sin‘ (m + 1)u — sint mu 
2 ea ES DIE SK aca a oU cedi 
+ (2m? 1) | n(u) inel du 
sin* mu 
— (dm + 3) I: quu) a A 
(7) sin % 
A sin? (m + 1)u — sint mu 
< (2m? +1) 1" ini mE Dsum d 
[2 
— (4m + 3) | u 
+ (2m + 1) (5 = Mm SE (m’+ Du — dei T du 
sin u 
| Am NM 3 ? sin? mu y 








sin u 


e 
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Proceeding to evaluate our various integrals, we find, integrat- 
ing by parts, 


SI? sin! mu "/? sin? mu 
8. du — ———d(— cot u) 
0 


sin” U SIn u 


sin* mu 
= e cot u = | ( ) d 
du\ sinu 


[^U sin? mu cos mu cos U 


— —---—---, -—-———— du 


sin? u 


? sin* mu, "2 sin? mu 
= SSC du 4- : du, 
sin A sin u 








ap" "sin* mu mu 
t5 sin 4 


— 2m E —-— — (sin? mu cos mu)du 


sin u s 
+S sint mu mu y 
+3 sin 4 


w/2 2 Se 

sin 2mu - sin? mu 

= amt | ——— — ———— du 
0 


sin u 


T 
GEI We '? sin? mu — — sin? 2mu 
4 
T Ke a 9 — — —— du. 


Now the identity 
sin? nu 
sin 4 


gives VW. a 


I ? sin? nu — d 
—— du = ACD P 
g sin u 1x02ÀA + 1 


n—l 
= A. Sin 2A + Du 
A=0 


and consequently 
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r/2 sin* mu QNM 1 m—1 1 
Í e di em ar EART 1 





A=" A=0 
1 1 
S “BERT 
(7 sint mu " | j= x 
{ sin u du iba IAAF 


From these equations and the last part of (7) we obtain 
2:5—1 1 
= Bus — ER EN 
Am < — 2(m? — 2m dE ee 


9 m—t1 1 ] =! 1 
— 54m (XL D 22m i) 


À--0 Azul 


T lí 
eko EEN J ) 
SR 2m LI 4m + 1 4 Am + 3 
For m > 2, the first term in the expression on'the right is 


negative, and since the difference of the two sums in the second 
term obviously increases with m, we have for m 2 


Ed m, qe d 
Lai 12d 1+3-40+3+4+7) = $; 


furthermore 


l/r 
xis) 1-3(5-1) 














„42 07 71 1 
4m + 2 4m +1 4 4m 3 
lí 
Qmd) 5 
4m 4- 1 4m + 1’ 


so that finally, for m > 2, 
4m? 2 





which proves our theorem'for m > j Form=1andm= 2’ 
it is readily verified from the numerical values of Jm and J, 
given by Jackson. 


14 ON THE ROOTS OF ALGEBRAIC EQUATIONS. [Oct., 


From (1), (6) and (8) it follows that 


P= AX. Sam mu y , 1 ("Psin* mu 
m m? . 4 u -+ Hr Die . 
o  snêu m^ Jo sin u 








and consequently 


PS” er ! de 
u = lim ori =| prog 8e 
Using this result in connection with (4), it is seen that 
. AJ, 
lim —* 


12 log 2 
= 8“ = 2.648 — , 
m= 09 Jm T 


so that, using the numerical values of J, and J’,, we may 
finally state*the result 
4J 4 4J 5 = 4J e 


o dies 
2.758 J, > 7 J, 


PRINCETON UNIVERSITY, 
December 20, 1913. 








> ++. > 2.648 —. 


NOTE ON THE ROOTS OF ALGEBRAIC EQUATIONS. 
BY PROFESSOR R. D. CARMICHAEL AND DR. T. E. MASON. 


(Read before the American EE Society at Chicago, April 
10, 1914. 


L LANDAU* has established certain interesting inequalities 
concerning the least root of & class of algebraic equations, 
having been led to these results by considerations connected 
with his remarkable extension and generalization of Picard’s 
famous theorem €o the effect that an entire function which 
fails to assume two values is a constant. These special in- 


* Annales de D École Normale Supérieure (3), vol. 24 (1907), pp. 179-201; 
Vierteljahrsschrift der Naturf. Gesellschaft in Zurich, vol. 51 (1906), pp. 
252-318. . 
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equalities have been generalized and made more precise by 
Allardice.* Finally, still more comprehensive results have 
been obtained by Fejért by a method which leaves nothing 
to be desired in the way of simplicity and elegance. Fejer’s 
result, which contains those of the other authors mentioned, 
may be stated as follows: 


° Let 
(1) Gg + am" + as? t +++ + a= 
be an equation of k + 1 terms in which 

ao F 0, a $0, eene SE. 


Let ¢ be a root of this equation of least absolute value. Then we 
have the inequalities 


Va Vg *** Vk uri 
(2) [¢| a ore gery eer 


| ex Dr 2) -e (nd k — 2[? Oo 
1.2...» (k — 1) «1 


lv 


ao 


ay i 








I/vy 








(3) [|S 
In case y, = 1, we have 


ao 
(4) S| Sk); 








and this value is actually attained by the roots of the equation 


az \* 
S (: T i.) B 

For the case vı = 1 formula (2) was obtained by Allardice. 
For the case when k = 2 and »ı = 1 formula (4) was established 
by Landau. Furthermore, for k = 3 and »=1 Landau 
proved that | t | is not greater than 53ao/a:, a result less precise 
than that of Fejer above. 

The principal purpose of this note is to establish other results 
concerning the least roots of algebraic equations, especially of 
those of certain special forms. It will be geen that these 
. results are in some cases more far-reaching: than those of 
Fejér. An additional theorem of a related nature is also given 
in the final section. 


* BULLETIN, vol. 13 (1907), pp. 443-447. * 
t Comptes rendus, vol. 145 (1907), p pp. 459-461. 
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It is convenient, first of all, to simplify equation (1) in the 
following way: Divide each member by a, and replace z by z, 
where 


Then the equation takes the form ^ 
(5) LH aen + ar" + at + +++ + apr” = 0. 


We shall confine our attention principally to the latter equa- 
tion. 

2. We shall consider first the case in which nz land ry = 
y, + 1 when ? 1, writing the equation in the form 


(6) 1+ zt cat! + oe? +. +Fmt=0 (8 21). 


Let tı, T2, ---, tm denote the roots of this equation. From the 
equation whose roots are the reciprocals of those of (6) we 
see at once that 

d 1 1 

Z—= — 1, 2— =), ---, 2 ———_ = 0, 

TI Tito TiTa ss be 
where the summation in each case is for all terms of the type 
written. From these equations and the customary formulas 
for the sum of the roots of an equation in terms of the ele- 
mentary symmetric functions of these roots* it follows readily 
that 

1 
er Da 


Therefore 
1 ET NN e. - 1 21 
al [al DEED E 


Now if we suppose that x is a root of (6) of least absolute 
value, we have 





E Si . | "ni |? 
whence 


* 8 —— 


(nl € vm. 


* See Böcher’s Higher Algebra, p. 244. 
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This result may be stated in the form of the following 
theorem: 
I. The equation 


Ltt quac + caat + + one™=0 (ez, 
has a root which is not greater in absolute value than Am, what- 
eur values 0,411, Capa, ***, Cm may have. 

CoROLLARY. The equation 


(7) Let cert! + ett + +om'=0 (¢ 21), 


has a root which 1s not greater than 2 in absolute value. 

The result of this corollary for the special case when 
Cos = Cys = 555 = Cy = O is given by Landau (loc. cit.). 
Here the equation reduces to a trinomial. 

If we apply to equation (7) the Allardice-Fejér formula (2) 
for », = 1 we conclude that this equation has a root not greater 
in absolute value than 2*/s. For s approaching infinity this 
value 2*/s itself approaches infinity at a rapid rate. Hence, 
the circle in which, according to the Allardice-Fejér result, 
equation (7) certainly has a root increases in size with increas- 
ing s. But from the theorem of our corollary it is seen that 
(7) always has a root in the circle of radius 2 about the point 
zero. Thus for the special case of equation (7) (and likewise 
of (6), as one may readily show) our results reach further than 
those of Allardice and Fejér. 

We shall now show inversely that there is in general but one 
root of equation (6) which is bounded by the circle about zero 


of radius Ym when Gei ***y Cm are arbitrary. More pre- 
cisely, we shall prove the following theorem: 

Il. Let s and m be any two positive integers having a prime 
number p between them: s « p « m. Let M be any positive 
constant. Then there exist equations of the form 


ld geared emnat = 0 


having every root but one greater than M in absolute value. 

To prove this theorem it is sufficient to cpnstruct equations 
having the specified property. Let kp¢k.> 1) be the greatest 
multiple of p which is less than m. We Shall further specialize 
the equation to be constructed so that it shall have the form 


(8 Lat cpt? + ceppe? qo... Cpp? = 0. 
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Now let w be any primitive pth root of unity; then the set 
of pth roots of unity is 1, w, oc, Let zy m, --:, 
Zepi1 denote the kp + 1 roots of equation (8). We shall 
build up equation (8) by properly choosing the values of its 
roots. ‘Thus, we put 


TkpH = =; 
ar. E E D 


where 7 is any number whatever which is different from zero. 
With these values of zı, 2, «°°, 2kpi1 we have 


1 


2 = (— 1) (t = 1:2; dE — 1), 
d 


as one sees readily by means of the well-known relations 
LH o! 4- ot +--+ + we? Dt I O ((— 1,2, 5, p— 1). 


From the usual formulas (Bócher, loc. cit.) for the sum of the 
roots of an equation in terms of the elementary symmetric 
functions*of these roots it is now easy to see that ` 





1 1 1 1 
e z= — 1; See 0; 2) =(),---, in = 0). 
del Tita Tit T3 Tiva’ tll 
Hence, the equation of which the roots are 2, %, ++, %kptı 


has the form (8). If|7| > M, then all but one of the roots 
of the equation so formed are greater than M in absolute 
value. Hence we conclude to the theorem as stated above. 

By means of II and the corollary to I we shall now prove 
the following theorem: 


III. Every equation of the form 
1 + æ+ cett! + capt +. bo —0 (Zl) 


has at least one root not greater than 2 in absolute value, while 
special equations of this form may have all roots but one greater 
in absolute value than any preassigned M. 


In order to complete the demonstration of this result it is 
sufficient to observe that obviously only one root is bounded 
when s = 1 and that £ prime number p lies between s and 2° 
when s 22. For s = 2 we Have p= 3 and for s = 3 we 
have p = bor7. Fors 3 we may prove the existence of p 
by means of Tschebyschef’s theorem*: If an integer s is greater 


* Bachmann, Niedere Zahlentheorie I, p. 66. 
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than 3 then there is at least one prime number between s and 


28 2, 


3. Next, let us consider the equation 
(9) It tot. tene™=0 (s2l) 
Let 21, 2», *--, tm be the roots of this equation and denote by 
Af and Sx respectively, the sums 

EE Eden Be 


Then we have* 
Sm — AiSma+ Assma — 

+ (= Ans + (— 1)mA, = 0. 
Now from equation (9) we see readily that 
A = = -= Ass 0, A,—(—1lYy, Ami = e = Aan zs O. 
Hence it follows from (10) that ` 


$,— — fT; 


(10) 


and then that 
Sor = T; if ky 2 2. 


Continuing thus we have finally 


S, = (— 1)’; 
that is, 








1 1 1 
mss espe cap cpm DR. 


If x; is a root of (9) of least absolute value, then from the last 
equation it follows readily that 


ICE or al V2 


Thus we have the following generalization of theorem I: 
IV. Every equation of the form (9) has at least one root which 
is less in absolute value than Ymir. 





* Bee Böcher’s Higher Algebra, p. 244. . 
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' We may also generalize theorem II and so obtain the fol- 
lowing result: 1 

V. Lei r, s and m be any three positive integers such that r ıs 
prime while a prime number p lies between sr and m — r +1; 
er <p<m-—r+]1. Let M be any positive constant. Then 
there exist equations of the form (9) which have all but r of their 
roots greater than M in absolute value. - e 


The detailed proof of this theorem will not be given. It is 
sufficient to construct an equation of the form 


LH a+ cept? + epp?! ee F Crp = 0 (kp trim), 
by means of its roots 21, %, ***, Zkrt+r defined as follows: 
Tuky = W "T, (u = 0, 1,2, —1; v= 1,2, ---, k); 
fat = NE (t= 1,2, +++, 7), 


w being a primitive pth root of unity, e a primitive rth root 
of unity and 7 any rth root of — 1. 

4. Rel&ted to the foregoing theorems is the following rather 
obvious one: 


VI. In the equation 
(11) l+ace+. tat + ame” = 0, 


of degree m, let ay be any given non-zero coefficient and let all the 
other coefficients be chosen in any manner whatever. The equa- 
tion has at least one root which is not greater in absolute value 
than 


BE E 
(12) im SD Nia 
The equation 
(ie sm Bey. l+ac+ +++ + a 
RE $n + Gef = () 


has all its roots equal in absolute value to the quantity (12). 


Let 21, 25, °° +, tm denote the roots of the given equation and 
let x; be a root of léast absolute value. We have readily 


(13) Z— — — = (— Ubau 
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whence 


Gr Wa me pièla, 


since the number of terms in the first member of (13) is ob- 
viously equal to the number of combinations of m things taken 
katatime. Hence, 


VI 
jal Meed i 


(m — la. Gk [^ 


‘ This proves the first part of the theorem. The second part is 


obviously true. 

9. We sball now prove & theorem of & nature somewhat 
different from that of those in the preceding sections; namely, 
the following: 


VII. All the roots of the equation 
(14) en + az + art Lee 0 
are ın absolute value less than or equal to e 


Vi+laP+laP+---+]a,-. 


Let ¢ be a root of least absolute value of the equation 
l+ aya ame + ang” = 


Write : 
1 
US EE Tata pen 


Now, the circle of convergence of the power series in the second 
member of (15) passes through the point ¢. Its radius is 
therefore equal to | ¢ |. Therefore, by a well-known property 
of power series, we have 
1 . m . 
Ri” lim i sup Vom: 


Hence, if x is a root of (14) c of greatest absolute value, it is 
clear that 


(16) Le = liga sup Yon.’ 


Now, the value of c, is readily expressed in the form of a 
determinant, as follows: If we multiply equation (15) through 
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by the denominator of its first member and in the result 
‘equate coefficients of like powers of 2, we have 


C1 = — M; 
Gap + Cà = — fh, 
dam + 03€» + 3 = — (a, è 
ga F aa + aeg + ca = — a4, 
Hence 
1000- D o 
al 00.. U ge 
(17) OW = — la a1 0 0 as|: 


as m 01 1-::: 004 


Now, if Am is à determinant of order m, 








EE 
An = 
Aml "r " Omm 
then 
| An | < V 0103 *** Um; 
where 


e 
g, = > | Qj KW 
3zl 


This fundamental theorem is due to Hadamard.* l 
From this theorem and equation (17) we see readily that 


(18) le | < {14a |a H H Fas P778, 


since each row in the determinant in (17) has the property 
that the sum of the squares of the absolute values of its 
elements -is -not greater than 1 SR la |? + eee + | an |? 
From (18) and the resylt associated with (16) the theorem now 
follows immediately. i 


INDIANA UNIVERSITY, 
February, 3914. 


* Bull. des Sciences Math. (Darboux), vol. 17 (1893), pp. 240-246. 
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REMARKS ON FUNCTIONAL EQUATIONS. 
BY MR. A. BR. SCHWEITZER. d 
(Read before the American Mathematical Society, September 8, 1913.) 
*1. Tux remarks of this article are in continuation of our 
paper in the BULLETIN, volume 19 (1912), pages 66-70. 


We have mentioned that a class of functional equations arises 
from the solution of the equation 


d) TED 4 ig, y GU 
where in sisi we have assumed së ulz, y) = W(x) " (y). 


It is obvious that other classes of functional rélations are 
obtained by considering the solution of the equation 


eg 


dy 

dx = uz, y) 
in connection with (1) when u(z, y) is suitably specialized. 
The equation (1) may profitably be compared with another 
source of functional equations, that is, the equation* 


2) "EH 4 SOD L Ae, y) 


The following functional relation is derivable from (1) and 
admits an explicit solution:f 


(1) ve) = VU) = Dad) — yó()]. 


‘This equation can be solved in another manner by noticing 
that ó(x) can be formally eliminated. The result is 


(1") Q[z — y] = Qay (y) — dr), 
where 


Q(0) = 0, YO) = 1, 
yi?) = V? (s + VO. > 


* Cf. V. Volterra, Ácc. Lancet, Mot 19 (1910), pp. 169, 425; BULLETIN, 
M SE ^ Pu 171; G. Em Proc. EE Math., ambridge, 1913, vol. 1, 
Hadamard, L athémotique, vol. 14 (1912), p. 18, 
m "bod Lévy, Paris en 
t Gt. BULLETIN, l. c., page 07. : 
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We can now proceed as indicated by Abel, (Euvres, volume 1, 


page 10. 

2. We consider the relations* 
(3) f(a, y) = xf bu(9 — xii. 
(4) plz, y) = xr iale) + xa) 


In (3) and (4) we write x; !(z) and xy !(y) for a and y respec- 
tively; then 


(3^) Ir, xe Hy] = ve vl. 
(4^) elx (a), xi? Q)] = niet yt. 


Thus (3^) and (4^) represent respectively a subtraction formula 
and an addition formula.f It is thus seen that under differ- 
entiation, etc., symmetric and quasi-transitivef functional 
properties give rise to addition and subtraction formulas. 
In the philosophy of mathematics this result is of considerable 
interest, In symmetry and transitiveness and formal proper- 
ties closely allied to these, many mathematical disciplines are 
rooted, e.*g., the foundations of geometry and the theory of 
quaternions. The fact that certain properties of the indi- 
cated category induce addition and subtraction formulas 
tends to corroborate the fundamental character of the latter 
in the theory of functions. 
3. We have shown$ purely formally that if 


(5) offy 2),2}=y, Téin, 2), ai = z, 
then $ can be eliminated; we obtained 
(5°) fiv, fy, ail = z. 


In a similar manner f can be eliminated; for we have 
: bi flo, y); 2], z} = (2, y), 
. that is, 


(9^7) oy, z) = $k, y). 
The relation (5") may be used in the proof of theorem 1, 
— 1777] 


* BULLETIN, 1l. €., p.°68. 

+ On this interpretation see Bourlet, Ann. Sci. de l'Ecole Norm. Sup., 
vol. 14 (1897), pp. 140, 141. Indepepdently of this reference, the pre- 
ceding remark was kindly suggested to the author by Professor E. B. Van 
Vleck. 

i BULLETIN, vol. 18 un p. 300. 

BULLETIN, vol. 19 (1912), p. 69. 
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BULLETIN, l. c., page 68, as expeditiously as relation (5’) in 
theorem 2, l. c., page 69. With regard to the duality, as it 
were, between the two theorems it is desirable to replace the 
hypothesis of theorem 1 


piz, p, 2] = ei», $C, 9] 
by the relation 


bly, dir, ail = dla, ó(x, Y}- 


The correspondence between (5' and (5') is possibly of use 
elsewhere in analysis. 
From the equations 


(6) fiy, Fæ, ail = fs, fle y), 


pif, z) z} =y, fleu, 2), y} = a3, 


we have shown l. c., page 69, that the @ may be formally 
eliminated; the result is 


(7) | fü, 2), f(z, y)} = f, 2). 


We proceed to eliminate f from the equations (60). Substi- 
tuting dt, z) for z in the first of equations (6) we get 


iy, ©) = fla, flol, 2), yl). 


Therefore* 


Hence, 


fely, le, 2)], z} = oy, 2). 
Substituting in this equation f(x, z) for x we find 


(8) Téin, 2), f(z, all = by, 2). 

Now 

Therefore by (8), 

(9) éleé(y, 3, f(z, ail = OY, 2). 

In (9) we write dis, x) for z; then on 
lly, 2, zl = ely, Bl, z)} 

or : 


E piz, dy, 2] = bly, dir, ail, 


z, > ie Ne 2), f(r,.z)) = f(y, z) and consequently 
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Hence Abel’s functional equations* result by eliminating f 
from equations (6). 
In a similar manner we may eliminate ¢ from the equations 
(11) oly, pl, all = o{z, p(z, y)], 
$lf(y, 2, z} = y, fie, z), y} =z. 


To do this, we easily derive from equations (11) the equation 
(9); thence using the relation 


Sole y), éis, y) few} = olz, y) 


we obtain equation (8). From (9) there results in connection 
with (11) 


(12) $(f(e y), al = OIF y), «]. 
And from (8) we derive 
(13) fiz, fy, x)} = lf, y), 2}. 


From (12) and (13) we get finally the desired relation 
(14) ` fte fy, ail = fis fu, 2. 


The preceding formal eliminations enter into Grassmann’s 
theory of synthetie and analytic associations which, as is 
well known, provides an abstract generalization of the pro- 
cesses of addition and subtraction.[ In fact we may regard 
p(z, y) and f(x, y) as instances of Grassmann's associations 
(zn y) and (æ U y) respectively; we have then | in Grass- 
mann’s theory the theorems 


LS {(yUs)Nz}=y and {yn} Uy} zs? 
imply 
(yn z = (ny) and {y U (y U 3)} = 
II. {y U (x U z)} = {z U (z U y)} 


and {(y U 23) Nz} = y and {ynz) Uy} =z 
imply 
. íiyn(znzg)— {n (ny). 
III. "(yA (zn2) = {zn (eng) 
and {(y U 2) "d = y ahd {(ynz)Uy} =z 


* (Œuvres, vol. 1, p. 61. 
t Cf. Gesammelte UN vol..1, part 1, pp. 88-46. 
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{y U (æ U z)} = {z U @Uy)}. 
IV. {y U (x U z)) = fz U (z U y)} 
and iyU(yUz)-— 


(cU y) U (z U z)) = (sU y). 


"The study of the preceding relationship naturally would lead 
one to consider the monograph of Pietzker, Beiträge zur 
Funktionenlehre, Leipzig, 1899.* 

4. The reference to Grassmannf in the preceding section 
suggests the following problem: 

Given the quasi-transitive function f(x, y) to find the quasi- 
transitive function fı(z, y) such that 


imply 


(15) Fife, y), z} = fifi 2), fiy, ai), 
We have 
(16) Je y) = x ix(») — xii, 


‘file y) = xixe) — aly}. ^ 


In (15) we put z= zo, a constant; then if v(x) = fila, zo) 
we have 


(15% ve} = fiv(», vq). 
Substituting in this relation for f(z, y) from (16) we obtain 
(17) XVx (z — y) = xVx "ai — xvx (y). 


Hence 
(18) v(x) = x !lex(2)], 


where c is an arbitrary constant. On the other hand, we put 
in relation (16) 


xa(z) = eu); 


then ` ` 

(167) filz, 2) = xa !lxs(2) — e^ha(2] 
or for 3 = Zo 

(19) Yle) = xs bx) — el", 


a . LJ 
where c" is an arbitrary constant. As is well known, func- 


* Cf. Moritz, Amer. Journ. of Mathematics, vol. 24, No. 3; A. F. Car- 
penter, same journal, vol, 35, No. 1. 
T L. c., pp. 41-42. e 
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tional relations of the types (18) and (19) have been treated 
by Schroeder and Abel respectively.* From (18) and (19) 
we have l 


X |(ex(z)] = xa {xa(z) — e) 
Or 


xax (ex) = xax (a) — c" 
Or . 


(20) xx (ex) = xax le) + xax (z) — xax OU), 
The solution of (20) is 
(21) xaX (2) = log, cız, 


where c; is a constant and the base ais arbitrary. From (21) 
we have 


xs(x) = loge lcıx (2))]. 
Hence 


(22) fio, y) = xo + x(@)/x(y)} 


which is the solution Lr 
Proceeding in & precisely analogous manner we can deter- 
mine the symmetric function $i(z, y) such that 


du lëtz, y) 2} "S oldılz, 2), ily, z)}, 
where ¢ is a given symmetric function; we find 
(23) b(t, y) = x tax) xy} 
where c4 is a constant and 

di, y) = x ix) + x()1. 


À formal solution of & Mens closely related to the above 
has been given by Pietzker, 1. c., pages 9-10. 
5. If we assume properties (0), (15) and the relation 


(24) filgily, z); y} = Ry 
then there exists a function x(x) such that 


plz, y) = x ix(z) T xy}, 
f(y) = Siren = xX), 
filz, Y= XH x@)/x@)}, 


ént, y) = ame: x(y)}- 


*Cf. M.-J. van Uven, Kon. Akad. van Wetenscha te Amsterdam, 
vol. 12 (1909-1910), pp. 208, 427; A. Hurwitz, Math. Annalen, vol. 70 
(1910-1911), p. 33. 


(25) 
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Inasmuch as certain formal properties of the real number 
system are satisfied* by the preceding functions, it seems 
appropriate to call d(x, y) the pseudo-sum of x and y; the 
function dı(z, y), the pseudo-product of x and y, and similarly 
for the functions f(x, y) and biz, y). Moreover, to zero 
corresponds f(x, x), a constant, and to unity corresponds 
bt, x), & constant. 

We can, of course, further condition the functions $(t, y), 
f(x, y), cte., by referring to other properties of the real number 
system. For example, by assuming the relation 


(26) fü, ty) = fix, y) 


in addition to the relation (7) we find that there exists a func- 
tion x(x) such that] 


(27) xít-x(x—3)) = xlt- a — xlt - x (9i. 
Hence 


(28) xit. vil = az, 

where a is an arbitrary constant. From (28) we have 
(29) x (az) - x '(1) = x !(a)x "ak 
"Therefore 


x(t) = x(1-z, 
where c is an arbitrary constant. Similarly, if instead of (26) 


we assume 
f(t, ty) = f(x, y) 


JEH z, t +y) = fi, y), 


we find respectively the relations 
x (x(tz) — x(ty)) = xx) — x) 


x ix 2) — xt t y] —x'ix) — xi, 


which yield, essentially, well known functional relations due 
to Cauchy. i 


or 


or 


* Cf. also Dickson, Transactions, vol. 4 (1803), pp. 14, 17. 
t Cf. Bourlet’s “additive transmutation,” de c., pp. 136, 137, 141, ete. 
i Cf. Bourlet, L c., p. 143 (8). ° 
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SHORTER NOTICES. 


Lecons sur le Calcul des Variations. Par J. HADAMARD. 
Recueilies par M. FRÉCHET. Tome Premier. Paris, Her- 
mann, 1910. 8vo. vui-+520 pp. 18 francs. 


A NEW aspect is given to the calculus of variations as it i$- 
presented by Hadamard in his emphasis upon the functional 
character of the whole problem. While this aspect of the 
subject has been mentioned by several writers before Hada- 
mard's treatise appeared, it is an innovation in a formal 
treatment of the entire subject. The ideas of the func- 
tional caleulus do not appear on the surface of things in a 
manner offensive to the traditions, but they are subconsciously 
present throughout the book, as is explained by Hadamard 
himself in the preface; and they crop out at the surface 
occasionally. 

Briefly stated, any line integral between fixed end points, 
for example, is a function of the path of integration, in the 
sense that when that path is given, the integral is determined. 
From this standpoint, a problem of the calculus of variations. 
is a problem in finding the maximum or minimum values of a 
functional expression, the independent variable being a curve. 
Of course, we wish also to determine the value of the inde- 
pendent variable—that is the curve—for which the extreme 
value occurs. 

Since the -book is now well known to all who are interested 
in the calculus of variations, this review must be a retrospect 
and an appreciation rather than an analysis. Much as the 
reviewer regrets the obstacles which have prevented an 
earlier review, this changed viewpoint is not without ad- 
. vantages. 

Hadamard at once commanded respectful attention every- 
where; an immediate review would not have increased nor 
diminished the desire for instant examination of the work. ' 
The reception the book has received throughout the world 
fully justifies this sweeping statement. Thus Carathéodory ir 
the Bulletin des Sciences Mathématiques (volume 34, pages 124— 
142) calls it an epoch-making work (un livre qui marquera 
une date dans l'histoire du sujet). I will content myself with 
noting briefly the plan of organization and what appear to be 
the guiding motives. 
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The book proper is preceded by an introduction on extrema 
of functions and on the properties of differential equations, 
and is followed by an appendix on implicit functions. These 
treatments are auxiliary and consider only questions necessary 
for the developments of the book itself. 

The body of the work 1s divided into three main divisions, 
called books. In the first book, the task attempted 1s only the 
setting of the problem. ‘This is done, to be sure, in a fashion 
not at all naive. In fact, the difficulties peculiar to the sub- 
ject, such as the familiar distinction between strong and weak 
extrema, the generalized notion of neighborhood, and so on, 
are fundamentally interesting from the standpoint of the 
functional calculus; every point of this character is discussed 
in full, and in a most interesting manner. 

In the second book, the conditions of the first order—those 
associated commonly with the first variation—are discussed, 
together with generalizations of the problem. Here again, 
questions of peculiar fundamental difficulty are alwÉbys dis- 
cussed carefully as a consideration of the first moment. Thus 
the disagreement between the problem stated in homogeneous 
form and that stated in non-homogeneous form, which is not 
always clearly recognized, is made vividly clear. The pre- 
liminary Euler condition, the first variation, the fundamental 
lemma, congugate points, transversals, and so on, are discussed, 
usually without great variation from methods now grown 
classical. 

Especial emphasis is laid on practical applications, too often 
much neglected. Attention is called particularly to No. 140, 
page 151, and to No. 314, page 381, in which Hadamard sets 
forth the claim that the methods of mechanics and those of 
the treatment of geodetic lines by Darboux not only constitute 
a special case but practically forecast in a trustworthy manner 
the entire theory. Not only these broad claims but also 
profuse individual problems characterize the entire book as 
one of more than usual direct practical bearing. 

In the later chapters of this second book are considered 
many generalizations of the first problem: the cage of several 
variables, the case on a surface, the case of variable end- 
« points, the isoperimetric problem, and. a detailed account of 
Mayer’s problem. 

This last—the problem of Mayer—is«a second instance of a 
treatment of functional expressions, the first instance being 
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the ordinary problem of the calculus of variations. It is used 
as & polnt of departure for a brief but illuminating chapter 
on the functional calculus, which is the real motive of the 
entire book, as explained above. The ideas of Volterra are 
first outlined, including the notion of a derivative of a func- 
tional expression. Then the concept of a linear functional 
expression 1s introduced, and some of the results of Hadamarg, 
Fréchet and others are expounded. An interesting discussion 
of this part is given by Carathéodory in his review mentioned 
above. 

'The third book consists of & discussion of the final conditions 
of all types, for the general case of & "free" extremum. 
This discussion is more closely traditional, perhaps, though 
it is by no means slavish in following the methods of previous 
writers in detail. The second variation, the conditions of 
Jacobi, the fundamental Weierstrass theory, the methods of 
Hilbert and Kneser, are discussed fully; and such other 
problems as the case of discontinuous solutions (Carathéodory) 
and the existence of an absolute extremum (Osgood, Hilbert) 
are given«in satisfactory completeness. 

In all, the treatment is certainly well planned and well 
balanced. Due emphasis is given to generalizations, but the 
simplest forms of the problem predominate, and the treat- 
ment is therefore not inordinately complicated. The work 
of many authors is presented in a thoroughly digested form, 
and in a manner which is at once comprehensive and compre- 
hensible; the student is given a well-rounded view of the 
entire subject. The special interests of the author are limited 
to their proper proportions as compared with the work of 
others. 

Hadamard's treatise has already affected the development 
of the calculus of variations and that of the functional calcu- 
lus; its influence on future developments should be profound. 

E. R. HEDRICK. 


Les Principes de l Analyse mathématique. Par Prerre Bov- 
TROUX. Exposé historique et critique. Tome premier. 
Paris, Hermann,:1914. 8vo. xi + 547 pp. 

Tris work is designed for those who desire a comprehensive , 
view of mathematics, for the pufpose of becoming acquainted 
with its intrinsic significance, and its historical evolution. 
The object of the book is to exhibit the facts of mathematies, 
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rather than the methods of demonstration or discovery, from 
the most elementary to some of the most complex. It is 
intended to be serviceable to students of mathematies and 
equally to students of philosophy who desire to be armed with 
some knowledge of mathematics. 

The fundamental basis of an enterprise of this kind is of 
cqurse the first thing one wishes to find. This we do not 
discover explicitly stated in the tome under consideration, 
but in another place where three chapters of this work are 
printed under the title: L'objet et la méthode de l'analyse 
math&matique”* the purpose becomes more evident, particu- 
larly as part of the article cited is from the second tome, not 
yet published. In a different placet the author states his 
view rather succinctly, in these terms: “The progress of 
analysis appears to us, not as a continuous evolution, . . . 
but as an endless duel in which the human mind, which seeks 
to subdue rebellious matter, gains more and more the advan- 
tage, thanks to its suppleness in continually modifying or 
enlarging its point of view and in fashioning new weapons." 
The mind meets a problem or class of problems, and whether 
it is able to solve them completely or not, it at least constructs 
an algebra of some kind, with which it is able to reach certain 
definite conclusions. "Thus the unsolvability of algebraic equa- 
tions of order above the fourth led to the theory of groups, 
which, though & most happy invention, for the discovery of 
the logical and algebraical nature of the connections between 
laws or mathematical functions, is, nevertheless, like the 
algebra of the sixteenth and seventeenth centuries, of limited 
power, neither the end nor the center of mathematical analysis. 
In like manner the theory of functions far from becoming 
elucidated as the years roll by, has become unfathomable, and 
we shall never succeed in getting it entirely within the limits 
of our science. We can set up a stable theory of functions 
only by restricting (and in an arbitrary way for the most part) 
our conception of functional correspondence. 

We find accordingly that the two books of this tome are 
called respectively, Statement of the facts, and Construction. 
"Under the first heading one finds: nunfbers; magnitudes, 
figures, and combinatory calculus. ` Under the second are 
grouped algebraic calculus, calculus of functions, and alge- 








* Revue de Melaphysique et de Morale, May, 1918. 
1Same, January, 1913. . 
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braic geometry. We are told that the next tome will contain 
analytic geometry, imaginary quantities, series, logic of mathe- 
matics, and infinitesimal calculus. In the reference* given 
we find the reason for these divisions, as follows. The scientist 
was at first content to gather facts. He looked around him 
and perceived the harmonious properties of the world of 
numbers and the world of geometric figures, and also of megs- 
urable magnitudes, the synthesis of quantity and figure, the 
union of arithmetic and geometry. But with the diffusion 
of algebra he ceased to be contemplative, and became con- 
structive. From simple pieces he built more and more elab- 
orate designs until he became so charmed with his creations 
that he left to the physicist entirely the application and inter- 
pretation of his theories. In the end his principal aim ceased 
to be the acquisition of new facts but became the perfecting of 
methods and processes. The ideal of this phase of mathe- 
matics is the algebraico-logical synthesis, by which one would 
start from a few premises and deduce with no further reference 
to the world of facts the whole of mathematies. In this at- 
tempt however the mathematician is turned back upon him- 
self, and his work begins to consist in the more minute analysis 
of his notions and the discernment of subtilities that previously 
had escaped his attention. Thus we pass from the algebraico- 
logical synthesis to analysis in the proper sense of the term. 
For example, we no longer look upon an ellipse as made up of 
an infinity of infinitesimal particles called points. An ellipse 
is a law, the law of a locus. This law is pregnant with the 
properties of the ellipse and a sufficient analysis of it will bring 
out all the characteristic properties of the ellipse. From this 
point of view we find the tangent and the curvature, or the 
area and the length. This is what we find in the infinitesimal 
calculus when we leave out the infinity. But the object of 
the analysis is ever new construction. 

“Having mined the simple notions like those of algebraic 
relations or the classical geometric figures, the mathematician 
attacks the fundamental principles upon which repose the 
algebraico-Jogical construction. 

“He seeks for ekample, how one may present and particu- 
larize the axioms of. geometry in order to simplify so far as 
possible those he is forced to admit without demonstration, 
and to reduce their number to à minimum. 


— e — — eee — .— - kel — em — — — — — —— —————— 


* Revue de Métaphysique et de Morale, May, 1913. 
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“He analyzes the notion of continuity in order to discover 
what is essential in it for his purposes, and what hypotheses 
it is necessary but sufficient to make, regarding an aggregate 
that is discontinuous, whether of points or of numbers, in 
order to be able to reason about this aggregate as he does 
about the continuum. 

* Then penetrating to the heart of mathematics, the analyst 
attacks the general notion of function (law of correspondence 
between magnitudes) such as he conceives it to be & priori. 
He searches out how he ought to determine this notion, and in 
what measure it must be limited, in order to subject the func- 
tion to his methods of caleulation and to represent it quanti- 
tatively by algebraic expressions. He sees thus the possi- 
bility of generalizing and extending considerably the algebraic 
technique of his predecessors.” 

The first tome of this interesting work is pleasant reading. 
It is quite elementary on the whole and the references to 
parts of the next tome lead one to suppose that some of the 
more philosophical notions will appear there. There are some 
inaccuracies noticeable. For example we remark the misuse 
of the term associativity with regard to involution, page 11. 
Division by zero, page 48, is left a little hazy as to whether the 
sign oo is intended to be included as a number or not. The 
term rationnel in the last note on page 81, does not‘seem to 
be what the author intends to say. On page 137 the series 
for + as well as the decimal, are inaccurate. On page 138 at 
the bottom, the 2 in front of each radical should be omitted. 
On page 139 the continued fraction represents 4/r. The 
figure on page 249 is badly drawn. On page 331 the formula 
for the second root, x”, needs a 4. However these are slips, 
and we need not dwell on them. The fundamentals that come 
out here and there are the vital part. Such as, page 44, “ The 
world of numbers is for us essentially & class of abstract ele- 
ments, about which we suppose nothing, save that they 
are subject to certain definite operations." On page 145, 
“Every relative number is defined by an ordinary number 
(rational or irrational, called the absolute value of the relative 
number) and by a sign + or —.” Ort page 275, “Algebra 
is a rule, or more exactly, the*totality of rules, according to 
which one carries out certain transformations or combinations 
caled algebraic; in general these combinations are those 
defined by the fundamental operations of arithmetie, but 
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nothing prevents our imagining others.” We have however 
probably said sufficient to show that there is an interest in the 
book for everyone. James BYRNIE SHAW. 


Principes de la Théorie des Fonctions entières d'Ordre infim. 
By Orro BLUMENTHAL. Paris, Gauthier-Villars, 1910. 
vi + 147 pp. 

Entire functions of finite order as well as certain classes of 
entire functions of infinite order have been treated by a 
number of mathematicians in recent years. In this volume 
of the Borel series of monographs on the theory of functions, 
Blumenthal considers the general entire function of infinite 
order, so that the book forms a natural and satisfactory sequel 
to Borel’s own Lecons sur les Fonctions entiéres of the same 
series. The interest of the results obtained lies in their 
generality rather than in their applicability to special entire 
functions not before treated. These results are in large 
measure original with Blumenthal although a similar range of 
‘deas had been earlier developed by Kraft (Dissertation, 
Göttingen, 1903). 

It is by the aid of the notion of function-type (fonction-type) 
that Blumenthal is enabled to overcome the inherent difficul- 
ties of the problems which arise. Let v(x) bea function which 
increases to -+ © with z, and let u(z) = v(x) be a like function 

whose rate of increase is governed by an inequality 
1 
wie) € wiiren, e = gë 

where e(x) is a decreasing infinitesimal. Then p(x) is a 

function-type adjoint to v(x) and e(z) if the inequality 


ulz) S v(3)* 


holds for any 6 > 0 and an infinite number of values of z. 
If x(x) is given it is clear that u(z) yields a measure of the 
increase of v(x), and at the same time possesses a certain 
regularity.of increase (croissance typique). 

The fundamental theorem concerning function-types 1s that 
corresponding to any given p(x) a function-type u(x) adjoint 
to p(z) and some infinitesimal £z) may be found. The proof 
first given by Blumenthal (pages 34-31) contains an error. Itis 
assumed that for any given increasing function w(x) an infini- 
tesimal e(z) (not the e(z) of the th orem) can be found such 
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that both e(x) log x and e(z) log w(z) are increasing functions. 
But if log log w(x) is made to increase by only a finite amount 
outside of a set of intervals CG, z, + 0), 4 = 1, 2, ^: -, and if 
these intervals be so chosen that the series 


0; , be 
E F "i T 
converges, it is easy to see that e(x) cannot approach zero. 
The second proof (note I, pages 117-128) is however devoid of 
any objection. 

With the aid of the concept of function-type Blumenthal 
generalizes almost all the results known for entire functions 
of finite order but it is perhaps not desirable that the reviewer 
make an outline of this material. 

Here then is a book which the mathematician who is 
interested in the theory of the entire function will find worthy 
of his attention. GEORGE D. BIRKHOFF. 


Les Systèmes d' Equations linéaires a une Infinite d’Inconnues. 
Par Frépéric Riesz. Paris, Gauthier-Villars, 1903. vi+ 
182 pages. 6.50 fr. 

Tuis little book belongs to the collection of monographs on 
the theory of functions published under the general direction 
of M. Emile Borel. It deserves the high praise of being pro- 
nounced worthy a place in this excellent series. 

The purpose of the volume is to give a rapid exposition of 
the fundamental ideas, of the methods and of the principal 
results in the theory of linear equations with an infinite number 
of variables—a theory which is due almost entirely to contem- 
porary mathematicians. 

An introduction to the subject is made through a chapter 
(Chapter I, pages 1-20) devoted to the beginnings of the 
theory. The method of undetermined coefficients was the 
first; but this method is not characteristic of the subject. 
Next comes the work of Fourier, who introduced an important 
general principle in connection with a special type of problem: 
naturaly, the work of Fourier does not meet ihe modern 
requirements of rigor. Mention is algo made of the papers of 
Fürstenau and Kótteritzsch; these are said to have been with- 
out importance in the development of the theory. (In this 
connection see a paper by the reviewer in the American Journal 
of Mathematics for January, 1914.) Finally, an account of 
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the work of Appell is given in the latter part of the first 
chapter. 

Chapter II (pages 21-41) begins with a brief account of the 
ideas introduced by the American astronomer, Dr. G. W. 
Hill, in his very important memoir on the motion of the lunar 
perigee. This memoir was the starting point for the modern 
theory of infinite determinants and of linear equations with 
an infinite number of variables. Poincaré first supplied the 
convergence proofs which are needed to justify the processes 
used formally by Hill. With the ideas of Hill and Poincaré 
as & basis, a theory of considerable extent and wide range 
of applicability has been built up, principally by H. von Koch. 
An account of the general elements of this theory, in their 
simplest form and without applications, is given in Chapter II. 

Up to this point the author has followed the chronological 
order, except that (in Chapter I) he has given an account of 
the work of Appell before that of Hill. He now inverts the 
chronological order, for greater convenience in exposition, 
giving an account (in Chapter III, pages 42-77) of Schmidt's 
far-reaching theory before taking up the earlier work of Hil- 
bert. This theory of Schmidt, the most general hitherto 
developed, is itself extended by the present author so as to 
include a somewhat larger range of results than those obtained 
by Schmidt in his original account. 

In connection with this chapter one would do well to read 
the elegant paper by Böcher and Brand in the Annals of 
Mathematics (2), 13 (1912): 167-186, where an exposition of 
the Schmidt theory is given which leaves nothing to be desired 
from the point of view of the reader who is forming a first 
acquaintance with the subject. In order to have a deep 
understanding of the theory the reader should also see the 
geometric interpretation given to the whole matter in the 
original presentation by Schmidt. This latter paper is funda- 
mentally so simple and elegant that it is sure to become one 
of the classics of mathematical literature. It is to be regretted 
that the book under review does not contain an exposition of 
the geometric ideas lying at the basis of this theory of Schmidt. 
By means of these geometric considerations the whole matter 
receives an illumination which probably can be procured for 
it in no other way. 

Chapters IV (pages 78-121) and V (pages 122-155) are 
devoted to the theory of Hjlbert as expounded by him in his 
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now famous memoirs on the theory of integral equations and 
by some of his disciples in subsequent contributions. The- 
first of these two chapters is given to the theory of linear 
substitutions where the number of variables is infinite. The 
general theory which is developed from this point of view is 
applied to the derivation of important results concerning & 
ceftain type of system of equations with an infinite number of 
variables. The second of these two chapters is given to the 
theory of quadratic forms where the number of variables is 
infinite and to the application of this theory to that of linear 
equations. 

Chapter VI (pages 156-180) 1s devoted to certain applica- 
tions of the general theory developed in the preceding part 
of the book. It falls into three parts dealing with as many 
‘distinct topics; namely, linear differential equations in which 
the coefficients are expansible in Laurent series, integral 
equations and trigonometric series. 

This little book will serve & useful end by affording a ready 
introduction to one of the most important and most readily 
accessible phases of the general theory of functions of an 
infinite number of variables, a field in which at present there 
lies out before us a vast domain of unexplored territory—a 
domain in which the present generation will probably make 
further important explorations. 


R. D. CARMICHAEL. 


A General Course of Pure Mathematics from Indices to Solid 
Analytical Geometry. By Artaur L. Bowtey,: Sc.D. 
Oxford, Clarendon Press, 1913. xii + 272 pp. 


It would be difficult to give a better brief account of the 
contents and the purpose of this book than that supplied by 
the author in the preface. From his remarks, therefore, we 
shall quote a few sentences,.as follows: 

“This book is the result of an attempt to bring within two 
covers & wide region of pure mathematics. Knowledge is 
assumed of that part of mathematics usually required for 
matriculation, namely algebra to simultaneous quadratic 
equations and the substance of the first four books of Euclid, 
together with a very slight acquaintance with graphic algebra, 
mensuration, and solid geometry. Front this stage the work 
is carried forward in algebra to the logarithmic series; in 
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coordinate geometry to the nature of the general conicoid; 
in trigonometry to the use of Euler's expressions for the sine 
and cosine, with & careful treatment of imaginary quantities; 
in calculus to definite integration and the maxima of a func- 
tion of n independent variables; together with the pure 
geometry which is necessary for the other subjects. It has 
been the intention to include the bulk of the results obtairfed 
in pure mathematics which admit of rigid proof of a fairly 
easy character, and are needed by those who use pure mathe- 
matics as an instrument in mechanics, engineering, physics, 
chemistry, and economics. For this purpose a very great 
deal that is ordinarily contained in text-books has been 
thrown aside, and only those theorems and formulas which 
are of direct practical application or which are necessary to 
lead to others of direct practical application are retained. 

“Tt has also been the intention to give exact definitions and 
strict proofs, of & more careful nature than those found in 
many of the more diffuse and elementary books; only two 
difficulties have been intentionally glozed over, viz., the 
nature of continuity and the nature of irrationals.”’ 

The considerable number of topics, the discussion of which 
is brought together in this one book, are treated in separate 
sections and probably in a larger degree of isolation from each 
other than most readers would expect in a single volume in 
which all of them find a place. The exposition, on the whole, 
is fairly satisfactory; some of the sections are excellent. The 
section on limits and series is the least satisfactory of all; 
some of the statements in it are properly characterized as 
awkward. For examples of these awkward statements the 
reader may see pages 101, 102, 105, 115. 

The book as a whole is a contribution of some value to the 
pedagogy of that part of the mathematical curriculum with 
which it is concerned. Some of the controlling ideas in its 
preparation might well be adapted to the needs of American 
institutions; but the book itself is probably not well suited 
to such purposes. . R. D. CARMICHAEL. 


Démonstration du Théorème de Fermat. Par E. buppe, Paris, 
Hermann et Fils, T913. 22 pp. 1.50 fr. 


Using the theory of Kummer as a basis the author under- 
takes to prove that the equation 


g+tyt x= 0, 
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where A is an odd prime, cannot be true for any three integers 
x, y, z prime each to each, provided that 

(1) no one of these integers 18 divisible by ^; 

(2) one of them is divisible by ^ but not by X. 

In the discussion of the first of these results there occurs an 
essential error which has already been pointed out by Miriman- 
of (Comptes rendus, Paris, 157: 491-492). Fabry's second 
result was already known to Sophie Germain and Legendre 
(see Bachmann’s Niedere Zahlentheorie, IT, page 467). 

R. D. CARMICHAEL. 


Vectorial Mechanics. By L. SILBERSTEIN. Macmillan and 
Company, London, 1913. viii + 197 pp. 


THERE are not in English so many books on vector analysis 
and its applications that we may not welcome another. The 
Gibbs-Wilson is the most extended and detailed as. regards 
vector analysis itself, but contains illustrations from geometry, 
mechanics, and physics rather than applications to them; 
it has therefore too much mathematics and too little connected 
application to be entirely ideal for the young ‘physicist. 
Coffin’s is more evenly balanced, and may serve almost equally 
well as an introduction to vector analysis and to vector 
physics. Heaviside’s genial treatment is embedded in his 
Electromagnetic Theory. Now comes Silberstein with a work 
which passes as lightly as possible over formal vector analysis 
and concentrates on theoretical mechanics. This is a useful 
variety to introduce. The notation is that of Heaviside; 
heavy type for vectors, no sign for the scalar product; and a 
prefixed V for the vector product. 

A number of minor complaints may well be made. The 
Macmillan zero, more insignificant than an “o,” is bad. It iS 
unfortunate to use Clarendons for lettering a figure, especially 
when italics are used in the text. And what can be the ad- 
vantage of making the figures (usually) run with their positive 
direction clockwise as they appear on the page? Why take 
the velocity potential e so that v = Ve instead of v= — Me 
especially now that Lamb in his classic Hydrodynamics has 
decided in favor of the latter choice? » There are a number of 
instances which show that the author, despite varied linguistic 
accomplishments, does not sense the meaning of common 
English words—otherwise he would not'call the component of 
a vector a scalar, nor would he speak of the algebraic product 
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‘ of the tensors of two vectors after defining the tensor as a 
positive number. And when he speaks of *that Ac of which 
do is the limit" he is probably more unfortunate than wrong. 
Indeed the meaning of his text is seldom in question. 

Ihe one very bad mistake we have discovered is the treat- 
ment of the curl and of Stokes's theorem (pages 33-4). Silber- 
stein attempts an intrinsic proof by considering , 


y= lim Lire 
AS-0 AS 


The scalar function y depends on position x, y, z and on a, By, ` 
the direction cosines of the normal to a planar element at 
T, Y, Z. Hethensays that y may be written as the component 
of a vector C along the normal n, d = Cen. That this does 
not follow is patent. Indeed if we assume that the limit V 
exists, the only hard thing about Stokes's theorem is precisely 
to show that V may be written as Cen with C dependent on 
t, y, z but not on o, B, y. I treated the intrinsic method in 
an article "Divergence and curl," American Journal of 
Science, volume 23 (1907), pages 214-220, and it has probably 
been treated by others. We may add that the author uses 
curl, infinitesimal rotation, and other related ideas so often 
that before his book is finished he has more than enough 
material to form a proof of Stokes's theorem. 

Ihe first quarter of the Vectorial Mechanics develops the 
elements of vector analysis, including differentiation and 
integration, but with no reference to the linear vector function. 
The student would profit by having at hand a more detailed 
treatment; but it would be difficult for him to find one where 
the author seemed so thoroughly to think vectors. The 
fundamental definition of a vector as a free vector and the 
relation of the definition to directed- quantities in physics is 
explained fairly well, much better than by Coffin. No dis- 
tinction is made between axial and polar vector, or between 
scalars and pseudo-scalars—for which we may be thankful. 

Mechanics starts,off with d’Alembert’s principle, Lagrange’s 
equations, and Hamilten’s principle. From this it may be 
inferred that the reader should have considerable familiarity 
with mechanics before commencing this book. Next we find 
the principles of work'and energy, center of gravity (momen- 
tum), and angular momentum (areas). The treatment of the 
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motion of a rigid body is very pretty. It is, however, neces- 
sary to introduce the notion of the symmetric linear function, 
and unless the reader looks up the reference to Heaviside or 
similar source, he may find the chapter a trifle hard. The 
Poinsot motion yields with great ease to vector methods, and 
the author makes the most of his analysis. 

The chapter on the mechanics of deformable bodies begins 
with & concise summary of properties of the general linear 
vector function, passes to strains and infinitesimal displace- 
ments, discusses surfaces of discontinuity (Hadamard), and 
terminates with stress. It would be difficult in so short a 
space (47 pages) to do the work better. There follows thirty 
pages on hydrodynamics which contain most of the classical 
theory as far as general properties are concerned, and a few 
other things. ‘This, too, is thoroughly good. 

To this point we have covered only 170 pages of the text. 
The brevity is partly a matter of conciseness in style, but 
largely due to systematically thinking and using vectors. 
Sixty-nine exercises, a table of cartesian-vector equivalents in 
parallel column, and an index complete the work. We could 
only wish for fifty pages more in which the classical electro- 
magnetic theory, including a little crystal optics, should be pre- 
sented as succinctly as the theory of rigid motion, fluid motion, 
and elastic media. , As it is, however, Silberstein has given us 
an almost ideal introduction to mathematical vector physics. 

Epwin B. WirsoN. 


NOTES. 


Tux July number (volume 15, number 3) of the Transactions 
of ihe American Mathematical Society contains the following 
papers: “A new principle in the geometry of numbers, with 
some applications,” by H. F. BLICHFELDT; “ An application 
of Severi’s theory of a basis to the Kummer and Weddle sur- 
faces," by F. R. Sarre and C. F. Craıs; “ Transformations 
of surfaces of Voss," by L. P. EISENHART; “ Birational trans- 
formations of certain quartic surfaces," by F. R. SmAnPx and 
VIRGIL SNYDER; “ One-parameter families of curves in the 
plane," by G. M. Green; “The minimum of a definite 
integral for unilateral variations in space," by G. A. Buiss 
and A. L. UNDERHILL; “On a method of comparison for 
triple-systems," by L. D. Cummaunass “ An existence theorem 
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for a certain differential equation of the nth order," by W. R. 
LONGLEY. 


Tue July number (volume 36, number 3) of the American 
Journal of Mathematics contains the following papers: “On a 
certain completely integrable system of linear partial differ- 
ential equations," by E. J. WILCZYNSKI; “On the connection 
of an abstract set, with applications to the theory of functions 
of a general variable," by A. D. PrrcHEr; “On series of iterated 
linear fractional functions," by R. D. CARMICHAEL; "The 
derivative of a function of a surface," by C. A. FISCHER; 
“Some invariants and covariants of ternary collineations," by 
H. B. Pures; “A geometrical application of the theory of 
the binary quintic,” by FronENcE P. Lewis. 


THE Prince Jablonowski society of Leipzig announces the 
following prize problem for the year 1916: “To extend the 
theory of linear functional differential equations in any direc- 
tion. Particularly desirable is a complete consideration of 
new special cases." The value of the prize is 1,050 marks. 
Competing memoirs should be in the hands of the secretary 
before October 31, 1916. 


THE academy of sciences of Paris has awarded its Poncelet 
prize for 1914 to Dr. H. LEBESGUE, of the University of Paris. 
The grand prize was not awarded. The Lalande prize in 
theoretical astronomy was awarded to Dr. M. GUILLAUME of 
the University of Lyon; the Valz prize was divided between 
Dr. P. CHEVALIER of Shanghai, and Dr. P. SALET, of the 
observatory of Paris. 


THE following doctorates in mathematics and astronomy 
were conferred by the French universities during the academic 
year 1912-1913. A. BLONDEL; “On the theory of tides in a 
canal; application to the Red Sea" (Toulouse); M. Luizet; 
“The Cepheides considered as double stars, with a chart of 6” 
(Lyon); K. Poporr: “On the movement of 108 Hecube” 
(Paris); A. VÉRoNNET: “Rotation of a heterogeneous ellipsoid 
and exact figure of the earth” (Paris); P. J. Browne: “The 
problem of inversion proposed by Abel and its generalizations ” 
(Toulouse); G. Comte: “Abelian functions and the theory of 
numbers” (Toulouse); G, FAsBINDER: “Dynamics of variable 
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systems and the rotation of the earth" (Paris); M. GEVREY: 
“Partial differential equations of parabolic type” (Paris); 
C. PLATRIER: “The minors of Fredholm’s determinant and 
systems of linear integral equations" (Paris); L. HocHz: 
“The wave surface in rotative magnetic polarization and 
more general phenomena” (Paris); L. Rovrer: “The defor- 
mation of quadrics and conjugate surfaces with regard to & 
quadratic complex" (Paris); J. TaoussET: ^ Semi-analytic 
study of the movement of the eighth satellite of Jupiter" 
(Paris). 


IN memory of Henri PorNcARÉ an international committee 
has been formed for the.purpose of raising a subscription, the 
proceeds of which, after striking a medal of Poincaré, will be 
administered by the Paris Academy in encouraging young 
scientists engaged in the fields to which Poincaré contributed 
especially, viz., analysis, celestial mechanies, mathematical 
physies, scientific philosophy. Contributors of 25 to 50 
francs will receive a bronze medal, of 50 francs or more & 
silver medal. Subscriptions should be sent to M. E: Lebon, 
secretary-treasurer, rue des Ecoles, 4 bis, Paris. 


Ture following advanced courses in mathematics (elementary 
courses not included) are offered at the Italian universities 
during the academic year 1914-1915: 


Unrversiry or DBorogNa.—By Professor P. BURGATTI: 
Theory of elasticity, especially elastic vibrations, three hours. 
—By Professor L. Donatt: Electrodynamics of moving bodies; 
thermodynamics; radiations; hypothesis of quanta with appli- 
cations, three hours.—By Professor F. Enriquss: Theory of 
algebraic curves and surfaces, three hours.—By Professor 5S. 
PINCHERLE: Elliptic functions; integral equations and systems 
of linear equations with infinite unknowns, tbree hours. 


Untversiry or CaTANIA.—Dy Professor E. DANIELE: 
Equilibrium of elastic bodies, four hours. By Professor M. 
De Francas: Geometry on algebraic surfaces by trans- 
cendental aids, four hours.—By Professor G. PENNACCHIETTI: 
Hydrodynamics, four hours.—By Professor C. SEVERINI: 
Theory of analytic functions; theory of bermutable functions, 
four hours. . 
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UNIVERSITY op GENOA.—By Professor E. E. Levr: Calculus 
of variations, four hours.—By Professor G. LORIA: Geometric 
applications of elliptic functions, three hours.—By Professor 
O. TEDONE: Geometrical and physical optics, three hours. 


UNIVERSITY OF NaPLES.—By Professor F. AMODEO: History 
of mathematics; the ancient ages, three hours.—By Professor 
A. DEL Rz: n-dimensional analysis of Grassmann with appli- 
cations to mechanics of the spaces of constant curvature, four 
and one half hours. —By Professor R. MancoroNao: Equa- 
tions of dynamics; periodic solutions; asymptotic solutions; 
restricted problem of the three bodies, three hours. —By 
Professor D. Montesano: Theory of algebraic surfaces and 
of their linear systems; theory of birational transformations of 
three-dimensional space, three hours.—By Professor E. 
PASCAL: The functions of lines and the calculus of variations, 
three hours.—By Professor L. PINTO: Thermodynamics, three 
hours.—By Professor G. TORELL: One—and more—dimen- 
sional sets; simple and multiple Lebesgue's integrals; functions 
of a set4 derivation of indefinite integrals, four and one half 
hours. ' 


UNIVERSITY op Papua.—By Professor F. D’Arcaıs: Func- 
tions of a complex variable; integral equations, four hours.— 
By Professor A. CowEssaTTI: Algebraic geometry, three 
hours.—By Professor D. GARRANIGA: Theory of numbers, 
three hours.—By Professor T. Levi-Crvrra: Analytic dy- 
namics; problem of the three bodies, four and one half hours.— 
By Professor G. Rıccı: Absolute differential calculus ; poten- 
tial; elasticity, four hours.—By Professor E. Seveni: Linear 
systems of plane curves and rational surfaces, four hours.— 
By Professor A. TToNoLo: Fourier's series; partial differential 
equations, three hours.—By Professor G. VERONESE: Geo- 
metrical applications of the theory of sets, four hours. 


UNIVERSITY op PaLERMO.—By Professor G. BAGNERA: 
Functions of à complex variable; entire functions of one or 
of two variables, three hours.—By Professor M. GEBBIA: 
Electrodynamics (advanced part), four and one half hours.— 
By Professor G. B:-Güuccıa: .General theory of algebraic 
curves and surfaces, four and one half hours.—By Professor 
À. VENTURI: Foundations of the modern methods in celestial 
mechanics following Poincaré; method of Hill for the moon, 
four and one half hours. 
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UwivEnsITY oF Pavıa.— By Professor L. Brmzoramr: 
Geometry on an algebraic curve, and applications to linear 
systems of plane algebraic curves, three hours.—By Professor 
E. Bomprant: Differential geometry, three hours.—By Pro- 
fessor U. CrsoTrI: Mechanics of continuous systems; theory 
of potential; electricity, three hours.—By Professor F. GER- 
BALDI: Functions of a complex variable; elliptic functions, 
three hours.—By Professor G. Vıvantı: Integral equations, 
three hours. 


UNIVERSITY or Pisa.—By Professor E. BERTINI: Cremona 
transformations in the plane and in space, three hours.—By 
Professor G. Bancar: Functions of a complex variable; linear 
differential equations, four and one half hours.—By Professor 
U. Dmr: Integral equations; linear differential equations in 
the real field, four and one half hours.—By Professor G. À. 
Maccı: Principles of analytic mechanics; theory of potential 
functions; phenomenological theory of electromagnetic field, 
four and one half hours.—By Professor P. PrzzeTTI: Theory 
of interpolation; general notions of spherical astfonomy ; 
general theory of perturbations, four and one half hours. 


UnivengITY op RomE.—By Professor G. BISCONCINI: Geo- 
metrical applications of calculus, three hours.—By Professor 
G. CASTELNUOVO: Calculus of probability, three hours.—By 
Professor L. SILLA: Kinematics and mechanisms, three hours. 
— By Professor V. VoLTERRA: Permutable functions; func- 
tional derivative equations with applications, three hours.— 
Elasticity, three hours.—By ——————: Theory of functions : 
elliptic functions, three hours. 


University or TuRIN.—By Professor T. Boaaro: Potential 
functions and hydrodynamics, three hours.—By Professor 
G. Fusmı: Calculus of variations; Fourier’s series ; the 
principle of minimum as application of Fourier's series to the 
calculus of variations, three hours.—By Professor C. SEGRE: 
Theory of invariants applied to geometry, three heurs.—By 
Professor C. SOMIGLIANA: Magnetism and electromagnetism, 
three hours. M 


. Tue London mathematical society has awarded the de 
Morgan medal for 1914 to Professor Sir Joss Larmor, of 
Cambridge University. 
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Dr. A. Bonn, of the University of Copenhagen, has been 
appointed reader in mathematical physics at the University 
of Manchester. 


Dr. U. CRUDEL has been appointed docent in mathematical 
physies at the University of Rome. 


Proressor L. TONELLI, of the University of Cagliari, will 
occupy the chair of analysis at the University of Parma during 
the present year. 


Dr. E. Bomrianı has been appointed docent in analytic 
geometry at the University of Pavia. 

Dr. A. CowzssATTI has been appointed docent in geometry 
at the University of Padua. 


Dr. E. Rosati has been appointed docent in projective 
geometry at the University of Pisa. 


Dr. M. Picone has been appointed docent in mathematical 
analysis at the University of Turin. 


Dr. A. ToNoro has been appointed docent in mathematical 
analysis at the University of Padua. 


PROFESSORS G. SCHEFFERS and C. JOLLES, of the technical 
school of Berlin have been named Geheime Regierungs-Räte 
by the German emperor. 


PROFESSOR A. GUTZMER has been elected rector of the 
University of Halle for the coming academic year. 


Proressor A. Korn has been appointed honorary pro- 
fessor at the Charlottenburg technical school. 


Dr. E.-HErıinger, of the University of Marburg, has been 
appointed associate professor of mathematics at the University 
of Frankfort. d . 

Prorzssor P. SPÄCKEL, of the University of Heidelberg, 
has been elected honorary member of the mathematical- 
physical society of Budapest. 
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Proressor D. K. Picken, of Victoria College, New Zealand, 


has been appointed master of Ormand College, University of 
Melbourne. 


Tue University of Groningen conferred the honorary 
degree of doctor of mathematics and physics on Professor 
Re Van VLECK at its recent tercentenary celebration. 


Proressor L. E. Dickson, of the University of Chicago, 
will lecture at the University of California during the first 
term of the present academic year. 


PROFESSOR ELIJAH SWIFT, of Princeton University, has been 
appointed Williams professor of mathematics at the Univer- 
sity of Vermont. 


Dr. M. O. Tripp has been appointed professor of mue 
matics at Olivet College. 


Dr. J. E. Rowe, of Dartmouth College, has been appointed 
assistant professor of mathematics in the Pennsylvania State 
College. 


Proressor W. C. KnaTHwWorIL, of Ripon College, has been 
appointed assistant professor of mathematics in the Armour 
Institute of 'l'echnology. 


At the College of the City of New York, Dr. E. E. WHITFORD 
has been promoted to an assistant professorship of mathe- 
matics. Messrs. G. M. Hayes, C. A. TOUSSAINT, J. A. 
BREWSTER, and S. A. ScHwarz have been promoted to in- 
structorships in mathematics. 


AT Cornell University, Dr. W. A. Hurwrrz has been pro- 
moted to an assistant professorship of mathematics. 


Dr. K. P. WıLLıams, of Indiana University, has been pro- 
moted to an assistant professorship of mathematics: 


Mr. J. D. EsHrEMAN has. been appointed instructor in 
mathematics at Western Reserve University. 


Dr. L. E. Wınuıams has been» appointed instructor in 
mathematics at the Georgia School of Technology. 


50 NEW PUBLICATIONS. [Oct., 


Miss M. E. Wers, of Mount Holyoke College, has been 
appointed instructor in mathematics at Oberlin College; 
Professor Mary E. SINCLAIR, of Oberlin, is absent on leave 
during the present academic year. 


Dr. Susan R. BeEneEpict has been appointed associate 
professor of mathematics at Smith College. : 


At the University of Minnesota, Dr. W. H. Bussey has 
been promoted to an associate professorship of mathematics. 
Dr. W. F. Horman and Dr. H. L. SroBIN have been pro- 
moted to assistant professorships of mathematics. 


Proressor E. P. R. Duvar has returned to his former 


position as associate professor of mathematics in the University 
of Oklahoma. 


"Ap Columbia University, Professor D. E. SwrrH will be 
abroad on leave of absence during the coming academic year. 


NEW PUBLICATIONS. 


I HIGHER MATHEMATICS. 


BonaoaELL: (G.). Di un più semplice modo per disegnare le proiezioni dei 
cinque poliedriregolari. 2a edizione. Roma, Manuzio, 1014. 16mo. 


27 pp. 
Buppz (E.). Tensoren und Dyaden im dreidimensionalen Raum. Braun- 
schweig, Vieweg, 1914. M. 6.80 
DicksoN (L. E.). Elementary theory of equations. New York, Wiley, 
1914. 8vo. 5+184pp. Cloth. $1.75 


——. Linear Algebras. (Cambridge Tracts in Mathematics and Mathe- 
mati^al Physizs, No. 16.) Cambridge, University Press, 1914. 8vo. 
8 + 73 pp. 3s. 

Doca (V.) Démonstration d'un théorème de Fermat. 2e édition, revue 
et corrigée. Pau, Garet & Haristoy, 1914. 8vo. 30 pp. 


Dyck (W. v.) Ueber den Verlauf der p? smod en einer homogenen 
Differentialgleichung 1ter Ordnung. ndlungen der k. bayerischen 
Akademie der Wissenschaften.) AN USA Franz, 1914. 8vo. Ze BEE 


Eruiort (C.). Models to illustrate the foundations of a 
Edinburgh, Lindsay, 1914. 8vo. 8-+116 pp. 23. 6d. 


ENGEL (F.). See LIEBMmAnN (H.). 
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Goprrey (C.) and Sippons (A. W.). First steps in the calculus. Cam- 


bridge, University Press, 1914. 8vo. 102 pp. Cloth. Is. 6d. 
Hack (F.). Wahrscheinlichkeitsrechnung. Neudruck. (Sammlung 
Goschen. Nr. 508.) Berlin, Göschen, 1914. 12mo. 123 pp. 
Cloth. M. 0.90 


Herm (G.). Die Grundlebren der hoheren Mathematik. Neue ver- 
besserte Ausgabe. Leipzig, Akademische Verlagsgesellschaft nn 
* 8yo. 154-410 pp. Cloth. M.1 


Junker (F.). Hohere Analysis. 2ter Teil: m... 
verbesserte Auflage. Neudruck. long schen 
Berlin, Goschen, 1914. 12mo. 190 pp. Cloth. 


Konia (J.). Neue Grundlagen der Logik, Arithmetik und Poi 
mit dem Bildnis des Verfassers. Leipzig, Veit, 1014. 8vo. SE gon 


v. as) 


LaMPE (E.). Mathematik. Ee II") 
Berlin, Hobbing, 1914. 
Liegmann (H.) und woer, (F.). Die Berührungstransformationen. 
Geschichte und Invariantentheorie. Zwei Referate der Deutschen 
Mathematiker-Vereinigung. Leipzig, Teubner, 1914. 8vo. M. 3.00 


LINDEMANN (F. und L.). See Pomcar& (H.). 


MacALESTER Lou?» (W.). se tot de theorie der cyclische opper- 
en en congruenties. ése.) Utrecht, J. van Boekhowen, 1914. 
4to pp. 


Monrrz (R. E.). Memorabilia mathematica. The philomath’s quotation- 


book. New York, Macmillan, 1914. 8vo. 9-410 pp. oth. 
$3.00 


PorNcARÉ (H.). Wissenschaft und Methode. Autorisierte deutsche Aus- 
abe mit erlauternden Anmerkungen von F. und L. Lindemann. 
Wissenschaft und Hypothese. XVII.) Leipzig, Teubner, 1914. 
8vo. 6+283 pp. M. 5.00 


RaEcxm (C.). Allgemeiner Beweis des letzten Fermatschen Satzes. 
Dresden, Becker, 1914. 

Rey (J.). Discurso leido en la solemne apertura del curso académico de 
1913 à 1914. Oviedo, 1913. 

Sippons (A. W.). See Gonprnzr (C.). 

Sisam (C. Hi. See SNYDER (V ). 

Snyper (V. and Sısam (C. H.). Analytic geometry of space. New 
York, Holt, 1914. 12mo. 11 + 289 pp. $2.50 


Stupy (E.). Die realistische Weltansicht und die Lehre vom Raume. 
Geometrie, Anschauung und Erfahrung. (Die Wissenschaft, Band 54.) 
Braunschweig, Vieweg, 1914. 8vo. e M. 5.20 

Tımerving (H. E.) See WISSENSCHAFTEN. , 


Voss (A.). See WISSENSCHAFTEN. Wë 


WILDBRETT (A.). Analytische und projektive Geometrie. Ilter Teil: 
E e Geometrie der Geraden und des Kreises. Elemente der 
proja en Geometrie. Nurnberg, Korn, 1914. 8vo. 7+144 Pp. 

oth. : M. 2.90 
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WISSENSCHAFTEN, Die mathematischen. (Die Kultur der Gegenwart, 
Teil III, Abtei 1.) Lieferung II: A. Voss, Die Beziehungen der 
Mathematik zur Kultur der Gegenwart; H. E. Timerding, Die Ver- 
breitung mathematischen Wissens und mathematischer Auffassung. 
Leipzig, Teubner, 1914. 8vo. 64-161 pp. 


Il. ELEMENTARY MATHEMATICS. 


BanNARD (8.) and Con M). A new algebra. Parts b and 6. With 
answers. London, Macmillan, 1914. 8vo. 276 pp. Cloth. 38. 


BorcHaarpr (W G.) and PERROTT (A. Di A junior trigonometry. With 
answers. London, Bell, 1914. 8vo. 258 pp. Cloth. 8s. 6d. 


 BnuNN (J.). Vierstellige Logarithmen. 2te Auflage. Munster, Aschen- 
dorff, 1914. 8vo. 11 pp. M. 0.25 


CAMMAN (P.) et RÉBOouIs (A. G.). Compléments de géométrie. Paris, 
Gigord, 1914. 8vo. 84-408 pp. 


CAVAZZONI (L.) e Cercıananı (E.). Libro di geometria del piano. 2a 
edizione. Milano, Albrighi & Segati, 1014. 8vo. 300 pp. L. 2.80 


CERCIGNANI (E.). See Cavazzoni (L.). 
Cum» (J. M.). See BARNARD (S.). 


Darum (A.) et Warre (C. De). Géométrie gan et éléments de topo- 
aphie. 4e édition. Namur, Wesmael-Charlier, 1914. u Pp: 
loth. r. 2.75 


-DECKERT (À.) Planimetrie, Stereometrie und Trigonometrie. Breslau, 
Goerlich, 1914. 8vo. 4+214 pp. M. 3.50 


-DixszNER (H.). Die Buchstabenrechnung und Algebra. 4te umgear- 
beitete Auflage von E. Novaczkiewicz. Leipzig, Voigt, 1914. 8vo. 
04-275 pp. M. 6.00 


Don»s (W. J.). A school course in geometry, including the elements of 
trigonometry and mensuration, and an introduction to the methods of 
co-ordinate geometry. With answers. London, Longmans, 1914. 
8vo. 22+427 pp. 4s, 


FEÉENENER (H.). Mathematisches Uebungsbuch. A be B. Iter Teil. 
Pensum der Quarta, Tertia und Untersekunda. Berlin, Salle, 1914. 
Svo. 4--376 pp. Cloth. M. 3.40 


FRIEDRICH (M.). Grundzuge der analytischen Geometrie. 3te Auflage, 
durchgesehen und verbessert von G. Ehrig. Leipzig, Weber, 1914. 
8vo. 8+207 pp. Cloth. M. 2 50 


Grivy (A.). Géométrie élémentaire. Classes de be B et 3e B. Ge édition. 
Paris, Vuibert, 1914. 16mo. 396 pp. Fr. 3.00 


Gricnon (A.). Corrigé des exercices et problèmes d'algébre. Paris, 
Gigord, 1914. }6mo. 304 pp. 

Lazzeri (G.). Teoria elementare delle sezioni coniche. Livorno, Giusti 
1914. 16mo. 7+120 pp.  * L. 1.00 


MaNuxL(G). Deux cents problèmes et questions de théorie des examens 
du brevet élémentaire. lre série. 7eédition. Paris, Hachette, 1914. 
16mo. 135 pp. e Fr. 1.00 
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Marsa (H. W.). Technical trigonometry. Being Volume IV of Con- 
structive Text-Book of Practical Mathematics. New York, Wiley 


1914. Svo. 10--232 pp. Cloth. $1.50 
Pasroun (J.). Leçons progressives de géométrie élémentaire. Paris, 
‚Belin, 1914. 12mo. 271 pp. Fr. 2.25 


Pznnorr (A. D.). See BoncnanpT (J.). 
Repovis (A. G.). See CAMMAN (P.). 


REPERTORIO di matematiche e fisica elementari, per G. L. 8a edizione. 
Livorno, pos 1914. 24mo. 156 pp. L. 1.00 


Scorza (G.). lementi di geometria. Volume I. (Collezione sco- 
lastica a .) Bari, Laterza, 1914. 8vo. 8+241 pp. L.3.00 


Trest: (G. M.). Elementi di matematica. Fascicolo VI. 5a edizione 
riveduta. Livorno, Giusti, 1914. 16mo. 112 pp. L. 0.90 


WAELE (C. De). See DALLE (A.). 


WALTHER (F.). Mathematischer Lehr- und Uebungsgang für Lehrer- 
bildungsanstalten. Leipzig, Brandstetter, 1914. 8vo. an PE ' 


4 


JII. APPLIED MATHEMATICS. 


ALLEN (C. F.). Field and office tables; railroad curves and earthwork. 
5th edition, revised. Two volumes in one volume. New York 
McGraw-Hill, 1914. 518 pp. . $3.00 


ANDERSON (W. B.). Mechanics and heat. New York, McGraw-Hill, 
1914. 8vo. 349 pp. Cloth. $2.00 


ANNUAIRE pour l'an 1914, publié par le Bureau des pru Mee &vec des 


notices scientifiques de MM. Hatt, Bigourdan et Baillaud. Paris 
Gauthier-Villars, 1914. 16mo. 700 pp. Fr. 1.50 
ANTILLI (À.). Disegno geometrico. 4a edizione aumentata. Milano, 
Hoepli, 1914. 24mo. 11+84 pp. L. 2.00 


AUERBACH (F.). Die graphische Darstellung. Eine allgemeinverstand- 
liche, durch zahlreiche Beispiele aus allen Gebieten der Wissenschaft 
und Praxis erlauterte Einfuhrun in den Sinn und den Gebrauch der 
Methode. (Sammlung "Aus Natur und Geisteswelt,” Nr. 437.) 
Leipzig, Teubner, 1914. 12mo. 64-97 pp. Cloth. M. 1.25 


Banonm (J. C). Der Hundertstundentag. Vorschlag zu einer Zeitreform 
unter Zugrundle des Dezimalsystems. Mit einem Geleitwort von 
I. Hugershoff. ien, Braumuller, 1914. 8vo. 144 pp. M. 1.50 


BARTHEL (E.). Vertikaldimension und Weltraum. Neue Beweise gegen 
die Kugelgestalt der Erde. Leipzig, Hillmann, 1914. 8vo. 28 pp. 
M. 0.75 


Bares (E. L.) and CHARLESWORTH (F.). Mechanics for builders. Part II. 
London, Longmans, 1914. 8vo. 84-241 pp. 48. 


Bf£courr (L.) et Say (J. B.). Le dessin technique. Série C Cahier I: 
Lavis théorique. 5e édition. Serie D: Perspective. Cahier L 7e 
edition. SémeF: Mécanique. Cahiers VII et Paris, Hachette 
1914. 16mo. Chaque cahier, Fr. 1.00 


N J.) und HesseLpere (T.). Der Widerstand einer be- 
wegten Kugel im homogenen Medium. (Vtdenskapsselskapets ECKE 
Kristiania, Dybwad, 1914. 8vo. 15'pp. 
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Bryan (G. H.). Die Stabilität der Flugzeuge. Aus dem Englischen 
ubersetzt von H. G. Bader. Berlin, Springer, 1914, Cloth. . 7.00 


CHARLESWORTH (F.). See Bares (E. L.). 


Down (A... Bausteine sur Flugbahn- und Kreiseltheorie. ern 
Eisenschmidt, 1914. 1.50 


EuckEn (A.). Die Theorie der Strahlung und der Quanten. Verhand- 
uneen auf einer von E. Solvay einberufenen Zusammenkunft. Hale 
. Knapp, 1914. 124-406 pp. M. 15.00 


Fantasia (P.). Formule ed esercizi per l'applicazione del metodo di minimi 
quadrati alla topografia, Milano, Hoepli, 1914. 24mo. 16+339 Dp: 
L. 4.00 


ForPL (L.). Rotierendes Ei auf horizontaler Unterlage. (Habilitations- 
schrift.) Wurzburg, 1914, 


ForRcHHEIMER (P.). Hydraulik. Leipzig, Teubner, 1914. 8vo. 10+ 
566 pp. Cloth. M. 19.00 


Gans (R.). Einfuhrung in die Vektoranalysis. Mit Anwendungen auf 
die mathematische Physik. 3te Auflage. Leipzig, Teubner, 1914. 
8vo. M. 3.40 


GEITEL (M.). Schopfun N Si der Ingenieurtechnik der Neuzeit. (Aus 
Natur und Geistesw Nr. 28.) Leipzig, Teubner, 1914, nn 
1.25 


GOUARD Œ.) et Hıernaux (G.). Cours élémentaire de mécanique in- 
dustrielle. Tome I. 2e édition, corrigée et augmentée. Paris, 
Dunod et Pinat, 1914. 16mo. 8+386 pp. Cartonné. Fr. 4.50 


GuLDNER (H.). Das Entwerfen und nae rue von Verbrennungskraft- 
maschinen und RB SP te, neubearbeitete Auflage. 
Berlin, Springer, 1014 M. 32.00 


Haussner (R.). Darstellende Geometrie. Iter Tei: Elemente; eben- 
flachige Gebilde. 3te, vermehrte und verbesserte Auflage. (Samm- 
lung Goschen. Neue Auflage. Nr. 142.) Berlin, Goschen, 1914. 
8vo. 207 pp. Cloth. M. 0.90 


Hawxs (E). Astronomy. London, Milner, 1914. 12mo. 120 pp. 
Cloth. 1s. 


HESSELBERG (T.). See BIRKELAND (B. J.). 
HIERNATX (G.). See Gouanp (E.). 


Horre (M. D) Die Abhängigkeit der Wirbelthedfie des Descartes von 
Wilhelm Gilberts Lehre vom Magnetismus. (Diss. Halle, 1914. 


JADANZA (N.). Geometria pratica: lezioni date nel r. politecnico di Torino. 
28 edizione, riveduta ed ampliata. Torino, Bona, 1914. 8vo. 160 
pP. 

JANSkY (C. M.) Elemen gees and electricity ; prepared in the 
extension division of niversity of Wisconsin. ew York, 
McGraw-Hill, 1914, . 8vo. 14-+212 pp. Cloth. E $1.50 


En (F.) und SoMMERFELD (A.). Ueber die Theorie des Kreisels. ites 
Heft: Die kinematische und kinetische Grundlagen der Theorie. 2ter 
en Abdruck. „Leipzig, Teubner, 1914. 8vo. GE pp. 
Cloth . 6. 
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Kruacer (L.. Transformation der Koordinaten bei den konformen Dop- 
Iproj un des Erdellipsoids auf die Kugel und die Ebene. (Verof- 
fentlic ung des k. Preussischen Geodatischen Institutes. Neue Folge. 

Nr. 60.) ipzig, Teubner, 1914. 4to. 43 pp. M. 3.00 


Lamia (E.). See VOLTERRA (V.). 


LzconNu (L.). Cours de mécanique professé à l'Ecole polytechnique: 
„Tome I. Paris, Gauthier-Villars, 1914. 8vo. 7--536 pp. Fr. 18.00 


lox (H.) Das moderne Beleuchtungswesen. (Aus Natur und Geistes- 
welt. Nr.433. Leipzig, Teubner, 1914. 8vo. 120 pp. M. 1.25 


Macar (G. A.). Geometria del movimento. Lezioni di cinematica, con 
appendice sulla geometria della massa. Pıra, 1914. 8vo. Ce pp. 
so: 


Monr (O.). Abhandlungen aus dem Gebiete der technischen Mechanik. 
2te, neu bearbeitete und erweiterte Auflage. Berlin, Ernst, 1914. 
M. 19.50 


Morris (C. T). Designing and detailing of simple steel structures. 3d 
edition, revised and enlarged. New York, McGraw-Hill, 1914. 8vo. 
260 pp. Cloth. $2.25 


Marna (J. und Orrerr (R). Tabellen zur Zinseszinsenrechnung und 
Versicherungsrechnung. 2te Auflage. 1914. . 1.00 


Oppptap (R.). See Mrama (J.). 


Paníaxi (M.) Die Relativitatstheorie in der modernen Physik. ME 
trag.) Berlin, Reimer, 1914. 8vo. 77 pp. 


PEsRCHERON (M.). Formulaire du candidat-ingénieur. 2e édition, revue 


et corrigée. Paris, Dunod et Pinat, 1914. 8-+138 pp. Fr. 4.50 
Pranck (M.). Neue Bahnen der physikalischen Erkenntnis. er 
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THE TWENTY-FIRST SUMMER MEETING OF THE 
AMERICAN MATHEMATICAL SOCIETY. 


By invitation of Brown University, the twenty-first summer 
meeting of the Society was held at that institution on Tuesday 
and Wednesday, September 8-9, 1914, in connection with 
the celebration of the one hundred and fiftieth anniversary 
of the founding of the university. Two sessions were held 
on Tuesday and a morning session on Wednesday, the following 
fifty-two members being in attendance: 

Professor R. C. Archibald, Dr. Ida Barney, Professor G. D. 
Birkhoff, Professor J. W. Bradshaw, Professor B. H Camp, 
Dr. A B. Chace, Dr. A. Cohen, Professor F. N. Cole, Dr. C. F. 
Craig, Mr. C. H. Currier, Mrs. E. B. Davis, Professor E. W. 
Davis, Professor S. C. Davisson, Professor W. P. Durfee, 
Professor L. P. Eisenhart, Mr. H. J. Ettlinger, Professor G. C. 
Evans, Professor H. D Fine, Professor T. S. Fiske, Dr. WC 
Graustein, Professor C. N. Haskins, Professor E. R. Hedrick, 
Professor E. V. Huntington, Professor W. A. Hurwitz, Dr. 
Dunham Jackson, Dr. R. A. Johnson, Professor Edward 
Kasner, Professor C. J. Keyser, Mr. John McDonnell, Dr. 
J. K. Lamond, Professor H. P. Manning, Professor G. A. 
Miller, Professor G. D. Olds, Dr. F. W. Owens, Professor 
Alexander Pell, Professor Anna J. Pell, Professor A. D. 
Pitcher, Professor T. M. Putnam, Professor R. G. D. Richard- 
son, Professor E. D. Roe, Jr., Mrs. E. D. Roe, Jr., Professor 
D. A. Rothrock, Dr. H. M. Sheffer, Professor H. E. Slaught, 
Professor E. R. Smith, Professor J. N. Van der Vries, Professor 
E. B. Van Vleck, Professor A. G. Webster, Professor J. H. M. 
Wedderburn, Professor H. S. White, Professor Ruth G. Wood, 

Professor J. W. Young. 

- The President of the Society, Professor E. B. Van Vleck, 
occupied the chair at the morning sessions; Vice-President 
L. P. Eisenhart presided at the Tuesday afternoon session. 
The Council announced the election of the following persons 
to membership in the Society: Mr. Lincoln K. Adkins, Uni- 
versity of Minnesota; Dr. Lennie P. Copeland, Wellesley 
College; Mr. John W. Cromwell, Jr., Washington, D. C., High 
Schools; Professor Tsuruichi Hayashi, Téhoku Imperial Uni- 
versity, Sendai, Japan; Professor Claude I. Palmer, Armour 
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Institute of Technology; Mr. George A. Pfeiffer, Columbia 
University; Mr. Paul R. Rider, Yale University; Dr. Alfred 
Rosenblatt, University of Cracow; Miss Caroline E. Seely, 
Columbia University. Eleven applications for membership 
in the Society were received. 

In order that those wishing to do so may attend the winter 
meeting of the Chicago Section, the meeting of Section A of 
the American Association, and the annual meeting of the 
Society (at which President Van Vleck will deliver his presi- 
dential address), it was voted to suspend By-Law III to the 
extent of holding the annual meeting not later than January 5, 
1915. A committee, consisting of Professors M. W. Haskell, 
H. F. Blichfeldt, L. E. Dickson, O. D. Kellogg, and the 
Secretary, was appointed to arrange for holding the summer 
meeting at San Francisco in 1915. 

It was decided to issue only a List of Officers and Members 
next year, instead of the complete Annual Register. 

The first session, on Tuesday morning, opened with an 
address of welcome by Chancellor A. B. Chace of Brown 
University. The social programme included a tea in the John 
Carter Brown Library on Tuesday afternoon and luncheon 
in Rockefeller Hall on Wednesday, both given by Professor 
N. F. Davis. The University gave a dinner to the Society 
at the University Club on Tuesday evening, which was con- 
cluded by an address by President Faunce and an interesting 
account by Professor Carl Barus of the “Historical develop- 
ment of the modern theories of physics.” A vote of thanks 
was tendered to the University and its officers for their 
generous hospitality. Wednesday afternoon was devoted to 
an excursion to Newport. 

The following papers were presented at this meeting: 

(1) Dr. F. M. Moraan: “A plane cubic Cremona trans- 
formation and its inverse." 

(2) Professor L. P. E1sennart: “Conjugate systems with 
equal tangential invariants and the transformation of 
Moutard." 

(8) Prbfegsor C. E. Love: “Singular integral equations of 
the Volterra type." * 

(4) Professor O. E. Grexs:-" Modular invariant processes.” 

(5) Professor L. E. Dickson: “Invariants, seminvariants 
and covariants of the ternary and quaternary quadratic form 
modulo 2." 
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(6) Professor L. E. Dickson: “The points of inflexion of 
& plane cubic curve." 

(7) Professor L. E. Dickson: “A fundamental set of modu- 
lar invariants of the system of the binary cubic, quadratic, 
and linear form." 

one Professor L. E. Dicxson: “Invariants in the theory of 

bers.” 

BS Professor F. B. Wee: "Proof of the finiteness of the 
modular covariants of & system of binary forms and cogredient 
points." 

(10) Professor E. V. HuxTINGTON: “The theorem of rota- 
tion in elementary dynamics." 

(11) Dr. R. D. BEETLE: “ Congruences associated with a 
one-parameter family of curves." 

(12) Professor G. C. Evans: “ The non-homogeneous para- 
bolic differential equation." 

(13) Dr. R. A. Jonson: “The conic as a space element." 

(14) Professor W. A. Hunwrrz and Dr. L. L. SrLvERMAN: 
“On the consistency and equivalence of certain definitions of 
summability.” 

(15) Professor Maxime Böcher: “The method of succes- 
sive approximations for linear differential systems." 

(16) Professor MAxıME Bécuer: “The smallest character- 
istic numbers in a certain exceptional case.” 

(17) Professor B. H. Camp: "On the series obtained by 
term-wise Integration." 


(18) Professor G. A. Miniter: “On the g-subgroup of a 


oup. 

(19) Dr. T. E. Mason: “On functions transcendentally 
transcendental with respect to a given realm of rationality.” 

(20) Dr. T. E. Mason: “Mechanical device for testing 
Mersenne numbers for primes." 

(21) Mr. H. S. Vanprver: "On Bernoulli’s numbers, 
Fermat's quotient and last theorem." 

(22) Professor L. C. KARPINSKI: “An early algorism." 

(23) Professor H. S. WHITE: Ee E on 31 letters; 
& reconnoissance.’ 

(24) Miss L. D. CuxwrNas: “The trains dor 42 non-con- 
gruent triple-systems on 15 elements." : 

(25) Professor J. H. M. WEDDERBURN: “On matrices whose 
coefficients are entire functions." 

(26) Professor E. H Surrg: "A problem in the fitting of 
polynomial curves to certain kinds of data." 
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(27) Dr. H. R. Kineston: “Metric properties of nets of 
plane curves." 

(28) Professor G. D. Brakngorr: “The iterated transforma- 
tion of a plane into itself." 

(29) Professor W. B. Frrg: “Prime power groups in which 
every commutator of prime order is invariant." 

(30) Professor Epwarp  KASNER: “Transversality "for 
double integrals in the caleulus of variations and for contact 
transformations." 

(31) Professor Epwarp Kasner: "The decomposition of 
conformal transformation’ into factors of period two." 

(32) Professor R. G. D. RrcmanpsoN: ‘‘A new boundary 
value problem for linear hyperbolic differential equations of 
the second order." 

(33) Dr. Josee& RosenBaum: “Mixed linear integral equa- 
tions over a two-dimensional region." 

(34) Professor D. C. GILLESPIE: “Cauchy’s definition of a 
definite integral." 

Dr. ,Kingston's paper was communicated to the Society 
by Professor Wilezynski. Dr. Rosenbaum was introduced 
by Professor Hurwitz. In the absence of the authors, Miss 
Cummings's paper was read by Professor White and the papers 
of Dr. Morgan, Professor Love, Professor Glenn, Professor 
Dickson, Professor Wiley, Dr. Beetle, Professor Bécher, Dr. 
Mason, Mr. Vandiver, Professor Karpinski, Dr. Kingston, 
Professor Fite, and Professor Gillespie were read by title. 

Abstracts of the papers follow below. ‘The abstracts are 
numbered to correspond to the titles in the list above. 


1. In this paper Dr. Morgan studies the properties of the 
plane cubic Cremona transformation S = (y (£t) (atin? nmn) 
and its inverse T = (24 Ys atl). Both of these transforma- 
tions are examples of an o; coinciding with an or, When 
written in non-homogeneous coordinates these transformations 
present a simple ruler and compass construction by means of 
which one may construct a cissoid, a four-leaved rose, a lem- 


niscate, and, other higher plane curves. 
2. When the tangential coordinates of a surface S are solu- 
tions of an equation of the form 


1 OH , Olog p 00 ð log p 08 _ | 
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the parametric coordinate system is said to have equal tan- 
gential invariants. Professor Eisenhart shows that there 
exist transformations of S into surfaces Sı such that the para- 
metric system on S; is conjugate with equal tangential in- 
variants, and moreover the lines joining corresponding points 
on S and S; form a congruence whose developables meet these 
surfaces in the parametric curves. In this case the surfaces 
S and S, are said to be in the relation of a transformation Q. 
The surfaces associate to S and Sı with the asymptotic lines 
of the former corresponding to the parametric conjugate 
systems on the latter can be so placed in space that tbey are 
the focal surfaces of a W-congruence. If S and Sı are in the 
relation of a transformation Q, the tangent planes to these 
surfaces at corresponding points are harmonic to the focal 
planes of the congruence of lines of intersection of these 
planes. Of particular interest is the case in which the latter 
congruence is normal. To this class belong the transforma- 
tions of surfaces of Voss discussed by the author in the July 
number of the Transactions. The transformations of surfaces 
with isothermal spherical representation of their fines of 
curvature established in the ninth volume of the Transactions 
are transformations Q and the only ones such that S and $i 
are the two sheets of the envelope of a two-parameter family 
of spheres. If Sı and $$ are two transforms of S, there exist 
an infinity of surfaces S' each of which is in the relation of & 
transformation Q with Sı and Ss. Moreover, if M, Mi, Ms 
are the corresponding points of S, Sı, Sa, the corresponding 
points of the surfaces 8’ De on a conic in the plane of M, Mi, 
Ma; and the tangent planes to the surfaces S’ pass through 
the point of intersection of the corresponding tangent planes 
to S a Si, So. 

The transformation of Moutard of equations of the type 
(1) plays an important rôle in the transformations Q, as also 
in the transformations K of conjugate systems with equal 
point invariants announced by the author at the April meeting 
of the Society. The paper will appear in the Palermo Rendi- 


cont. 


3. Professor Love's paper proves the.existence of a con- 
tinuous solution (z) of the singular Volterra equation of the 
second kind è 
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under various hypotheses concerning the functions f(x) and 
K(z, t). In each case the behavior of (x) for large values 
of x is also considered. The paper will appear in the October 
number of the Transactions. 


4. Under linear transformations on the variables x; (4— 1, 

-+, m) whose coefficients are Ba residues of a prime 
number p the functions x,” (i = 1, ---, m) are cogredient to 
the variables. Professor Glenn proves this and shows that 
it leads to the fact that the polar operator 
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applied to any covariant of an algebraic m-ary form f, gives 
a formal modular covariant of f. Modular transvectants 
are also defined by means of such cogredient expressions, and 
their properties discussed. Application is made to the deriva- 
tion of an irreducible system of formal modular concomitants 
of a linear form, consisting of two invariants and six covariants 
(cf. Dickson, Madison Colloquium Lectures, page 40). 

Since the transformation on the z's induces a similar 
group of transformations on the coefficients do, a1, e, we 
have a dual theory of the modular Aronhold operators 


a de ks 


b. The object of the first paper by Professor Dickson is to 
provide an improved method for finding the leading coefficient 
of & modular covariant of a form or forms in three or more 
variables. For the case of a ternary quadratic form modulo 2, 
the method employed in the Madison Colloquium Lectures, 
pages 77-79, 1s sufficiently brief, but is not as expeditious as 
the new method, especially in more difficult problems. The 
paper will appear in the BULLETIN. 


6. In the second paper by Professor Dickson, an elementary 
and largely novel exposition is given of the classic theory of 
the inflexion points-of a plane cubic curve without singular 
points. Then the Galois group of the equation X for the 
abscissas of the niné inflexion points is determined for special 
cubic curves as well as for the curve in whose equation the 
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coefficients are independent variables. The knowledge of 
the group and its properties is applied to a complete analysis 
of the solution by radicals of the equation X. The paper 
will appear in the December number of the Annals of M athe- 
matics. 


Y. The third paper by Professor Dickson shows how simple 
and remarkably effective is the theory of modular invariants 
based upon the separation of equivalent sets of ground forms 
into classes (cf. Madison Colloquium Lectures), by treating 
the simultaneous modular invariants of the binary cubic, 
quadratic, and linear form. The paper will appear in the 
Quarterly Journal of Mathematics. . 


8. A. Hurwitz* introduced the concept of formal invariants 
of binary forms (whose coefficients are independent variables) 
under the group of all binary linear transformations with 
integral coefficients taken modulo p, a prime. Aside from 
the casest of quadratic and cubic binary forms, and a theorem 
by Miss Sandersonf connecting the subject with tnodular 
invariants, no progress has been made towards a general 
theory. A remarkably simple and effective method of con- 
structing formal invariants is given in the fourth paper by 
Professor Dickson. In the case of a single form f in n vari- 
ables, the method consists in forming the symmetric functions 
of certain like powers of the values of f at the real points in 
modular space. The power used is such that f has the same 
value at (zi, e, Zn) as for (p%1, *'*, pn), where p is any 
integer. In the case of several forms f,, we employ the sym- 
metric functions of din, vs, :-:-), in which 2, vs, --- range 
over the sets of values of powers of fi, fs, ++- at the real 
points, while $ is any polynomial with integral coefficients. 
We may also employ the points whose coordinates are in a 
Galois field of order p*. From the special cases examined, 
it appears that the method furnishes a fundamental system of 
formal invariants. There is an immediate extension to the 
case of seminvariants and to the general case of invariants 
under any modular group. The paper wil appear in the 
Transactions. Se 








* Archiv der Mathematik und Physik (3), vol. 5 (1903), p. 25. 
iud The Madison Colloquium Lectures; pp. 41-54. 
Transactions, vol. 14 (1913), p. 490. . 
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9. The question of the finiteness of the modular covariants 
of a system of forms and cogredient points arises naturally 
at this time in view of the fact that Professor Dickson has 
proved (Transactions, 1913) the finiteness of the modular 
covariants of a system of forms without cogredient points 
and Professor Krathwohl secured in his Chicago dissertation 
(American Journal, October, 1914) a fundamental set eof 
modular covariants of two cogredient binary points. In the 
present paper Professor Wiley secures the theorem: 

The set of all modular covariants of any system of forms in 
` Zu, £o» and the cogredient points x41, tee (b = 1, ---, n) is 
finite in the sense that they are all rational integral functions, 
with integral coefficients taken modulo p, of a finite number 
of covariants of the set. 

This paper will appear in the Transactions. 


10. In the theory of the plane motion of a rigid body, the 
equation Fr = (W/g)k’dw/dt, where dw/dt is the angular 
acceleration of the body at the instant considered, plays an 
importantröle. In this equation, Fr is the sum of the moments 
of the external forces and k the radius of gyration of the body 
about a suitably chosen point Q. "The question at once arises, 
what is meant by a suitably chosen point in this case. All 
the books agree that the equation is true if Q is fixed in the 
body and fixed in space, or if Q coincides with the center of 
mass. Many books state that the equation is true also when 
Q is the instantaneous center of rotation, and some that it 
is true when Q is any point whatever. In view of these dis- 
crepancles in the current elementary textbooks, it seems 
worth while to review the facts concerning this important 
equation. In order to do this most effectively, Professor 
Huntington states and proves two distinct theorems, one for 
the case in which Q is fixed in the body, the second for the 
case in which Q is fixed in the plane. 

I. If Q is a point fixed in the body, then the equation 
Fr = (IV /9)k*dw/dt is true: (1) when Q is fixed in the plane, 
(2) when A is moving with constant velocity in a straight 
line, (3) when Q is the center of mass, (4) when Q has an 
acceleration whose direction at, the instant in question passes 
through the center of mass; and inno other cases. In partic- 
war, it is not in general legitimate to “take moments about 
the instantaneous center.", 
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II. If Q is fixed in space, Fr= (W/g)d(ct)/dt + (W][g)kéd«[dt, 
where Fr is the sum of the moments of the external forces 
about the point Q at the instant in question, c? is the moment 
of the velocity of the center of mass about Q at that instant, 
and ko is the radius of gyration about the center of mass. 

These two theorems are of course implicitly contained in 
any standard treatise on the subject; but they do not seem to 
be explicitly stated in this form in any of the elementary 
textbooks. The proofs are here given in a very direct and 
simple form. 


11. With a one-parameter family of curves may be asso- 
ciated a number of rectilinear congruences. The congruence 
formed by the tangents to the curves has been very extensively 
studied, and there are many theorems concerning the relations 
between the properties of this congruence and those of the 
curves and of the surface on which they lie. The other 
congruences naturally associated with a one-parameter family 
of curves have received little attention. In this paper, Dr. 
Beetle considers some of these other congruences, giving 
particular attention to those formed by the principal normals 
and binormals of the curves. 

In connection with certain properties of the congruences, 
it is of interest to consider those surfaces on which the asymp- 
totic lines in one system, or both, are geodesic parallels. It 
is shown that the determination of all such surfaces requires 
the solution of a rather complicated partial differential 
equation of the fourth order. Several characteristic properties 
of these surfaces are found. 


12. Professor Evans considers the non-homogeneous partial 
differential equation du/dt — Hu/dx? = f(x, t) and the function 
which is its principal solution, when the proper derivatives 
exist, with the object of generalizing the conditions on f(z, t) 
necessary for the emstence of these derivatives. According 
to the nature of the parabolic equation, such conditions should 
be asymmetrical in character. It is proved that those de- 
rivatives exist at the point (zi, tı) provided that f(z, 7) is finite 
and integrable in a suitably defined regton, and at (zı, &),1s 
continuous and satisfies the condition’ 1f(z, t) — f(a, 1)| 
< Nix — 2,|", where N and 7 are positive numbers, not zero. 


13. Dr. Johnson uses as coordinates of the conic in three- 
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dimensional space the elements of the discriminant of its 
tangential equation; in other words, a conie is represented 
by ten homogeneous coordinates which are elements of a 
vanishing four-rowed symmetrical determinant. Thus there 
is a one-to-one correspondence between the conics of space and 
points of a quartic hypersurface in space of nine dimensions. 
The equations, in terms of these coordinates, which correspònd 
to various projective relations between conics and other figures, 
such as points, lines, planes, quadries, are developed for 
numerous simple cases. After a brief consideration of the 
relation of apolarity between quadrics, a detailed discussion is 
given of the possible linear systems of conics. 


14. In the present paper Professor Hurwitz and Dr. Silver- 
man, on the ground of previous work by Silverman, Toeplitz, 
and Schur, establish a correspondence between certain func- 
tions f(z) and certain definitions of summability of a divergent 
sequence. If f(z) is analytic within and on the boundary of 
the circle C of radius $ about the point 3, the corresponding 
definition is a generalization of convergence, i. e., correctly 
evaluates any convergent sequence. All such definitions are 
consistent, 1. e., 1f two of them evaluate a certain sequence, 
they give it the same value. Two definitions are equivalent, 
1. e., evaluate exactly the same sequences, provided the corre- 
sponding functions have the same zeros with the same multi- 
plicitiesin C. Further properties of the definitions in question 
are derived; the equivalence of the Cesàro and Holder defi- 
nitions of the same order appears as an incidental result. 
The question of equivalence of different definitions has pre- 
viously received some slight attention; it 1s believed that the 
question of consistency 1s here studied for the first time. 


15. The results partially announced by Professor Bócher 
&t the Cambridge International Congress in 1912 concerning 
the scope of the method of successive approximations when 
applied in a very general manner to ordinary linear differential 
systems are here developed in detail. 


16. Professor Bócher' 3 pogona paper appeared in full in the 
October BULLETIN: * 


17. It has long been known that, if a series is uniformly 
convergent, the series obtained by integrating it term-wise 
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is also uniformly convergent. In recent years more general 
sufficient conditions for term-wise integrability have been 
discovered, and finally, by Vitali and W. H. Young, conditions 
which are both necessary and sufficient. If a series which is 
not uniformly convergent be integrable term-wise over a vari- 
able interval, the new series may not be uniformly con- 
vergent, but it has certain other characteristics which may 
be classified according to which of these sufficient conditions 
the original series satisfies. Furthermore, successive integra- 
tions over the same interval lead to progressively simpler 
series. 

In Professor Camp's paper several general theorems dealing 
with this subject are developed. A particular result, capable 
of being stated concisely, is that, if a series may be integrated 
term-wise in the variable interval (a, x), then the new series 
may be integrated term-wise, even after being multiplied 
through by any function of x which is absolutely integrable in 
Lebesgue's sense. 


18. All the operators of any group G can be divided into two 
categories having no common operator by putting into one 
category (4) all those operators of G which can occur in 
one of the possible sets of independent generators and into the 
other category (B) those which do not have this property. ' 
The category (B) is a subgroup of G, and this subgroup was 
called by G. Frattini the -subgroup of G. It is always the 
direct product of its Sylow subgroups and hence it is always 
solvable. The e-subgroup of G may also be defined as the 
cross-cut of all the possible maximal subgroups of G. A simple 
example of a -subgroup is the subgroup of order or" in the 
cyclic group of order p", p being any prime number. 

Professor Miller developed & number of theorems relating 
to the e-subgroups. In particular, he proved that the order 
of the ¢-subgroup of any abelian group of order p" is p" ^, 
whenever p* is the order of the subgroup generated by all of 
the operators of order p. A necessary and sufficient condi- 
tion that the e-subgroup of an abelian group be rdentity is 
that all the Sylow subgroups of this abelian group are of type 
(1,1, 1, ---). If a group can. be represented as a primitive 
substitution group its -subgroup is identity; in particular, 
the -subgroup of every simple group ôf composite order is 
identity. s 
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19. Dr. Mason finds conditions that first and second order 
linear difference and q-difference equations and Riccati dif- 
ference and g-difference equations have only solutions that 
are transcendentally transcendental with respect to a general 
realm of rationality which includes the coefficients. "These 
conditions are expressed in the possibility of certain auxiliary 
equations having solutions algebraic in the realm of rationafity 
considered. The results for these equations in the realm of 
rationality z are to be found in papers by Tietze, Stridsberg, 
and a previous paper by Dr. Mason. 


20. Lucas has given a method of testing Mersenne numbers 
for primes, in which he uses multiplication in the binary 
system of numeration. Dr. Mason shows how multiplication 
in this system can be reduced to counting correspondences, 
and suggests a mechanical device to do the counting and 
recording. 


21. Mr. Vandiver obtains some general theorems respecting 
Fermat's quotient and Bernoulli’s numbers and in particular 
the following relation: 


a pol 
DN = 2 Yan? (mod p), 


wherel« a « p — 1, 1 € m « 9 (pa prime), 
p=- mim, n» 20 


ha, = (— 1)7" Ba, hoopi = O, 
1 1 
SS 6? B, = 30? 


By means of this theorem it is then shown that Kummer’s 
criteria in reference to Fermat’s last theorem may be replaced 
by the following conditions: 


By 


etc. 


(J 1 = 
KN E 0 (modo) (m= H Been 1). 
n=l e @ 


(See notation used in Crelle, volume 144, page 314.) A number 
of otber transformations of the Kummer congruences are also 
given. : 
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22. The Latin treatises on the Hindu art of reckoning which 
are earlier than the fourteenth century are sufficiently rare 
so that the addition even of anonymous works to the available 
literature is desirable. An algorism which bears internal 
evidence that it was one of the very early treatises on this 
subject has been found by Professor Karpinski in the British 
Mifseum. Royal MS .15 B IX contains the algorism in 
question; this manuscript is dated by the experts of the 
museum as of the end of the twelfth or beginning of the thir- 
teenth century. A somewhat similar work, directly related 
to this algorism, is found in the Egerton, MS 2261, fol. 225°- 
227°, and a second copy in Codex Paris, 10252, fol. 68'-70". 
'The copy in Paris, written 1476, was found by Bjórnbo and 
is included in his list of medieval mathematical works which 
is preserved in Stockholm. A study is made of all three of 
the manuscripts. 


This paper will appear in the Bibliotheca Mathematica. 


23. The number of different triad systems on m letters is 
known only for the small values of n. Reiss proved ‘that at 
least one system exists for every value of n = 6¢-+ 1 or 
n = 6014-3. E. H. Moore proved that at least two incon- 
gruent systems exist for every such n above 13. Zulauf 
showed two distinct systems for 13. Miss Cummings has 
distinguished 24 systems for n — 15 without exhausting the 
possibilities. In the present paper, from one simple theorem 
&nd certain data not yet published, Professor White demon- : 
strates the existence of a very large number, above 105, of 
systems of a particular kind on 31 letters. 


24. Miss Cummings has applied to triple-systems on 15 
elements the method for determining the non-congruency of 
triple-systems given by Professor H. S. White in the Trans- 
actions of January, 1918. The paper shows the 203 distinct 
types of trains which occur in 42 non-congruent systems Ais. 


25. In this paper, Professor Wedderburn extends the 
methods ordinarily used in reducing to its normal form a 
matrix whose coefficients are polynomials in a single variable 
so as to make these methods applicable when polynomials 
are replaced by entire functions or, more generally, by 
functions holomorphic in a simply cennected region. 
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26. If to a series of values of z which are in an arithmetical 
progression there corresponds a series of observed values of y, 
and if it is desired to determine by the method of least squares 
or by the method of moments the coefficients of the polynomial 


y = Oot ae + asa? d- ... + apet 


which give the best relation between x and y, the problem ‘tan 
be simplified by evaluating the determinant 


yh a Zi KE 


se 9 9? 9» 9 9 A 9 $4 * ee *" © » 5» 59 © © 4 ce 9 ^» $9» 9 * 


Y Y uu S pH y atk 
0 0 0 


By separating the determinant into two factors Professor Smith 
finds the roots of D,(n) and consequently its factors. It 
follows then that when a is less than k + 1, Din) vanishes, 
when n= k+ 1, D&(n) is the square of a simple Vander- 
mondian, and finally when n is greater than £ + 1, 


Din) = Omè [J (n =k t o) ut e=, 


where C, is a constant for any value of k. Having found this 
value for the determinant, simple expressions are obtained for 
the coefficients do, di, d», ..., ar which depend only on the 
observed values of y and on the number of the observations. 


27. In a memoir entitled “ One-parameter families and nets 
of plane curves," * Wilczynski has discussed the projective 
differential properties of nets of plane curves, by means of & 
completely integrable system of three partial] differential 
equations of the second order. In Dr. Kingston's paper the 
foundatien is laid for a study of the metric differential prop- 
erties of such nets. „In order to accomplish this, it becomes 
necessary to consider, besideg the coefficients of the partial 
differential equations used by Wilczynski, the coefficients E, 
F, and G of the square of the element of arc when this is ex- 





* Transactions, vol. 12: (1911), pp. 473-510. 
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pressed in terms of the parameters of the net curves as co- 
ordinates. All of these quantities taken together, which must 
moreover satisfy certain relations, determine a net uniquely 
except for a motion combined with a reflection. The applica- 
tion of the general theory to the particular cases of orthogonal 
and isothermal nets gives rise to interesting results. 


28. The iterated transformation of a plane into itself leads 
to hitherto untreated problems in point set theory which 
stand in vital relation to certain dynamical questions. The 
problem considered by Professor Birkhoff.s that of character- 
izing as far as possible the sequence of positions taken by an 
arbitrary point of the plane under repetition of the transforma- 
tion and its inverse. Some of the results obtained run 
parallel to those given by him in an earlier paper.* 


29. Professor Fite’s paper concerns itself with those prime 
power groups in which every commutator of prime order 1s 
invariant. Itis shown that if G is of order p" (p an odd prime) 
and any cogredient has a cyclic central, the second central 
must contain a commutator of order p that is not invariant 
in G. In fact, if any cogredient contains a non-invariant 
operation of order p, the second central must contain 
a commutator of order p that is not invariant in G. Of 
various other results obtained the two following may be 
mentioned: (1) If every operation of the second central whose 
order does not exceed p” is invariant in G, every operation of 
G whose order does not exceed p” is invariant. (2) If the 
commutator subgroup is cyclic and the (k — 1)th central is 
of class kı, G must be of class k, where k < 3k. 


30. In eonnection with the minimizing of double integrals, . 
Kneser's theory of transversality gives rise to & correspondence 
between the surface elements and the lineal elements at any 
point of space. "This correspondence is not entirely arbitrary 
‘in character. Professor Kasner obtains a simple geometric 
property which furnishes a criterion as to when a given corre- 
spondence can be regarded as a transverszlity correspondence. 
In particular the only linear correspondeifces satisfying the 
test are polarities. 


* Bulletin Soc. Math. de France, vol. 40 (1912), pp. 305-323. 
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The general result obtained is also applied to the theory of 
infinitesimal contact transformations, and indirectly to the 
transversality correspondences associated with simple integrals 
in space. Certain connections between simple and ‘double 
integrals are thus derived. 


31. The conformal transformations discussed in Prof&ssor 
Kasner's second paper are assumed to be regular in the neigh- 
borhood of the origin. They are thus expressed by power 
series in x + ty or x — iy without absolute term. It is shown 
that there are two types of transformations of period two: the 
first, in z + iy, are called conformal involutions; and the 
' second, in x — ty, are identified with symmetries (in the gen- 
eral sense of Schwarz). The main results of the paper are 
criteria as to when a given conformal transformation can be 
regarded as the product of either two involutions, or two 
symmetries. The classes of transformations thus obtained 
are very large, only & finite number of restrictions being 
imposed on the coefficients of the corresponding power series. 
As im the author's earlier results in conformal invariants, 
distinetions arise according to the rationality or irrationality 
of certain angles determined by the coefficients. 


32. For linear hyperbolic differential equations of the second 
order in two variables, the boundary value problem ordi- 
narily considered is that of finding a solution u(z, y) which on 
a piece of a curve has prescribed values for u and du/dn. The 
simplest case of the new problem studied consists in determin- 
ing whether there exist parameter values À of the equation 


(pu;). — (quj), + Au = 0 
[pP y) Z k 5 0, gay) 2 k 0] 


such that the corresponding solutions vanish on the boundary 
of a region o Sæ Sa, b; Sy € b. Closely associated 
with this problem are new problems in linear equations and in. 
quadratic forms each with an infinite number of variables, 
as well as* with n yariables where n is allowed to increase 
indefinitely. Professor Richardson has shown that there is a 
denumerable infinity of parameter values À of the equation 
(1) for which there are solutions of the type sought. This 
set of values has limiting points at both positive and negative 


(1) 
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infinity as well as at one or more finite points. Under restric- 
tions similar to those usually imposed, a function f(æ, y) may 
be developed in a series of solutions with Fourier coefficients. 


.38. Following out methods previously used by Professor 
W. A. Hurwitz in discussing mixed linear integral equations 
in one dimension, Dr. Rosenbaum in this paper establishes 
similar results for the case of two dimensions. 'The unknown 
function appears under integral signs operating over a plane 
region and over curves, and the values of the unknown func- 
tion at special points also appear in the equation. The 
adjoint system of equations now involves as unknowns one 
function of two variables, several functions of one variable, 
and several constants. The notions of resolvent system, 
orthogonalization of principal solutions, and pseudo-resolvent 
System, receive similar generalizations. 


34. The Riemann definition of the definite integral of a 
bounded function involves the values of the function at arbi- 
trary points of the sub-intervals of a scheme of subdivision, 
while the Cauchy definition involves the values only at ends 
of sub-intervals. It is obvious that if the Riemann integral 
exists the Cauchy integral will exist; it is not immediately 
evident whether the converse is true or false. Professor 
Gillespie proves in this note that the two definitions are 
equivalent. 

F. N. Cors, 
Secretary. 


INFINITE REGIONS IN GEOMETRY. 
BY PROFESSOR EDWIN BIDWELL WILSON. 


(Read before the American Mathematical Society, February 28, 1914.) 


THE recent contribution by Professor Bócher on “The 
infinite regions of various geometries” * puts me in mind of 
some ideas which I have long held on this subject and which 
I desire to offer to readers of his article. ** 

The points which he most desires to make are: 

1°, that when we are dealing with other geometries than 


— * This-Buuzemm, vol. 20, pp. 185-200, January, 1914. 
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the projective we should replace the infinite line of plane 
projective geometry and the infinite plane of projective 
geometry in three dimensions by such other infinite region a3 
may be most appropriate to the geometry we are considering, 
and 

2°, that in particular when we introduce aoe 
which throw points to infinity we have not put our work in 
satisfactory form until we have made clear what infinite 
region we assume. 

With the second of these points I am entirely in accord, and 
with the first, also, if it is properly understood; but I am 
inclined to think that Professor Bécher has not put the 
matter of infinity in geometry in the best way* and that a 
literal adherence to his position would be unfortunate. 

Just as he protests against the use of infinity in a carefree 
manner in different geometries, I wish on my part to protest 
against its careless use in any particular geometry. According 
to the view which I believe to be in fullest consonance with 
modern scientific attitudes toward geometry, there are no 
infinite (or ideal) points in the projective plane, no line at 
infinity in projective geometry, no infinite point in real in- 
versive geometry, nor any pair of lines at infinity in complex 
inversive geometry. 

To substantiate this point of view and to show at the same 
time the relation of my view to Professor Bécher’s I must 
give some definitions, in particular some definition of geometry. 
And as my predecessor gave no definition of what he meant by 
a geometry (except by implication), I shall begin by formu- 
lating a definition which seems to me to express his point of 
ylew. 

Definition 1.—A geometry is the ensemble of those proper- 
ties of configurations in the euclidean plane (and in its ideal 
extensions) which are invariant under the transformations of 
an r-parametered group? 

* There can be no doubt that Professor Dächer is familiar with the 
views which I shall expound and that he had reasons which seemed best 
to him for gticking close to the exposition he chose. There is still a 
different presentation,emore elementary than either of ours, which I have 
heard Professor F. & Woods offer at a semi-publie gathering and which I 
hope he may offer to the BvrfETIN; for in a subject like infinty in 
geometry l believe that the maximum satisfaction comes only with & 
multiplicity of views’ : 

T it ig only for ease that we restrict the definition to the plane and omit 


from the statement non as that of the Bewegungen und Umlegungen 
(motions and orthogonal reflections). 
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AY = X'(X, Y; cs cs, 7,06), Y' = Y(X, Y; ci, 623, +05, C). 


Definition 2.—For any particular choice of the parameters 
such points (X, Y) as render X’ or Y' or both infinite are said 
to be thrown to infinity, and the infinite region of the geometry 
is of the type of the locus of such points (X, Y) for general 
values of the parameters. 

Except for the unusual precision relative to infinity and a 
phraseology introduced by Lie, this definition is old. Applied 
to the characterization of projective geometry it represents ' 
the point of view early in the science of projective geometry— 
Poncelet, Steiner, Chasles, Salmon, Fiedler, and Cayley might 
reasonably be associated with it. It is still of vital pedagogic 
importance when we desire to lead the student for the first 
time from his known euclidean geometry to the new pro- 
jective. For the recapitulation theory seems here to apply; 
the natural entogeny is an accelerated phylogeny. 

Beginning, however, with von Staudt and continuing 
through a long succession which we may at present terminate 
with Veblen and Young,* there has been a tendency to*place 
projective geometry on its own feet, to define it in terms not 
. extraneous to itself. Although such a development has not 
yet reached many other geometries we are, I think, sufficiently 
advanced in our point of view to regard the proper definition 
of a geometry as something like this:t 

Definition 8.—Given a system containing a set of undefined 
symbols (one or more classes of elements, one or more rela- 
tions) and a set of primitive propositions connecting them; the 
geometry of this system is constituted of the body of propo- 
sitions logically deduced from the primitive propositions. 





*“A set of assumptions for projective geometry," Amer. Journ. of 
Mathematics, vol. 30, pp. 347-380 (1908) 

‘  fSee E. V. Huntington's definition of abstract geometry on page 526 
of his article “A set of postulates for abstract geometry, expressed in 
terms of the simple relation of inclusion," Math. Annalen, vol. 78, pp. 
522-559 (1913). e restriets his definition to cover only the particular 
geometry he is expounding, but states that such & definition is applicable 
in other geometries also. It is entirely possible that the definitign which 
we formulate should not be applied in general to a system as yet unformed, 
but should be applied anew 1n each particular instance after the system 
has been formed and then only if the person who forms the m 
desires to call it a geometry; for in no Other way does it seem p le to 
include all systems which have been or may be called geometries without 
also including Gë much every deductive system.« For restrictions see 
definitions by B. Russell, Principles of Mathematics, p. 372, and A. N. 
Whitehead, The Axioms of Projective Geomeftty, p. 5. 
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(If we desire to define a geometry as distinguished from a class 
of geometries, we should insist that the system be categorical.) 
Definition 4.—Any class of elements selected from that 
class, or from one of those classes, * which enters into the defini- 
tion of & geometry may be called & region of the geometry. 
The infinite region of the geometry would be, if it existed, a 
certain special region. The specialization would have to be 
effected by means of some property which belonged to the 
geometry and to which the concepts finite and infinite (in 
some of their many senses) were alternatively applicable.T 

Why, upon the basis of Definitions 3 and 4, has the pro- 
jective plane or projective geometry no infinite region! 
Simply because if we take any purely projective definition of 
projective geometry, there are no special regions whatsoever 
which are singled out from the rest of the plane; a fortiori 
there can be no infinite region. One of the things which we 
should be most careful to impress upon the student of pro- 
jective geometry is that the projective plane is entirely homo- 
genequs. 

For & similar reason real euclidean geometry has no infinite 
region; it has no special points or lines in it. We may refer 
to Huntington's paper previously cited. "The non-euclidean 
geometry developed in detail by Lewis and myself for the 
representation of the principle of relativity is also without 
an infinite region. Í 

As to inversive geometry it may well be that as yet there is 
no exact formulation in postulates, but the possibility of such 
formulation is so evident that it is safe to say that inversive 
geometry has no infinite element or infinite region; the in- 
versive plane is homogeneous. We might as well maintain 
that the-surface of a sphere or spherical geometry, when de- 
fined by a system of postulates appropriate to the geometry,$ 


* We could define mixed regions by collecting elements from different 


classes. 

t We formulate no precise definition of infinite elements or infinite 
region because in most of the geometries which have been handled in the 
modern Jogical manner there is no infinite region 

t Wilson, and Lewis, “The space-time manifold of relativity,” Pro- 
ceedings of the Americas Academy, vol. 48, pp. 389-507. There are singular 
loci in the geometry, hut no special points. If we consider as fundamental 
the right line and angle, we cofild regard the singular lines as infinite 
elements; but the advantage of such procedure is problematical. 

§ For a definition which is not proved to be either complete or categorical 
see E. B. Wilson, “Seven lectures on spherical geometry,” Amer. Math. 
Monthly, serially in 1904. In those lectures I made use of the idea of a 
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possessed a special element (such as a north pole) as that 
the inversive plane had a special element such as the infinite 
point.* 

As now, speaking from the geometric and logical view- 
points, we have abolished the infinite regions in some, and 
could abolish them in all, of the geometries of which Professor 
Böcher speaks, it is necessary to answer the question: What 
and where are the infinite regions of which he speaks? They 
are ideal, they are perhaps nowhere. They arise algebraically 
through the becoming infinite of some function; this is acci- 
dental to our choice of coordinates. They originate geo- 
metrically from the breaking down of a correspondence 
between the planes of two different geometries;t this latter is 
the really essential geometric fact. 


group of transformations in formulating the axioms, just as Lewis and I 
ter adopted that point of view in our geometry of relativity, loc. cit. 
In view of the importance of the group concept in modern geometry it 
might be desirable that some of our eminent specialists in po tes should 
construct systems in which that concept was emphasized. It is unfor- 
tunate in some respects that groups have been tied so closely to anadytical 
representations as far as their geometric uses go. 

* Professor Böcher in a footnote calls attention to the fact that in Study’s 
long treatment of Das Apollonische Problem, Math. Annalen, vol. 49, 
pp. 497-542, there is not a word said concerning the nature of the infinite 
region. According to our reading of Study’s work the reason that no 
mention of the inimite region occurs may well be that for him, as for us, 
there is no such region in the geometry of inversion. We may be reading 
our own ideas mto Study’s text (which would be a heinous offence on our 
part toward so illustrious & geometer), but we believe that he makes his 
point of view quite clear. He does not set up a categorical system of 
p tes for inversive metry, but he does point out very precisely 
that one of the chief differences between his geometry and Mascheroni’s 
is that the latter uses the center of a circle whereas he makes no use of it. 
As one of Study’s fundamental constructions is to find the inverse of any 
point with respect to any circle, the center could be found if the point at 
infinity were In the system, and then there would be but httle gain in 
banishing the use of the center. Furthermore Study makes very strong 
the point of view which actuates him in this article, as in other of his work, 
namely, the desire to remain completely within his geometry. 

T It is interesting to observe that we cannot represent the points on a 
simple closed curve by a continuously varying parameter so that the cor- 
respondence shall be one-to-one. What we do is to use a parameter £ 
subject to to th, which to the same point the values & and i 

to drop é or & from the interval would be to render the correspondence 
iscontinuous). Or we write — © le œ and identify œ and — œ, 
and thus introduce the EEN ©. This is no singularity of the curve. 
It is merely an SE of correspondence between arithmetic and 
geometric types of order. H. B. Phillips and C. L. E. Moore in their 
s of plane projective geometry," Proceedings of the American 
A y, vol. 47, pp. 737-790, probably would have been glad to avoid 
infinity; but with & non-homogeneous algebra that was out of the question. 
t One of these being euclidean in the cases Professor Böcher discusses. 
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I? we start with non-homogeneous (rectangular cartesian) 
coordinates and write down the equations of a general linear 
transformation, we get introduced to infinity through the 
vanishing of the denominator which is common to the two 
fractions. However, this means merely that from the point 
of view of projective geometry and the projective plane, we 
have made a very injudicious start—howsoever judicious the 
start may have been for a modulation of a pedagogical nature 
from metric to projective geometry for the student first 
approaching the latter. Had we selected a triangle with a 
unit point, introduced trilinear coördinates based on a pro- 
jective number system, and used the homogeneous form of the 
transformation, such as is almost invariably used in invariant 
theory, we should never have met any infinity. 

We believe in the pedagogie modulation, but we believe also 
that particular stress should be laid on the fact that the ideal 
elements which are introduced are ideal elements of the 
extended euclidean plane and of extended euclidean geometry 
rather than of projective geometry, and that they are intro- 
duced in or, better, adjoined to the euclidean plane for the 
purpose of bringing about a correspondence (one out of 
infinitely many) between the euclidean and projective planes, 
not only for pedagogic purposes, but rather especially for the 
sake of carrying across theorems from either geometry into 
the other. 'The process of throwing some line, a perfectly 
normal line of the projective plane (we cannot say a finite line 
because there is no distinction of finite and infinite), into the 
ideal region of the euclidean plane is of great use in saving a 
new demonstration of certain theorems. 

When we turn to circle geometry a similar state of affairs 
isfound. We are able to set up a correspondence between the 
euclidean and circular planes which is one-to-one, points 
corresponding to points and circles to circles (with proper 
qualifications), except that there is an extra point in the 
circular plane for real geometry and two extra imaginary lines 
intersecting in a real point in the case of the complex circular 
geometry. We promptly adjoin these as ideal elements in 
the euclidean plahe for the sake of perfecting the corre- 
spondence—the ' reasons being as before partly pedagogic, 
partly lexicographic.* 

* It would indeed be an interesting study in euclidean geometry to take 
the general solution of the Apollonian problem as developed ın inversive 
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It is somewhat doubtful whether we should regard the ideal 
regions thus adjoined to the euclidean plane as lying in that 
plane; it may be better to regard them as lying nowhere at all. 
Two reasons for this occur to anybody at once. First, the 
postulates upon which euclidean geometry has been built 
up are in many cases no longer true for the extended euclidean 
plame. 'The introduction of the ideal elements into the 
euclidean plane has simplified certain statements, namely, 
such as are essentially projective or inversive (as the case 
may be), but it has greatly complicated others, which are 
essentially euclidean. Second, the two cases we have con- 
sidered show that different ideal regions have to be adjoined 
in different cases, and that these different ideal regions are 
mutually incompatible so that they cannot coexist. 

The problem of correspondence between the projective and 
the euclidean planes or between the inversive and euclidean 
planes is simple by virtue of the fact that the planes do not 
really clash, in each ease we have merely to remedy a defect 
in the euclidean plane. A vital reason, too, for the natural- 
ness of the correspondence lies in the fact that the euclidean 
group 

p qd, yp - eq 


is a subgroup of the projective group 


P, q, yp— xq, yp + tq, vp + yg, p — yq, 
tp -+ zyg, typ + y4, 


and of the inversive group 
P, 4 Yp— xq, pt yd 


Zenn + (yj gi, (oi — int 2«gq. 


When we try to establish a correspondence between two 
geometries which are not related in such a manner that one 
is a subgroup of the other, the matter is not so simple. How 
could we set about mapping the projective plane on the in- 
versive plane or vice versa? It is futile to content ourselves 
. with trying to map the points of one upon the points of the 
other; we must be able to carry over certain configurations or 
EE EE 


geometry and see how many special cases we might get by selecting different 

ints of the figure for relegation to infinity, and the Apollonian problem 
for euclidean geometry is not solved until all possibilities have been 
enumerated. : 
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relations. But projective geometry deals with lines, conics, 
and so on, whereas inversive geometry deals with circles, 
cyclides, and so forth. As a problem in abstract geometry, in 
logic, it appears somewhat difficult to set up a satisfactory 
and useful relationship between the planes.* 

We may overcome the difficulty very readily by coming 
down to the common subgroup, to euclidean geometry,f 
and make the transfer between projective and inversive geo- 
metry by the intermediary of euclidean. We notice now, 
however, that the projective and inversive planes clash in 
their requirements for extensions of the euclidean plane and 
we shall be on more comfortable ground if we keep the inter- 
mediary instead of attempting to cast it aside and obtain a 
direct correspondence.  Projective geometry can be forced 
into the inversive mould, or inversive geometry into the 
projective mould only by cracking the mould or the geometry; 
but if we insist on making the correspondence direct, it would 
be difficult to say why we should locate the crack at infinity 
in either geometry. 

The definitions of geometry and of infinite region which we 
have attributed to Professor Bécher (Definitions 1 and 2) 
suggest at once the methods of Sophus Lie, and it is an inter- 
esting question to ask whether in plane geometry we are bound 
to introduce for different groups other regions at infinity than 
those which arise in the projective and inversive groups. Now 
Lie has tabulated the varieties of groups which occur in plane 
geometry in twenty-six entries] We may integrate and 
determine the finite equations of the group. I have done this 
in & great many cases and have not found any other types of 
region.$ In space|| we have a considerable variety—a plane, 


* Abstractly a similar difficulty exists in the case of the projective (or 
inversive) plane and the euclidean plane; for the projective and euclidean 
lines are different, the inversive an euclidean circles are not the same— 
but the differences are not so serious, there are marked similarities as well 
as differences. 

T Indeed to what Klein calls the Hauptgruppe, p, d, yp — zg, zp + ya, 
which contains similitude transformations; but euclidean geometry is more 
familiar. ° 

t Continuierliche Gryppen, p. 360. 

§ This does not mean that in all similar groups, that is, m all reducible 
to a common type by a proper choice of variables, the infinite region would 
be the same; it merely means that a choice of variables exista for which the 
infinite region becomes as indicated. 

| Transformationsgruppen, vol. 3, pp. 122-178. 
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region at all, and to modify the postulates so as to introduce 
any points.at infinity would be an unpleasant complication 
resulting in no gain to the geometry. When, however, we 
desire to map the projective (or inversive) and Lobachevskian 
planes one upon the other, we find that the Lobachevskian 
plane lies entirely within & conie of the projective plane (and 
entirely upon one side of & circle in the inversive plane—there 
is here no distinction between inside and outside). To 
perfect the correspondence we adjoin to the Lobachevskian 
plane the conic (or circle) as an infinite region and the region 
outside the conic (or upon the other side of the circle) as an 
ultra-infinite region. 
MASSACHUSETTS INSTITUTE OF TECHNOLOGY, 


Boston, Mass,, 
February, 1914. 


FAMOUS PROBLEMS OF GEOMETRY. 


“Squaring the Circle,’ A History of the Problem. By E. W. 
Hosson. Cambridge, at the University Press, 1913. 
11+57 pp. Price 3s. 


A FASCINATING and voluminous volume could be written 
on ancient problems of geometry, their influence on the 
progress of mathematics and, the various developments in 
mathematics which contributed to their generalization or final 
settlement. 

There is the familiar problem,* to draw from a given: point 
P a line such that the line segment cut off by two intersecting 
lines lı, lg shall be of given length. This problem is capable 
of solution with ruler and compasses in but one case, namely 
when P is on a bisector of an angle between J, and A. 
Suppose this condition to obtain. The problem is not an easy 
one, in general, but Apollonius (about 225 B.c.), known to his 
contemporaries as the “great geometer," found an elegant solu- 
Don, T The complete discussion for the case of l and h at right 





* Cf. my paper “‘ Discussion and history of certain geometrical problems 
of en and ApolJanius,’’ Proc. Edinb. Math. Soc., vol. 28 (1909-1910), 
pp. 152-178. 

T Although twice proposed in the American Math. Monthly (Feb., 1910, 
vol. 17, p. 48, cf. pp. 140-141; Feb., 1911, vol. 18, p. 44, cf. pp. 114- 
115) no solution has been forthcoming. 
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two planes intersecting in a line, three planes with a point in 
common, & quadric cone,* and perhaps other cases. 

We have only one or two more illustrations to give toward 
substantiating our point of view that the introduction of 
infinity as Professor Bócher does is not entirely satisfactory 
from the geometrie point of view, and indeed violates estab- 
lished nomenclature. 

Suppose that we consider the group 


yp — tq, zcpd-zyg— p, zyp-t yq — q. 


This is a projective subgroup which leaves the circle z? + y? 
— 1 = 0 invariant, and is closely associated with Lobachev- 
skian geometry.t According to ordinary nomenclature the 
fixed circle is the absolute and the absolute is at infinity. 
Not so, however, if we must determine the finite equations of 
the group and see what nature of locus is relegated to the 
bourne beyond the euclidean olane 7 
Suppose that we consider the group 


yp— zq, p+ tyt p, ypt ygt . 


This is a projective subgroup$ which leaves a? + y? 3- 1 — 0 
invariant, and is closely associated with Riemannian geo- 
metry. According to ordinary nomenclature lines in this 
geometry are closed and have a finite length (at least in the 
real plane) and there does not arise the question of infinity. 
Not so, however, if again we must determine the finite equa- 
tions of the group and observe what manner of locus it is that 
yields infinite values for the transformed coórdinates. 

The ease of real Lobachevskian geometry is illuminating. 
When that geometry is defined by a set of postulates (see 
Coolidge, Non-Euclidean Geometry) there is no infinite 


*If we may call the minimum cone in inversive space geometry & 
quadrie cone. Can we appropriately, except in euchdean geometry, call 
it a minimum cone? 

+ See Klein-Fricke, Automorphe Funktionen. We can also, as Klein 
has pointed out, use a subgroup of inversive geometry; this is conformal 
but fines become circles orthogonal to a fundamental circle. 

I This line lies in what is called the transfinite or ultra-infinite (as 
contrasted with finite or infinite) region. See Coolidge, Non-Euclidean 
Geometry, p. 85. e 

$ With an appropriate change of variable, the group may be made a 
subgroup of the inversive group, as suggested 1n the second footnote aboye. 
Indeed the groups which leave 2 ack 1 = 0 invariant are 


yp — aq, (x — y)p-t2zya + p, Gen + (y! — aq = q. 
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angles, was known to Heraclitus. When P was not on a bisector, 
the Greeks solved the problem by means of: (a) the conchoid 
of Nicomedes, and (b) an hyperbola. More than a thousand 
years elapsed; then we find Girard (in 1629) dealing with the 
Heraclitus ease and led to an equation of the fourth degree. 
He gives geometrical interpretation of negative roots, a notable 
achievement in his time. A few years later (1637) Descartes 
considered the same problem more generally. Huygens 
found many solutions, those which are geometrical of the 
Apollonian case being of remarkable elegance. Newton with 
keen penetration showed how, with appropriate choice of 
unknown, the problem leads to the solution of a quadratic 
equation, whereas, without suitable choice of unknown, we 
get a reducible biquadratic. Any complete discussion of the 
problem must also refer to L’Hospital, Ghetaldi, Gergonne, 
d’Omerique, Steiner, and to the solution of the general problem 
through methods of projective geometry by G. Russo. 

Then recall the “problem of Apollonius," to describe a circle 
tangent to three coplanar circles, with its many special cases, 
how it led to developments in geometry.* In 1600 Viete 
treated the problem by synthetic methods; analytical solu- 
tions were found by Newton, Euler and N. Fuss. Fermat 
discussed, synthetically, the analogous problems for spheres. 
In later day a solution of this problem was found by pupils of 
Monge, who discussed the motion of a variable sphere tangent 
to three given spheres. Dupuis discovered and Hachette 
proved (1804) that the middle point of the sphere moves on a 
conic, and that its points of contact describe circles. Soon after 
(1813) Dupin published his researches on the remarkable 
surfaces which envelope such a variable sphere, surfaces 
which he afterward named cyclides. Then followed the ideas 
of radical axes, power of circles and spheres, similitude, and 
inversion, connected with developments of Gaultier, Poncelet, 
Quetelet, Steiner, Pliicker, Magnus, Ingram, and Stubbs. 

Again, there is the less known problem of Pappus, to 
inscribe in a circle a triangle whose sides (or sides produced) 
shall pass through three given points on & line. This is solved 

by Pappus as a lemma useful for attacking the problem of 
Apollonius (in just what way js an interesting speculation). 

* Cf. Reye, Synthetische Geometrie der Kugel und linearer Kugel- 
Systeme. Leipzig, 1879. S 

+ Cf. my paper entitled ' Centers of similitude of circles and 


certain 
theorems attributed to Monge. Were they known to: the Greeks?”, which 
is soon to appear in the Amer. Math. Monthly. 
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The generalization of the problem to the case where the given 
points were any points was found by Simson (1731). After 
thirty years of attention Castillon gave a solution to the 
Berlin Academy in 17760. Lagrange, who was present at the 
meeting, handed a trigonometric solution to Castillon on the 
next day "apparently for the purpose of showing that an 
analyst could solve in a single evening a problem that Had 
confessedly required from & geometer of no mean powers 
many years of study." Then Lexell, Euler, and Fuss discussed 
the problem but no method was found which could be gener- 
alized so that a polygon could be substituted for a triangle. 
This method was discovered by Giordano di Ottajano, & 
student at Naples in 1784, when only 16 years of age. Mal- 
fatti, Romanus, Lhulier, Carnot, and Meyer Hirsch made later 
contributions to the discussion. William Wallace, famous for 
his discovery of Wallace’s line (incorrectly called Simson’s 
line), first pointed out (in 1798) indeterminate cases in the 
triangle problem. To follow up developments in the English 
School: Lowry made obvious generalization of the problem 
(in 1806) to a polygon inscribed in an ellipse; Hearn considered 
the general dual problem of circumscription (instead of 
inscription) due to Gergonne; and then there are researches 
of Townsend, Potts, and Renshaw leading up to results of Sir 
William Rowan Hamilton regarding polygons inscribed in a 
sphere, an ellipsoid and an hyperboloid, and with sides passing 
through given points.* But in the early part of the nine- 
teenth century in the French school we find that Gergonne, 
Servois, Poncelet, Brianchon, and others discussed various 
phases of the problem of polygons in conics, some of them 
involving the newly discovered principle of duality. 

Similar summary sketches of many other notable problems, 
with like origin, might be given; among these the most famous 
are the three problems of the ancients, known under the titles: 
the duplication of the cube, the trisection of an angle,t and the 


* Hamilton considered the solution of these problems which depended 
on & linear equation in finite differences as an especially tough piece of 
work. Cf.*Life of Sir Wm. R. Hamilton, by R. P. Graves, vol. 3 (1889), 

. 88, 426. 
pi i Who first proved the tmpossibility of the classic problem of trisection 
of an angle? I have nót met with e statement of this fact in any of the 
mathematical histories, but surely it was before 1852, when Sir William 
Rowan Hamilton wrote to De Morgan: “ Are you sure that it is impossible 
to trisect the angle by Euclid? I have not to lament a single hour thrown 
away on the attempt, but faney that it is rather a tact, a feeling, than a 
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squaring of the circle. Although all of these are somewhat 
special in character, they have, as Hobson remarks, “one great 
advantage for the purposes of historical study, viz. that their 
complete history as scientific problems lies, in completed form, 
beforeus.” Taking thelast of these problems, Hobsoncontinues, 
“ we possess indications of its origin in remote antiquity, we are 
able to follow the lines on which the treatment of the problem 
proceeded and changed from age to age in accordance with 
the progressive development of general mathematical science, 
on which it exercised a noticeable reaction. We are able to 
see how the progress of endeavors towards a solution was 
affected by the intervention of some of the greatest mathe- 
matical thinkers that the world has seen, such as Archimedes, 
Huygens, Euler, and Hermite. Lastly, we know when and 
how the resources of modern mathematical science became 
sufficiently powerful to make possible that resolution of the 
problem, which, although negative, 1n that the impossibility 
of the problem subject to the implied restriction was proved, 
is far from being a mere negation, in that the true grounds of 
the impossibility have been set forth with a finalify and 
completeness which is somewhat rare in the history of science." 

“Tf the question be raised, why such an apparently special 
problem, as that of the quadrature of the circle, is deserving 
of the sustained interest which has attached to it, and which 
it still possesses, the answer is only to be found in a scrutiny 
of the history of the problem, and especially in the closeness 
of the connection of that history with the general history of 
mathematical science. It would be difficult to select another 
special problem, an account of the history of which would 
afford so good an opportunity of obtaining a glimpse of so 
many of the main phases of the development of general 
mathematics; and it is for this reason, even more than on 
account of the intrinsic interest of the problem, that I have 





proof, which makes us think that the thing cannot be done. No doubt 
we are influenced by the cubic form of the braic equation. But would 
Gauss's inscription of the regular polygon of seventeen sides have seemed, 
8 cen ago, much less an impossible thing, by line and circle?" 

De Morgan replied: " As to the trisection of the angle, Gauss's discovery 
increases my disbelief in its possibility. When «œ — 1 18 separated into 
quadratic factors, we see how a construction by eircles may tell. But, it 
being granted az! + bz? + cr +d is not separable into a real quadratic 
and & linear factor, I cannot imagine how a set of intersections of circles 
can possibly give no more or less than three distinct points.” Graves’ 
Life of Sir Wm. R. Hamilton, vol. 8 (1889), pp. 433—435. 
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selected it as appropriate for treatment in & short course of 
lectures." 

Thus Professor Hobson gave six lectures at Cambridge 
University during the Easter term of last year, on the history 
of the problem of the quadrature of the circle. "These lectures 
now appear in print in the volume before us. 

It is 160 years since Montucla published anonymously*his 
little book* on the history of this problem. In 1831, again in 
anonymous fashion, it was revised and corrected by Lacroix. 
Some sixty years later came Rudio's elaborate and excellent 
work.t Then there have been the Bändchen of Schubertt and 
of Beutel.$ Other historical surveys, not published in separ- 
ate volumes, were written by T. Muir,| B. Calò, Cantor,** 
T. Vahlentf and D. E. Smith.tt 

Professor Hobson's sketch is divided, as Rudio's, into four 
chapters: one & general account of the problem, and óne for 
each of three historical periods “ marked out by fundamentally 
distinct differences in respect of method, of immediate aims, 
and of equipment in the possession of intellectual tools.” 

Introductory to the general survey we are reminded that 
from the time of the Greeks down to our own day the problem 
has been very widely known outside of mathematical circles 
and many such people have occupied themselves in seeking a 
solution. In fact, as Schubert remarks, the Greeks had a 
special word to designate this species of activity, namely 
rerpa'yovitew, which means to busy one's self with the quad- 
p e M uM INE TE 

* Histoire des recherches sur la Quadrature du cercle . . . avec une 
addition concernant les problemes de la duplication du cube et de la 
trisection de l'angle, Paris, 1754, pp. xliii 4-304--8 pls. 

T Archimedes, Huygens, Lambert, Legendre. Vier Abhandlungen über 
Kreismessung . . . mit einer Übersicht über die Geschichte des Problemes 
von der Quadratur des Zirkels, Leipzig, 1892, pp. viii 4-160. 

IH Sohubert, Die USED eB ises in berufenen und unberu- 
fenen Köpfen. Ín Vire ow-Holtzendorffs Sammlung, Heft 67, Hamburg, 
1889. Translated in Monist, Jan., 1891, vol. 1, pp. 197-228; reprinted in 
Smithsonian Report for 1890, pp. 97-120. 

$ E. Beutel, Die Quadratur des Kreises (Mathematische Bibliothek, 
Nr. 12), Leipzig und Berlin, 1913, pp. 75. : 

| Encyclopaedia Britannica, ninth edition, article “Squaring of the 
circle," 1887; eleventh edition, article “Circle,” 1910. 

T {| In Enriques's Fragen derElementargeometrie, 2. Teil, Leipzig u. Berlin, 

11 T 


** Vorlesungen uber Geschichte der Mathematik, vol. 1, 3. Aufl., 1907; 
vol. 2, 2. Aufl., 1900, reprinted 1913; vol. 3, 2. Aufl., 1901; vol. 4, 1908. 

Tf Konstruktionen und Approximationen, Leipzig u. Berlin, 1911. 

ft In Monographs on Topics of Modern Mathematics, ed. by J. W. A. 
Young, New York, 1911. . 
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rature. In later day, among the scientific cranks with whom 
almost every scientific society has had to deal, is the insistent 
circle squarer amusingly dissected by De Morgan in his 
Budget of Paradoxes. So pestered were the members of the 
French Academy that as far back as 1775 they passed a 
resolution not to examine, from that time on, any so-called 
solutions of the quadrature of the circle that might be handed in. 

On pages 4-10 Hobson sets forth the implications of the 
problem and notes that the fact was well known to the Greeks 
ihat the problems of the quadrature and rectification of the 
circle were really equivalent. He emphasizes assumptions and 
limitations of euclidean constructions and remarks, without 
direct reference to Mascheroni, that all such are possible 
with compasses alone. His discussion is then summed up: As 
an ideal problem the quadrature of the circle “is capable 
of accuracy bounded only by the instruments employed. 
Ideally we can actually determine, by euclidean methods, 
a square of which the area differs from that of a given circle 
by less than an arbitrarily prescribed magnitude, although we 
cannot pass to the limit." 

The first historical period commences with the early em- 
pirical determinations of the ratio of the circumference of a 
circle to its diameter, and ends with the invention of the 
calculus in the latter part of the seventeenth century. This 
period was characterized by geometric discussion, for example, 
the method of exhaustions coupled with polygons circum- 
scribed and inscribed. "The first determination of the value of 
v isto befound in the Papyrus Ithind preserved in fragmentary 
condition in the British Museum and now being translated 
into English by Chancellor and Mrs. Chace of Brown Uni- 
versity. This papyrus, written about 1700 B.c., is based upon 
a much earlier work. We here find m = 256/81 = 3.1604 - - -. 
From the time of Chou-Kong, who lived in the twelfth century 
B.C., Chinese mathematicians employed the approximation 
v = 3. This value was also known to the Babylonians end is 
implied in verses of the Bible in Kings and Chronicles which 
are believed to have been written in the sixth and fifth cen- 
turies B.C. About 420 pe Hippias of Elis invented, for 
the solution of the problem, a curve knowh'as the rerpaywrit- 
ovca or quadratrix, and about the same time Hippocrates 
of Chios developed his theory of menisci or lunule. But the 
first really scientific treatment was given by Archimedes 
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(287-212 B.c.). Considering circumscribed and inscribed 
polygons of 96 sides, he was led to the result 34 < r «3 14. 
that is 3.14285 --- < m < 3.14084 -... The next more exact 
determination was found by Ptolemy (87-165 a.D.) to be 
Jig = 3.14166---. Four centuries later the great Chinese 
astronomer Tsu Ch’ung-chih proved that 107 lies between 
31.415927 and 31.415926 and thence deduced the value nne 
which is correct to six places of decimals. Francois Viete 
(1540-1603) obtained the value of m correct to 9 places, 
Adrianus Romanus to 15, Ludolph van Ceulen to 35. Huy- 
gens, Descartes, and Gregory Introduced new methods of dis- 
cussing the problem. Of approximate euclidean solutions may 
be mentioned that of J. de Gellert (Grunert’s Archiv, 1849) 
2 
which is readily deduced from the fact that s — 3-4 arg gr 
The integraph, invented and described by the Russian engineer, 
Abdank-Abakanowicz, and its application to the construction 
of x, are nowhere mentioned by Hobson. 

The second period, from the second half of the seventeenth 
to the latter part of the eighteenth century, is characterized 
by analytic discussion of the problem. J. Wallis, Lord 
Drouncker, Gregory, Machin, Leibnitz, Euler, and others ` 
obtained various expressions for r involving inverse tangents 
of numerical quantities, definite integrals, infinite products and 
‘series. Machin’s relation 

U al anml 

"iam 4 tan 5 tan 239 
was used by Shanks who gave, in 1873, the value of 7 correct 
to 707 places of decimals. Professor Hobson dwells on 
Euler's work, for it is recalled that the final settlement of the 
problem was based upon the remarkable relation which he 
discovered,T namely 

e"+1=0. 

* This is very easily remembered by writing down the first three odd 
numbers»each repeated as 113355, and recalling that the first three digits 
are to be placed ın the denominator, the last three in the numerator. 

T The form eg = coser + i sin z was first given by Euler in Miscellanea 


Berolinensıa, vol. 7 (1743), p. 179; paper Sept. 6, 1742. He used the 
symbol e in a letter dated Novem 25, 1731 (Corresp. Mat. et Phys., 
par Fuss, vol. 1 (1843), p. 58. He employed # for N — 1 in 1777 (Institu- 
tionum calculi in , vol. 4 s 184: ' De formulis differentialibus 

. .," presented to the Akademie, May 5, 1777). It should be noted 
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Although in this period great progress was made toward the 
solution of the problem, the true nature of the number « had 
not yet been discussed; but from the end of the seventeenth 
century none of the prominent mathematicians doubted that 
T was irrational.* 

The third period commences with the proof of this fact by 
J. 'H. Lambert (1728-1777). Rudio's statement that this 
proof “fehlte zur völligen Strenge” has been copied without 
checking by Klein, Smith, and others, but Pringsheim showed 
that Rudio was in error. Following him, Vahlen and Hobson 
state the matter correctly. Nearly 80 years were to elapse 
before Liouvile proved the existence of transcendental 
numbers. llobson reproduces the 1851 presentation, in the 
main. Not til 1873 did Hermite prove the transcendence 
of e. Finally in 1882 Lindemann succeeded in establishing 
the transcendence of 7 and the problem whose history covers 
4000 years was finally solved. Simplifications of Lindemann's 
proof soon followed, and one of these by Gordan is the basis 
of the condensed four-page Hobson proof, which requires 
knowledge of the elements of the differential caleulus. It is 
assumed on page 55 that there are an infinite number of prime 
numbers. This was known to Euclid (Elements XI, 20.) 

On page 50 the author establishes the theorem: “In order 
that & point P may be determinable by euclidean procedure 
it is necessary and sufficient that each of its coordinates be 
& root of an equation of some degree, a power of 2, of which 
the coefficients are rational functions of (a1, as, --+, Ger), the 
coordinates of the points given in the data of the problem." 
Hobson starts with 


2 = a+ ler + a S + 


T bei! te Veg! + Voy’ +F EET 
But it is not shown that the equation referred to in the theorem 
may not have other roots than those given by (1). Multiple 


(1) 





that Roger Cotes gave the formula ix = log (cos x + t sin x) (Phil. Trans., 
1714), which is practically the same as the above as we look at it now, 
long before Euler. x .. 

Euler, Introductio in Analysin Infinitorum, vol. 1 (1748), p. 93. It 
would be interesting to have Professor Hobson’s authority for the state- 
ment that Euler gave expression to the conviction" that e and r are not 
roots of algebraic equations." e 
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roots derived from (1) are not considered either, and the term 
“irreducible equation" is not mentioned. For this discussion 
as well as for the proof of the transcendence of a. the student 
will probably find more satisfactory and more elementary 
treatment in Klein’s remarkable little book, Famous Prob- 
lems in Elementary Geometry,* to which our author nowhere 
refers. 

Professor Hobson’s most interesting and attractively written 
book is such as to fire the imagination of a young student of 
mathematics and as to impel him to more persistent and enthu- 
siastic effort. It is sure to have & wide circulation. So much 
the more then is it to be regretted that lamentable lack of care 
is displayed in the proofreading and final checking of details, 
by the author. His authorities, we are informed, included 
Heath,t Rudio, Cantor, Mikami,t and Vahlen, who can rarely, 
if ever, be blamed for the errors committed. Against an 
historical work coming from such a source, these are serious 
charges. It may therefore be well to support them at some 
length. 

Obvious slips in typography occur on page 46, lines 3 and 10, 
page 55, line 18, in the exponent of C. On page 55, lines 25, 
27, 30, with usual notation for differentials, brackets should 
surround the exponents of d. In mathematical writing, 
uniformity seems highly desirable, at least within the limits 
of a 60 page book: why then the proper names in italics on 
pages 23, 25, 27, and why the three forms Leonardo Pisano, 
Nicholas of Cusa, Leonardo da Vinci? Three different 
methods are used for referring to the volume of & periodical 
work (for example, page 31, and page 44, lines 6 and 9) while 
one of these methods is elsewhere used for & book in & volume 
(page 31, line 29). 

Before the abbreviation “Kl.” on page 44 and again in a 
footnote on page 53, " Math.-nat." should be placed. Many 
names are spelled incorrectly: In seven places an extra 
his put in Huygens, Raaus should be Ra-ä-us’, for Ary- 
abhatta read Aryabhatta; for Chang Hing, Chang Héng; 
for Wang Fau, Wang Fan; for Gancea, Ganeca; for Alchwariz- 
mi, Alchwarizmt: ‚for George Purbach, 1, Georg von Peurbach 











" Boston, 1897; EEN ed., pn 1895; an ed., Paris, 1896; 
Italian ed., Torino, 1896; Russian ed "Rasen. 1 i: 

Works of Archimedes Cambridge, | 1897. 

The Development of Mathematics in China and Japan, Leipzig, 1912. 
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or Georg of Peurbach; for Rheticus, Rhäticus; for Ludolf van 
Ceulen, Ludolph van Ceulen; for Willebrod Snellius, Wille- 
brord Snellius; for Grünert, Grunert; for Tanyem Shökei, 
Tanzan Shökei. 

We are told that Professor Landau discussed lunule in 
1890, that is when he was 13 years of age. This date should 
be 1902, and the reference to “Ueber quadrierbare Kreis- 
bogenzweiecke," Sitzungsberichte der Berliner Mathematischen 
Gesellschaft, volume 2 (1902), pages 1-6. Three dates of birth 
are given incorrectly: Ludolph van Ceulen, 1539 instead of ; 
1540 (N.S.); Newton, 1642 instead of 1643 (N.S.); Snellius, 
1580 instead of 1581. The phrase “is said to have,” page 27, 
line 4, should be deleted and after the next sentence, “ Accord- 
ing to his wish the value was engraved on his tombstone which 
has been lost,” should come: “but the inscription has been 
preserved (Bierens de Haan, Messenger of Mathematics, volume 
3 (1874), page 25).” 

Vega calculated x correctly to 136 not 140 places.* Two 
slips occur in connection with W. Shanks’ name (page 39): 
(1) he published his value of + to 530 places in Proceedings of 
the Royal Society, 1853-54, but his value to 607 places in 
Contributions to Mathematics, London, 1853, pages 86-87; 
(2) he gave 707 places in 1873, not “1873-74.” On page 40 
for “1766” read “1769,” the year when the result was printed ; 
and on page 39 for “1755” read “1779 (though not published 
till 1798);”’+ for “The same series was also discovered inde- 
pendently by Ch. Hutton” read “The same series was first 
discovered by Ch. Hutton.” 

The statement on page 41: “He [Euler] introduced the 
practice of denoting each of the sides and angles of a triangle 
by a single letter,” is inaccurate, as Caswellt (and Oughtred) 
had already named each of the sides by a letter. Hobson 
might have correctly written: “Euler was one of the first if 
not the first to introduce the notation a, b, c, for the sides 


* G. Vega, Thesaurus Logarithmorum, Leipzig, 1794, p. 633, md W. 
Shanks, Contributions to Mathematics, London, 1853, p. 86. 

T “Conventuri exhibita die 7 Junii, 1779” Nova Acta Acad. sc. Petrop., 
vol. 11 SE 1798, p. 183. Cf. G. Enestrém, Verzeichnis der Schriften 
Leonhard Eulers, Leipzig, 1910, p. 181. 

t “Suppose m, n the legs of the an le required; B its base . . . Eech 
sum m, n, B," page 6 of A Brief (but full) Account of tHe Doctrine of Trigo- 
nometry Both Plane and re by John Caswell, London, 1685; bound 
in with Wallis’s Treatise ot Algebra, Eeer 1685. 
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opposite the angles A, B, C, of a triangle, etc."* And again, 
did Euler introduce “the short designation of the trigono- 
metrical ratios by sina, cosa, tana, etc."? The originals of 
the remarkable memoirs of 1753 and 1781} are not available 
to me, but in E. Hammer's translations] "tan" never occurs; 
it is always “tg”; so also “ctg” not “cot”; furthermore the 
abbreviation “cosec” or “csc” does not come in at all. In 
1777 J. T. Mayer used the following abbreviations: sin, cos, 
tang, cot, sec, cosec. 

Professor Hobson recalls that “the notation m appears as 
early as 1706, when it was used by William Jones in Synopsis 
palmariorum matheseos.” It would have been of interest to 
have further remarked that the notation was probably sug- 
gested to Jones by Oughtred||, whose name stands out much 
more prominently in English mathematics. Liouville's papers 
on transcendental numbers are dated 1844 and 1851,"* not 
1840 (page 44). To the sentence: “ The simpler of Liouville's 
methods of proving the existence of such numbers will be 
giveh here” should be added, “with some alterations.” And 
finally Professor Hobson seems to have forgotten (page 53) 
that it was the third, not the second, edition of his Treatise 
on Trigonometry which was published in 1911. 

In broad outline the work is accurate; but when the mathe- 
matician writes How-a-days, he is expected to have a much 
higher ideal. As clearly stated in the preface, no original 
contribution to the history of the subject is attempted; for 
this we must await the forthcoming edition of Pappus by 

* This was done in the case of spherical triangles in 1753: “ Principes de la 
trigonométrie sphérique tirés de la méthode des plus grands et plus petits," 
Mém. de Acad: d. Se. de Berlin, vol. 9 (1753), 1755, pp. 223-257. 

t Acta Acad. Sc. Petrop., 1779; I, printed 1782, pp. 72-86. “Nach den 
Akten am 12 Marz, 1781 der Petersburg Akademie Weeer ^ (G. Ene- 
ström, Verzeichnis der Schriften L. Eulers, Leipzig, 1910, is 149.) 

i ald's Klassiker der exakten Wissenschaften, No. 73, Leipzig, 1896. 

Gründlicher und ausführlicher Unterricht zur praktischen eometrie, 
Erster Theil, Göttingen, 1777, p. 5ff. 

|| William e (1574-1660) in his Clavis Mathematica of 1631, 
eto., and in his Theorematum in libris Archimedes de Sphaera et Cylindro 
Declat&tio, Oxford, 1652, frequently employs the symbol ës or =: 8 
(in modern rotation) fpr the ratio of the semi-diameter to the semi-periph- 


ery or of semi-periphery to semi-diameter. It is noticeable that these 
letters are never Gees separately, that is, x is nol used for * Semiperipheria,” 





as Tropfke suggests (Geschichte der Elementar-Mathematik, vol. 2 (1903), 
p. 135). Oughtred states ifically in his "Theorematum": “rR/s, est 
semiperipheria circuli cujus jus est R.” 


Comptes Rendus, vol.*18, pp.'883, 910. 
* Tiouville’s Journal, vol. 16, pp. 134, 189. 
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Professor Hobson’s fellow countryman, Sir Thomas L. Heath. 
It is certainly not well to overload & work of this kind and 
suggestions for filling up the many lacunae are hardly in order. 
It appears to the reviewer, however, that the value and use- 
fulness of the work would be considerably enhanced if many 
more exact references were given to original sources as authori- 
ties for the statements that are made, and if an index of names 
were appended. 

In conclusion, and in illustration of the statement made 
above, that others beside mathematicians were cognizant of 
the problem of squaring the circle, it may be of interest to 
put on record two references to literary classics. In the 
Birds (produced in 414 ».c.) of Aristophanes there is a long 
dialogue between Peisthetaeros and Meton, the great astrono- 
mer, introduced as a solemn quack talking unintelligible 
nonsense for the most part. In lines 1004-5, however, Meton 
is made to say:* 


“With the straight rod I measure out, that so 
The circle may be squared." 


The second reference takes us to the early fourteenth 
century. It is to the last canto of the Paradiso where Dante 
compares his inability to penetrate by his own unaided power 
the mystery of the Incarnation, to that of one 


“Who versed in geometric lore, would fain 
Measure the circle;] and though Ge long 
And deeply, that beginning, which he needa, 
Finds not;... .’t 


Are there references to other passages of this kind before 
1500? One may turn to the great Oxford Dictionary for 
those of later date. 

R. C. ARCHIBALD. 


Brown UNIVERSITY, 
PROVIDENCH, R. I. 
January 30, 1914. 


* Translation of B. B. Rogers, London, 1906. 
| * Misurar lo cerchio;” Longfellow translates this “To square the circle." 
Cary's translation, Canto 33, lines 133-135. 


~ 
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New Analytic Geometry. By Percy F. SAITH and ARTHUR 
SULLIVAN GALE. Boston, Ginn and Company, 1912. 
x-]- 342 pp. 

AT the present time when there are so many text-books 
which treat of analytic geometry, & new book in order to 
justify its publication should be original both in its methods 
and in the material which it contains. If this is taken as our 
standard, Smith and Gale’s New Analytic Geometry ought 
certainly to find & place among the modern college text-books 
of elementary mathematics. The authors have succeeded in 
getting away from the beaten and orthodox path followed by a 
majority of similar text-books and have given to the subject 
a treatment which is in harmony with progressive ideals in 
college mathematics. 

In the selection of material the book is unique, if we except 
with some reservation a few other books such as Lambert's 
Analytic Geometry or Smith and Gale's Introductory Course 
in Analytic Geometry. In the table of contents are to be 
seen such chapter headings as 'Transcendental curves and 
equations, Functions and graphs, Parametric equations and 
loci, Empirical equations, etc. A hasty glance is sufficient 
to give the impression that the Analytic Geometry is not a 
treatise on conic sections, the discussion of that important 
class of curves being limited to one short chapter of thirty- 
five pages. ‘The authors have emphasized the fact that they 
are presenting a general treatment of loci problems, and that 
corresponding equations can be determined and interpreted 
regardless of their forms or of the kinds of coordinates which 
are used. The aim seems to have been not to study inten- 
sively & limited class of curves and equations but rather to 
develop general laws which can be applied equally well to all 
parts of the field. 

The teacher of calculus and of more advanced mathematics 
is naturally pleased to see the new chapters on transcendental 
curves and parametric equations as well as an excellent 
chapter on polar cgordinates. In these parts of the book are 
found & great many of the typical equations and curves which 
are used in illustrations in calculus and which appear very 
frequently in technical work. More space has been given to 
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transcendental and parametric equations than to the equations 
of the conic sections. It must, however, be admitted that, 
from the standpoint of the student of technology, this division 
of space can be justified. 

A chapter on Empirical equations is, for a text-book of 
analytical geometry, decidedly an innovation. However, the 
treatment is far from adequate and lacks almost completely 
any evidence of mathematical rigor. Such a chapter, how- 
ever, may be the means of stimulating the reader to investi- 
gate more carefully this important field of applied mathe- 
matics. It is exceeding doubtful whether any treatment of 
the subject of curve fitting can be so condensed and simplified 
as to find a place in a text-book of analytic geometry and at 
the same time be adequate from a strictly mathematical point 
of view. 

Ninety-seven pages of the text are given over to the ana- 
lytical geometry of space. This part of the book, however, 
seems to lack much of the originality and freshness which 
characterizes the rest of the book. If the treatment is superior 
to the same parts of other text-books it is due to the most 
excellent list of problems which are included. 

In their presentation of the subject the authors have used a 
modified form of the euclidean method. The important 
theorems are formally stated and the formal proof ending 
with the usual Q. E. D. follows. Among these important 


_theorems are found those for the distance between two fixed 


points, the slope-intercept equation of the straight line, the 
angle between two lines, the equation of a circle, etc. Other 
theorems are presented as problems. "The problem is stated 
and the solution given, then the result of the solution is sum- 
marized in a theorem or in a set of general rules to be used in 
solving specific problems of the same general character. A 
third method of presentation is also used which makes use of 
an ilustration. For example, the method of deriving the 
equation of the tangent at any point on a curve (see page 190) 
is developed by means of & solution of the problem for the 
cubical parabola. While this illustrative method Thay be 
criticized because of its lack of rigor and generality, it is 
certainly quite often much more intelligible to the average 
student than a long and abstract presentation of the same 
thing. By using these three ways of presentation the strict 
euclidean method, which was used in the former treatise by 
the same authors, has lost much of its harshness. 
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The mechanical side of the book has been splendidly exe- 
cuted and is almost entirely free from errors. The use of 
italics and heavy type is not overdone, but is still sufficient 
to emphasize the really important things of the text. The 
figures are abundant and well drawn. The problems are 
numerous and have been selected because they illustrate 
something, rather than because of their difficulties. 

Taken as a whole, the book is thoroughly up to date and 
well written. Although it is more of a drill book than a 
treatise, it ought nevertheless to furnish the student with a 
good foundation for a later course in calculus. It is a book 
which should be a stimulus to every teacher who is in sym- 
~ pathy with the international movement towards improvement 
in the curriculum and the methods of instruction in college 
mathematics. 

Epwin R. SurrH. 


Technical Trigonometry. By Horace WILMER Marsa. New 
York, John Wiley and Sons, 1914. x+232 pp. 


Tuis book gives a clear and usable knowledge of the 
trigonometry underlying the industrial and technical studies. : 
The first chapter is devoted to an explanation of logarithms, 
while the second and third chapters are given to the solution 
of right and oblique triangles with their applications. It is 
in the applications that this book differs from the traditional 
trigonometries. The exercises are chosen from engineering, 
physics, manufacturing, etc. A few of the types of problems 
given are: equilibrium on an inclined plane, bevel gears, spiral 
gear cutter, dovetail joints, two point ball bearing, nuts, flange 
angles, tangent galvanometer, track turnout, roof truss, 
length of belts, concrete stand pipes, sewer construction. 
Each problem is accompanied by a very well executed drawing. 
These three chapters.cover 186 pages or about 9/11 of the 
book. Many technical terms are used and explained. 

The fourth chapter (13 pages) deals with the functions of 
the sum and difference of two angles and the functions of 
multiplé angles. The proofs of most of the formulas are left 
as exercises. No other exercises such as proving identities, 
solving trigonometric equatiens, solving practical problems, 
etc. are given. In the last chapter, namely chapter five, the 
slide rule is explamed. At the end of the book are found 
tables on length, area, volume, weight, decimal equivalents of 
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parts of an inch, U. S. and metric equivalents and wire gauge ` 
sizes. 

No tables of logarithms or natural functions are given. 
Radian measure, identities, trigonometric equations and 
answers to the exercises have been omitted. 


F. M. MORGAN. 


College Algebra. By W. B. Fire. Boston, Heath, 1913. 


A CHARACTERISTIC tendency in mathematics during the 
last fifty years or more has been in the direction of a more 
severe criticism of the proofs of theorems. Hence, Professor 
Fite is adopting the modern point of view when he aims “to 
present the elementary principles of algebra in a simple and 
direct way and to give a rigorous proof of the theorems used.” 
But just at this point one of the real dangers in the teaching 
of elementary mathematics arises. Those who are interested 
in emphasizing rigor are likely to be sidetracked by minutiæ 
to such an extent that the subject as presented by them appears 
too abstract to the beginner, to whom concreteness in any 
subject is an absolute necessity. With these facts in mind one 
might say that the aim of the modern text book in algebra 
should be to present the subject as concretely as possible and 
at the same time to develop the critical attitude in the mind 
of the student. I shall examine Professor Fite's College 
Algebra chiefly along these lines. 

First of all it should be noted that the book is meant to be a 
college algebra. Although all of the subjects treated occur in 
most of the texts which are used in secondary schools it seems 
to me that some of the subjects, notably the analytic geometry 
introduced, belong exclusively to college work. "This does not 
mean that the graph and graphical methods should not be 
used in secondary work; they should be, by all means. Also, 
the problems which have been selected are largely new and 
very attractive, and are of sufficient difficulty to make the 
average freshman think. 

Throughout the book the author has made extensive use of 
graphical methods and bas evidently tried to appeal te intui- 
tion and to make the subject tangible by practical illustrations 
of the principles involved. To this end the problem of finding 
the equation of a circle through three points is introduced as 
an application of the solution of simultaneous linear equations 
in three variables. This is better than to refer to three planes, 
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which is always somewhat unsatisfactory at this period of 
Study. A great many more problems from geometry appear 
than one usually finds in such texts. The same might be said 
of physieal problems, for which an appendix has been added 
concisely explaining the fundamental laws of physies, The 
author does not hesitate to state facts which can be ascer- 
tained only by means of higher mathematics to be used as 
the basis of an algebraic problem; this, to my mind, is an 
excellent method of encouraging the thoughtful student to 
pursue the study of mathematics further. To the student 
who can handle the formal work of the book and understand 
the problems, algebra should be a tool by means of which 
certain kinds of information might be obtained. 

The importance of rigor is never forgotten. In an early 
chapter the operations which may be legitimntely used in the 
solution of equations are stated and illustrated. The chapter 
on mathematical induction—a difficult topic to teach success- 
fully—is admirable in this respect. In the proof of the 
remainder theorem in $142 that the two sides of the expression 
are sdentically equal is carefully noted; some texts seem to 
forget the importance of this Step. Another evidence of this 
spirit of precision appears at the bottom of page 177 and need 
only be mentioned here. Several proofs are very properly 
omitted; for instance, the proof that every polynomial in x has 
at least one root is merely referred to historically; the proof 
of De Moivre's theorem is left to the student ; but all the- 
orems which are proved at all are rigorously proved, and 
wherever it is necessary critical observations are added. 

Among other features of the book may be mentioned the 
chapter on complex numbers. The presentation of this 
subject is somewhat new and very attractive. The chapter 
on Inequalities contains much which is useful and which does 
not appear in any other modern text with which I am familiar. 
In the proof of theorems by mathemobtical induction illus- 
trations are given which show convincingly the necessity of 
both parts of the proof. 

I have the following adverse criticism to offer. An exceed- 
ingly long and complieated sentence for a text book occurs at 
the bottom of page 22, the purpose of which could have been 
accomplished better by several more illustrative examples. 
lhe subject of undetermined coefficients could have been 
briefly explained; the omission of this powerful instrument of 
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algebra tó make place for so much geometry is hardly justi- 
fiable in a text of this kind. Possibly it would have been of 
advantage to pay more attention to the theory of the quad- 
ratic equation—a subject which so many freshmen have not 
mastered. On page 155, line 4, the word “inequalities” 
should be changed to “equalities.” 

Finally, it is my opinion that the book is distinctly a college 
text; that the subject has been concretely presented, and that 
an effort has been made to awaken the SE of critical revision 
in the mind of the student. ' 

JOSEPH EUGENE Rows. 


Das Problem der Kreisteilung. Ein Beitrag zur Geschichte 
seiner Entwicklung. Von Dr. ARTHUR MITZSCHERLING. 
Leipzig, Teubner, 1913. vi+ 214 pp. M7. 


Tars book falls naturally into three sections, treating the 
following topics: (a) the division of the circle into equal parts, 
(b) the trisection of angles, (c) the polysection of angles. Each 
section is written from the historical point of view and confains 
for its general topie an account of the relevant geometric 
constructions, both exact and approximate, and of instruments 
by means of which the corresponding practical constructions 
may readily be made. 

The book will be of interest to those who desire an elemen- 
tary historical account of the topics treated. 

i R. D. CARMICHAEL. 


Allgemeine Theorie der Raumkurven und Flächen. Von V. 
KOMMERELL und K. KOMMERELL. (Sammlung Schubert 
XXIX and XLIV.) Zweite Auflage, I. Band, 1909, pp. 
vii+ 172; II., Band, 1911, pp. vi+188. G. J. Göschen’sche 
Verlagshandlung, Leipzig. Price 4.80+5.80 marks. 


WITHIN the last two or three years, new works, or old works 
in new editions, have accumulated rapidly in the field of 
differential geometry. For do we not have Bell, Darboux, 
Demartres, Forsyth, Knoblauch, Kommerell, Lilienthal, 
Salmon, Scheffers, and Smith? "There are many American 
colleges, no doubt, where lecture courses, and texts in a 
foreign language, are deemed inadvisable. ' In such places the 
teacher who offers an introductory course in differential 
geometry is distinctly at a loss. Bell, Frost, Salmon, and 
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Smith will not, probably, appeal to any American professor 
as suitable texts in this connection, whilst the exposition of 
Eisenhart and of Forsyth is too detailed or is otherwise inade- 
quate. Indeed, only one suitable work is available. That is 
Goursat-Hedrick's Analysis, volume I.* With portions of 
this work somewhat amplified, with the English edition of 
Gauss’s famous memoir published by the Princeton Univer- 
sity Library, and with selections from Smith, & satisfactory 
course may be worked up. An appropriate single volume in 
English is therefore much to be desired. We need such ele- 
mentary books as Raffy, with its clear-cut, elegant and rigorous 
demonstrations, or this new edition of Kommerell with theory 
presented in simple form interspersed with ample problem 
illustration, while authoritative comment? on the historical 
development stimulates the interest. 

The new edition of Kommerell differs widely from the old, 
whieh appeared in 19083. "There are corrections, freshly 
drawn figures, expansions, new paragraphs, rearrangements, 
new illustrations, new problems, and the elaboration of the 
secohd volume of 218 pages into one of 194 and another of 177. 
The original work of 350 pages bas been increased in size by 
200 pages, to form a treatise of about double the size of Raffy. 

To the first volume only 28 pages were added and, as before, 
it is devoted to the discussion of space curves, and of surfaces 
whose equations are in the form F(æ, y, z) = 0. The second 
volume originally contained two sections (each of which js 
now treated in a separate volume): the first (118 pages) on 
surfaces whose equations are in parametric form, the second 
(94 pages) on special surfaces (W, minimal, of constant curva- ` 
ture, ruled, triply orthogonal) and congruences.f 

For use in the field indicated, the volumes can be heartily 
recommended. 

. R. C. ARCHIBALD. 


* Boston, 1904. A new edition in two volumes may be expected in a 
ear OT 80. . 

T Dr. V. Kommerell was the author of “ Analytische Geometrie der Ebene 
und des Raumes" in Cantor’s Vorlesungen uber Geschichte der Mathematik, 
Bd. 4 (1908), pp. 453-576. 

f The new volume pn this subject is entitled: Spezielle Flächen und 
Theorie der Strahle teme, Leipzig 1911, and was reviewed in this 
BULLETIN, vol. 19 (1913), pp. 253-4, by Professor Cowley. à 
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Beiträge zw einzelnen Fragen der höheren Potentialiheorie. Von 
E. R. Neumann. (Preisschriften gekrönt und herausge- 
geben von der Fürstlich Jablonowskischen Gesellschaft zu 
Leipzig, No. 41.) Leipzig, Teubner, 1912. xxiv+188 pp. 


Tms prize memoir is concerned with the two fundamental 
problems of the potential theory, viz., the determination of a 
solution V of Laplace's equation satisfying certain continuity 
cónditions either in the domain inside or in that outside the 
boundary when, for every boundary point s, either the value 
of. V or the derivative 0V/dn, along the boundary normal n, 
is given (first and second boundary problem, respectively). 

For the first problem, the method of Green's function gives 


(1) Vp = Sfabopds, 


where f, is the given boundary value, and da a function 
depending on the boundary point s and the variable point p 
only. The researches of Carl Neumann have suggested the 
possibility of representing y, as the potential of a mass 
distribution on the boundary 


(2) Yap EZ Ta, Tse 


where 7T,, = 1/r., for the three-dimensional and = log fep for 
the two-dimensional problem, and A,, depends only on the 
two boundary points s and e. The investigation of this 
“fundamental mass distribution" A,, is the main object of 
the memoir under review. 

The method is briefly the following: expressing Ysp by the 
infinite series furnished by Carl Neumann's method for solving 
the first boundary problem, this series is divided into two 
parts. The first consists of a finite number of terms and 
contains all the singularities of das, while the second part, 
consisting of the remainder of the series, has no singularities. 
It is found that the representation (2) is possible for the 
second part, but not for the first, which, however, is of sufficient 
simplicity in itself. . 

Making h = 2 for the three-cimensional and A = 1 for the 
two-dimensional problem, the following formulas are obtained, 
according as the variable point p is an interior point ? or an 
exterior point e: : 


102 SHORTER NOTICES. | Nov., 


l 
Wer = hs (Yas I Ya) E Ia LC 
(3) u 
Vis = Jue (Yeo + Y so! ) + IE» T2005. 


where in both cases 


a SC ð 
(4) Yeo = Ons T ap; Y op = "ERES T,.do. 


A similar investigation is carried through for the second 
boundary problem; here the result is somewhat simpler. The 
author now proceeds to investigate the relation between the 
fundamental distributions on a surface and its transform by 
reciprocal radii, and furthermore gives a detailed discussion 
«f the special cases of the circle, sphere, and ellipse. Certain 
convergence investigations concerning the Neumann-Robin 
methods conclude the memoir. 
S T. H. GRONWALL. 


Physical and chemical Constants and some mathematical Func- 
tions. By G. W. C. Kaye, the National Physical Labora- 
tory, England, and T. H. Lasy, professor of physics, 
Wellington, N. Z. London, Longmans, Green, and Co,, 
1911. 153 pp. 

Tue authors have written this book to supply the need for a 
set of up-to-date English physical and chemical tables of 
convenient size and moderate price. In comparison with 
larger works such as those of Landolt, Bornstein, and Meyer- 
hoffer this little book contains more information than its 
relative size indicates. In fact for class use where one illus- 
tration of a given type is good as another this book is ample. 
For the investigator desiring information of a very particular 
nature it may not be sufficient. 

In most cases a table is accompanied by a brief statement 
containing definitions and standard formulas. Many refer- 
ences are given botk to standard works and to observers for 
particular measurements. Iırterpolations and extrapolations 
are indicated. . 

The book contains several hundred tables covering subjects 
in general physics, astronomy, heat, sound, light, electricity, 
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magnetism, radioactivity and gaseous ionization, and chem- 
istry. At the end are tables of ez, four and five-place logar- 
ithms, reciprocals, squares, and natural trigonometric func- 
tions. 

H. B. PHILLIPS. 


NOTES. 


THE annual list of American doctorates published in Science 
presents, for the academic year 1913-1914, 502 names, of which 
241 are credited to the sciences. "The following 27 successful 
candidates offered mathematics as major subject (the titles 
of the theses are appended): E. S. ALLEN, Harvard, “Su 
alcuni caraterrı di una serie algebrica, e la formola di de 
Jonquiéres per serie qualsiasi;" R. D. BEETLE, Princeton, 
“Congruences associated with a one-parameter family of 
curves;” Miss S. R. BENEDICT, Michigan, “A comparative 
study of the early treatises introducing into Europe the Hindu 
art of reckoning;" B. A. BERNSTEIN, California, “A complete 
set of postulates for the logic of classes expressed in terms of 
the operation ‘exception’ and a proof of the independence of a 
set of postulates due to Del Ré;" J. A. BULLARD, Clark, “On 
the structure of finite continuous groups;" R. W. Burgess, 
Cornell, “The uniform motion of a sphere through a viscous 
liquid;” Miss L. D. Ccumanmnas, Bryn Mawr, “On a method of 
comparison for triple-systems;” J. W. GAIN, Johns Hopkins, 
“Linear combinants of ternary forms;” H. GALAJIKIAN, 
Princeton, “A type of non-linear integral equations;” H. C. 
GOSSARD, Johns Hopkins, “On a special elliptic ruled surface 
of the ninth order;" G. H. Graves, Columbia, “Complete 
linear systems of algebraic curves of least order of genera 
three and four;" L. M. Kers, Columbia, “Complete char- 
acterization of dynamical trajectories in n-space;" E. A. T. 
KircHer, Illinois, “Group properties of the residue classes of 
certain Kronecker modular systems and some related general- 
izations in number theory;" W. C. Krarawout, Chicago, 
“Modular invariants of two pairs of cogretlient variables; 
T. E. MasoN, Indiana, "Character of the solutions of certain 
functional equations;" L. C. MarHEwsoN,' Illinois, “ The- 
orems on the groups of isomorphisms of certain groups;" 
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Miss B. I. MILLER, Johns Hopkins, “A new canonical form 
of the elliptic integral;" L. W. Miser, Chicago, “On linear 
homogeneous differential equations with elliptic function co- 
efficients;" F. M. Morrison, Chicago, “On the relation be- 
tween some important notions of projective and metrical 
differential geometry;” E. J. MouLTton, Chicago, “On figures 
of equilibrium of a rotating heterogeneous fluid body;" R: B. 
Rossins, Harvard, “The calculus of variations as the limit 
of a problem in minimizing an algebraic sum;" W. E. 
SHENTON, Johns Hopkins, “Linear combinants of systems of 
binary forms with the syzygies of the second degree connecting ` 
them;" S. P. SEUGERT, Pennsylvania, “ König’s resolvents 
and other types of symmetric functions;" J. M. STETSON, 
Princeton, “Conjugate systems both of whose Laplace trans- 
forms are lines of curvature;" Miss A. H. Tappan, Cor- 
nell, “Plane sextic curves invariant under birational trans- 
® tormations;" L. A. H. Warren, Chicago, “A class of asymp- 
totic orbits in the problem of three bodies;” Miss M. M. 
Yaune, Johns Hopkins, “Dupin’s cyclide as a self-dual 
surface.” i 
THE course of lectures on General analysis to be given by 
Professor M. FR£CHET at University of Illinois has been can- 
celled on account of the war. 


Tue Berlin Academy of Science has awarded Dr. P. 
Koxsz, of Leipzig, a prize of 5,000 marks for his work on 
the theory of functions. 


Tue Paris Academy of Sciences has granted 4,000 francs 
from the Bonaparte fund to Professor H. ANDOYER to assist 
in the publication of a set of trigonometric tables. 


PaorESSOR Karu RUNGE, of the University of Göttingen, 
has been chosen Prorektor for the coming year. 


IN honor of his holding the doctorate fifty years, the 
Technical School at Munich has conferred its honorary 
doctorate in engineering | on Professor A. von BRILL of 
Tübingen. 


Dr. A. N. WHITEHEAD of University College, University of 
London, has been appointed to the newly established chair of 
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applied mathematics in the Imperial College of Science and 
Technology of London. Mr. G. N. Watson, fellow of Trinity 
College, Cambridge, has been appointed to the staff of the 
University College in succession to Dr. Whitehead. 


Proressor G. T. Rogers, of the New Mexico Normal 
School, has been elected assistant dean and professor of mathe- 
matics in the Normal University of New Mexico. 


AT the University of California, Dr. C. E. Brooks has been 
appointed assistant professor of mathematics and insurance, 
and Professor T. M. Putnam has been promoted to an associate 
professorship of mathematics. 


Proressor L. L. Dines, of the University of Arizona, has 
been appointed assistant professor of mathematics in the 
University of Saskatchewan. 


At the University of Kansas, Professor J. N. VAN DER 
Vres has been promoted to a full professorship of mathe- 
matics. Dr.-E. B. STOUFFER, of the University of Illinois, 
has been appointed assistant professor of mathematics, and 
Mr. E. H. Carus instructor in mathematics. Professor 
Marion B. WHITE has resigned, to accept an appointment 
as associate professor of mathematics and dean of women at 
the Michigan state normal college at Ypsilanti. 


Ar the University of Michigan Dr. W. W. KÜSTERMANN 
and Mr. V.,H. Werıs have been appointed instructors in 
mathematics. 


Dr. W. C. GRAUSTEIN, of Harvard University, has been 
appointed instructor in mathematics in the Rice Institute, 
Houston, Texas. 


Dr. F. B. Wuer has been appointed professor of mathe- 
maties in Denison University. 


Dr. J. L. Jones has been appointed ifstructor in mathe- 
matics in the University of Pittsburgh. — ` 


Dr. M. G. Ga24 has been appointed in$tructor in mathe- 
matics in the Carnegie institute of technology at Pittsburgh. 
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Dr. J. M. Stetson has been appointed instructor in mathe- 
matics in the University of Alberta. 


Proressor W. H. Garrett, of Baker University, has 
received a year's leave of absence, which he will spend at 
Harvard University as student instructor. Y 


Miss M. Danrets and Mr. H. LATIMER have been ap- 
pointed instructors in mathematics at the Iowa state college. 


Mmes M. A. Los has been appointed instructor in 
mathematics at Tabor College. : 


Dr. W. J. Mie, president of the Albany normal college, 
died September 4 at the age of 71 years. Dr. Milne had 
been a member of the American Mathematical Society since 
1906. 
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ANTOMARI (X.). Cours de géométrie descriptive. Paris, Vuibert, 1914. 
8vo. 64l pp. Relié. Fr. 12.50 


APPELL (P.). See ENcxcLoPÉDriE. 
Arcais (F. pr), Analisi infinitesimale. 2 volumes. Padova, "me 


BACHMANN (P.). See Kuer (F.). 


Backes (W.). Weitere Beweise für den Fermatschen Sats. 2te umgear- 
beitete und vermehrte Auflage von “Ein Beweis fur den Fermatschen 
Satz.” Mainz, 1914. 8vo. 18 pp. M. 3.00 


Baroni (E.). See QUESTIONI. 


BaxrEEL (E.). Vertikaldimension und Weltraum. Leipzig, Hillmann, 
1914. 28 pp. M. 0.75 


BERNOULLI (J.). Die erste Integralrechnung. Auswahl aus den mathe- 
matıschen Vorlesungen über die Methode der Integrale und anderes 
(1691—92). Aus dem Lateinischen übersetzt und herausgegeben von 
G. Kowalewski. Berlin, 1014. 8vo. 84-285 pp. M. 5.00 


Böcker- (M.). An introduction to the study of integral equations. 
(Cambridge Tracts in Mathematics and Mathematical Physies, No. 
10. 2d edition. €ambridge, University Press, 1914. 8vo. a pp. 


30.00 


BoreL (EJ). Le hasard. Paris, Alcan, 1914. (Nouvelle collection 
scientifique; directeur, E. Borel.) 12mo. 4-312 pp. Fr. 3.50 


——, Bee NirgwENGLOWBKI*(B.). 
BourBoux (P.). See VorrgRRA (V.). 
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Braupe (L.). Les coordonnées intrinséques. Théorie et ARD oani; 
(Collection Scientia, No. 34.) Paris, Gauthier-Villars, 1014. 8vo. 
100 pp. : ` Fr. 2.00 


BnENDEL (M.). See Kurr (F.). l 


BunanLr-Fognm (C.) e Marcoronao (R.). Analyse vectorielle générale, 
Volume U. Applications à la mécanique et à la physique. Pe 
Mattei, 1913. 8vo. 124-143 pp. L. 5. 


DANIELE (—.). See QUESTIONI. 


ENcYcLoPfpim des sciences mathématiques pures et appliquées. Tome II, 
volume 5, fascicule 2: Fonctions sphériques, exposé d’apres A. Wang- 
erin par A. Lambert, avec une note de P. Appell et A. Lambert, pp. 
161-230: Généralisations diverses des fonctions sphériques exposé par 
P. Appell et A. Lambert, pp. 231-268. Paris, Gauthier-Villars, 1914. 
8vo. ` r. 4.80 


` \ 

ENRIQUES (F.). Problems of science. Authorized translation by Kather- 
ine Royce, with an introduction by Josiah Royce. Chicago, Open 
Court, 1914. 8vo. 16+392 pp. Cloth. $2.50 

———, See QUESTIONI. 


Fonsvru (A. R.). Lectures introductory to the theory of functions of 
two complex variables. Cambridge, University , 1914. 8vo, 
16-281 pp. 10s. 


Fort (O.) und ScuróxiLcH (O.). Lehrbuch der analytischen Geometrie. 
In 2 Teilen. II. Teil: Analytische Geometrie des Raum&. 7. 
Auflage, bearbeitet von R. Heger. Leipzig, Teubner, 1013. 8vo. 
84-326 pp. Cloth. M. 6.80 


GazzaNiGA (P. E.). Nuovo ed importante teorema di geometria e sue 
conseguenze: metria nuova, memoria. Piacenza, Del-Maino, : 
1914. 8vo. 35 pp. L. 1.00 

Grsson (G. A.). Napier and the invention of logarithms. (Tr. Royal 
Philosophical Socrety of Glasgow.) Glasgow, Carter and Pratt, 1914. 
8vo. 24 pp. 

Goursat (E.). Cours d'analyse mathématique. Tome III, ler et 2e 


‘fascicules. Paris, Gauthier-Villars, 1913-1914. 8vo. 544pp. Com- 
plete volume to cost subscribers Fr. 20.00 


HADAMARD (J 3. See VorrERRA (V.). 


Haut (T. P.). A geometrical vector algebra. Vancouver, B. C., Western 
Specialty Co., 1914. 8vo. 2+30 pp. - 


Havsporrr (F.). Grundzüge der Mengenlehre. Leipzig, Veit, 1914. 
8vo. 84-470 pp. M. 18.00 


Hager (R.). See Fort (O.). 


Hopson (E. W.). John Napier and the invention of logarithms. Cam- 
bridge, University Press, 1914. 8vo. 48 pp. Cloth. 18. 6d. 


KENNELLY (A. E). Chart atlas of complex hyperbolic and circular func- 
tions. Cambridge, Mass., Harvard University Press, 1914. Folio. 
23 charts. ] . $4.00 
Kunin (F.) und Brenper (M.). Materialen fur eine wissenschaftliche 
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Heft II: C. F. Gauss, Fragmente zur Theorie des arithmetisch- 
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uss' Árbeiten zur Funktionentheorie, von L. Schlesinger. Leipzig, 
Teubner, 1912. 8vo. 2-144 pp. M. 4.40 


Rio (J.). Neue Grundlagen der Logik, Arithmetik und Mengenlehre. 
Leipzig, Veit, 1914. 8vo. 8-+259 pp. M. 8.00 
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LAISANT (C. A.). Mathematics. New York, Doubleday, 1914. $0.50 
LAMBERT (A.). See ENCYCLOPÉDIE. 

LANGEVIN (P.). See VoLTERRA (V.). 

Livy (P). Sur les SE intégro-différentielles définissant des fonc- 


tions de lignes. (Thése.) Paris, Gauthier-Villars, 1914. 4to. 4+ 
122 pp. Fr. 6.00 


LINDEMANN (F. und L.). See Pomcarf (H.). 


LoEeBER (K.) Beiträge zur Losung und Geschichte des Malfattischen 
Problems und seinen Erweiterungen. (Diss. Halle.) ae H 
Blankes Buchdruckerei, 1914. 8vo. 8+63pp.+3 plates. M.200 


Lonatey (W. R.). Tables and formulas for solving numerical problems 
in analytical geometry, calculus and applied mathematics. Boston 
Ginn, 1913. 6+61 pp. 30.50 


MarrLann (F.). See Porxcan£ (H.). 


MaNNING (H.P.). Geometry of four dimensions. New York, Macmillan, 
1914. 8vo. 104-348 pp. 


MARCOLONGO (R.). See Burari-Forti (C ). 


NIEWENGLOwskIı (B.). Cours de géométrie analytique. 2e édition. 
on III: Géométrie dans l'espace (avec une note de E. Borel, sur 
les transformations en géométrie) Paris, Gauthier-Villars, 1914. 
8vo. 44-608 pp. Fr. 14.00 


-Picard (E.). L’oeuvre de Henri Poincaré. (Annales scientifiques de D 
Ecole Normale Supérieure.) Paris, Gauthier-Villars, 1013. 4 
pp. KEN 


PorxcaARÉ (H.). Wissenschaft und Hypothese. Autorisierte deutsche 
Ausgabe mit erlauternden Anmerkungen von F. und L. Lindemann. 
8. Auflage. (Wissenschaft und Hypothese Band L.) Leipzig 
Teubner, 1914. 8vo. 164-946 pp. M 4.80 


——, Science and method. Translated by Francis Maitland with an 
introduction by the Hon. Bertrand Russell. London, Nelson, m 
8. 


QUESTIONI Tİ anti le matematiche elementari. Articoli di Baroni, 
Daniele, Vitali, ed altri, raecolte e coordinate da F. Enriques. Volume 
II: Problemi classici della geometra; numeri primi e analisi indeter- 
minata; massimi e minimi. Bologna, Zanichelli, 1914. 8vo. 8+ 
811 pp. e L. 30.00 


Royce (K. and J.). See Enriquss (F.). 
Roeser, (B.). See PorNcanf£ (H.). 


Satomon (C.). Nottveaux essais de magie arithmétique polygonale. 
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et octogones magiques. Paris, Gauthier-Villars, 1913. 8vo. Ke PP: 
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SCHLOMILCH (O.). See Fort (O.). 


SMART (E. H.). First course in projective geometry. London, Macmillan, 
1913. 244273 pp. Cloth. 78. 6d. 
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(Bell’s Mathematical Series.) London, Bell 1914. 8vo. 164274 
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Bos (H.) et Repibrn (A.). Eléments de géométrie. 7e édition. Paris, 
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presented to the International Commission on the Teaching of Mathe- 
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Derens (P.). Problèmes d’arithmétique amusante. Paris, Vuibert, 1914. 
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Dresser (H.). See INTERNATIONALE. * d 

Frrz-PaATRICK (J.). Exercices d’arithmétique, énoncés et solutions, Avec 
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sidérablement augmentée. Paris, Hermann, 1914. 8vo. 8--710 pp. 
Fr, 12. 
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FnaEsEMAN (H.). Arithmetic. London, Bell, 1014. 8vo. 28. 6d. 
GELIn (E.). Précis d’arithmétique élémentaire. 6e édition. Namur 
esmael-Charlier, 1914. 8vo. 288 pp. Fr. 3. 
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Heaer (R.). Funístelhge logarithmetische und goniometrische Tafeln, 
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Auflage. Leipzig, 1914. 8vo. 4-+124 pp. Cloth. M. 2.40 
Dess (A.). Planimetrie mit einem Abriss über die Kegelschnitte. Berlin, 
Springer, 1914. 162 pp. M. 2.80 


Houzorn (L.) und Bonet, (K.). Vier- und fünfstellige Logarithmentafeln, 
nebst einigen physikalischen Konstanten. 2te Auflage. Braunschweig, 
1914. 8vo. 24pp. Boards. M. 0.80 


HorpxzR (O.). Die Arithmetik in strenger Begründung. Anus, 1014. 
eÁto. 4174 pp. Boards. I. 3.60 


Hores (E. F.). See Goopacre (H. Hi, 


INTERNATIONALE Mathematische Unterrichtskommission. Berichte und 
Mitteilungen, veranlasst durch die Internationale Mathematische 
Unterrichtskommussion. VIII. Enthaltend: P. Stackel, Nachruf auf 
Peter Treutlein; W. Lietzmann, Der Internationale Mathematiker- 
kongress in Cambridge. Leipzig, Teubner, 1913. 8vo. 57 SC 


——, Berichte und Mitteilungen, veranlasst durch die e 
Mathematische Eet IX. Enthaltend: H Dress- 
ler, Mathematische Lehrmittelsammlungen insbesondere fur hohere 

Schulen. Leipzig, Teubner, 1913. 8vo. 30 pp. : M. 1.00 


JaxoB (J.). Praktische Methodik des mathematischen Unterrichts. 
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Military Academy and the Royal Military College for the years 1905- 
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ON À GENERALIZATION OF A THEOREM OF DINI 
ON SEQUENCES OF CONTINUOUS FUNCTIONS. 


BY DR. T. H. HILDEBRANDT. 
(Read before the Ámerican dici om Society at Chicago, April 10, 


WE propose in this note to give a generalization of the 
following theorem of Dini*: “If a monotonic sequence of 
functions continuous on a closed interval converges to a 
continuous function, the convergence is uniform.” 

The double sequence analogue of this theorem proves to 
be of importance in our generalization. We embody it in 
the following 


Lemma. If a double sequence dm, 1s monotonic non-decreasing 
in m for every n, and tf LmLntmn = InLmümn, all the limite being 
supposed to exist, then LmOmn and Indmn converge uniformly and 
the double limit LinnQmn exists and 18 equal to the rterated limits. 

The proof of the uniformity of convergence of Lmdmn is 
part of Theorem I of the paper by the author in the Annals of 
Mathematics, series 2, volume 14, page 81. This uniformity 
has as a direct consequence the existence of the double limit 
equal to the iterated limits, which in turn implies the uniformity 
of L4. 

For the purposes of generalization, consider a class © of 
elements unconditioned excepting for the existence within the 
class of some definition of limit, i. e., some means of determining 
whether a sequence of elements has a limit and what this limit 
1s.T Then it is possible to define the concepts limiting element, 
closed and compact relative to subclasses R of Of Also if u 
is a real-valued function on X, we can define the notion of 
continuity, as well as equal continuity, as applied to a set of 
functions. In such a situation we are able to state the follow- 
ing 


THEOREM. If Risa closed and compact subclass of O, and 
Hnr 18 a monotonic sequence of functions continuous on R and 
* Cf, Dini-Lüroth-Schepp: Theorie der Funktionen, p. 148. m 
Cf. Amer. Journ. of Mathematics, vol. 34, p. 241. » 
Cf. Fréchet: “Sur quelques points du calcul fonetionnel," Rendi- 
conit del Circolo Matematico di Palermo, vol. 22 (1906), pp. 6, 7, 11. 
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converging to the continuous function ur, then the convergence is 
uniform and the functions unr are equally continuous. 


We prove the uniformity of convergence of unr. Since 
Inline = p. for every r of the class R, we have: for every 
ositive e there exists an n, such that if n 2 m, we have 
Van — Hr| Se. Suppose that we have selected for each e 
and r the smallest possible value as n,. Then we wish to 
show that for each e, ner is bounded on the class R. Suppose, 
if possible, this were not so for some particular e. Then for 
every n, there would exist an r4, such that ne, > n, i. e., 
Ip, — el > e. On account of the convergence of us, to ur 
for every r, no element can recur infinitely often in the set ry. 
Then since the class R is compact and closed, there will exist 
a subsequence fa, = Te of rm, and an r, such that Laf'm = r. 
Consider the double sequence u4,,. It is monotonic non- 
decreasing in n for every m. Moreover on account of the con- 
tinuity of par and u, we have Lmlntnr, = Jas, It 
therefore fulfils the conditions of our lemma, and it follows 
that Inte, converges uniformly; i. e., for every positive e 
there will exist an n,, independent of m, such that Ise, — 
Val Se. By taking the e as the one presupposed above, and 
n > Nm, we obtain a contradiction. 

The equal continuity of the functions unr is a direct conse- 
quence of their uniformity of convergence and continuity. 

To obtain a further generalization we presuppose another 
general class P. In ® we shall suppose that there is defined 
an order relation between triplets of elements: B,,,,,, com- 
parable to pı € p» S ps. We shall suppose that there exists 
in the class also the concept of limit, subject to the condition 
that, if LaPa = p, then there exists a subsequence having the 
same limit, such that Bp. pa „p for every m, or Dy. pa, for 


every m. If u is a real valued function on ©, a subclass 
of P, then u is said to be monotonic non-decreasing on © if for 
every triplet 81, $9, 83, of © such that Bus, we have ps, S De 
< ue, Finally in the composite class PO,* we obtain a double 
limit, viz., ImnDmgn = pq is equivalent to Impm = p and 
Lut, = q. This enables us to define a continuity of functions 
on a composite rahge, similar to that of continuity of functions 
of two variables, viz., u is continuous on SR if Imnsmtn = ST 
implies Lenia, = Uer, Then we have the following 


* Cf. Moore: Introduction to General Analysis, p. 90. 
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TuEOREM. Jf © and ® are closed and compact subclasses of 
V and O, respectively, if further per 18 continuous on © for every 
r and on Mt for every s, and if moreover Ha 13 monotonic non- 
decreasing on © for every r, then Um, considered as a set of func- 
tions on Ñ, are equally continuous, as well as H, considered as a 
set of functions on ©, and Ha is continuous on SR. 

The proof that per, considered as a set of functions on iK, 
are equally continuous is an indirect one. The assumption 
that Ge is not equally continuous on ¥ is shown to be un- 
tenable by a use of the property of limit in terms of B, the 
monotoneity and continuity of us, and the preceding theorem. 
The details are easily supplied. The equal continuity of the 
get ur on €, and the continuity on €t follow at once from 
the equal continuity on R. 

By specializing the classes B and O, we get some interesting 


theorems in special fields. If we take $= 1, 2, 8, = ©, 
with Bann, defined as pi S ps S ps, and © as the interval 
0 S x <1, and note that equal continuity on 1, 2, 3, +++, o» 


is uniform convergence, we get the Dini theorem stated at the 
outset. If $ is the linear interval 0 S x Sl, and Deen | ig 
the same as pı < pa € pa and D is the set 1, 2, 3, - , €, 
we have: 

If a sequence of monotonic non-decreasing functions continuous 
on a closed interval converges to a continuous function, the con- 
vergence is uniform, and the set of functions are equally con- 
tinuous.* 

If ® is the linear interval 0 < æ < 1, ith Bo py, equivalent 
top: Sm S ps and O is the linear interval 0 SyS$l1,wehave: 

If f(z, 3), defined for < x < 1,0 Sy S 1, ts continuous in 
x for every y, and in y for every x, and ts also monotonic non- 
decreasing in x for every y, then f(x, y) ie continuous in x and y 
simultaneously. 

* Cf. Buchanan and Hildebrandt: Annals of Mathematics, ser. 2, vol. 


p. 123. It is interesting to observe that this theorem and the Dini 
ea are special cases of the same theorem. 
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NOTE ON REMOVABLE SINGULARITIES. 


BY MR. W. EB. MILNE. 


IN his dissertation* Kistler proves the following theorem: 


* Let f(21, +++, 24) be analytic throughout the neighborhood of a 
point (a1, ***, Qn) with the exception at most of the points of a 
finite number of analytic manifolds, each of which 1s at most 
(2n — 4)-dimensional. Then it is analytic in the excepted 
points also, if properly defined there." 

A similar theorem is given below. The two theorems differ 
in two respects. (1) Kistler’s theorem requires the excepted 
points to lie on analytic manifolds, while the present one does 
not; (2) the present theorem requires that for everyt pair of 
variables the excepted locus reduce to isolated points when 
the remaining »— 2 variables are fixed, while Kistler's 
theorem requires this to hold simply for one pair. But it 1s 
to be noted that the hypotheses of the present theorem will 
in generalf be fulfilled if the singular manifolds are analytic. 


The theorem is as follows: 


THEOREM. Let the function (zu :::, m) of m complex 
variables, n > 2, be analytic in the region (Si, ***, On) except 
for the points of a (2n — 4)-dimensional locus of such character 
that when any n — 2 of the variables are given any fixed values in 
their respective regions, and ze and z, alone vary, then the singu- 
larities occur only at isolated points (a, a,) in (S,, 8,5). Under 
these conditions oe has a limit in the points of the singular locus, 
andif defined as equal to its limit, will be analytic without excep- 
tion an (Si, di Sa). 

Proof: Let za, «++, m be held fast at (as, ---, an) any point 
of (Ss, ---, Sn), and consider e as a function of a and zs». 
From the hypothesis we see that singularities can occur only 
at isolated points of (Sı, S:). But isolated singularities for a 
function of two complex variables are removable; so ¢, if 
properly defined, will be analytic in zı and z throughout 
(81, Se). 

* «Ueber Funktionen von mehreren komplexen Veranderlichen,” Basel, 
ur Evilently all that is really necessary is that with each variable z; 
it be possible to associate another z; such that if the remaining n — 2 
are fixed, the si points in z, z; are isolated. 

tI hope shortly to be able to show that the excepted cases can alwa be 
avoided by & suitable linear transformation of the independent variables, 


and hence that the words “in general" can be teplaced by “ always." 
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Give to za any value a4 in Se, and e will be analytic in zi 
alone. oe holds for every choice of the fixed values assigned 
Loss, +++, En. In a similar manner we find ¢ analytic in each 
remaining variable alone. 

Now apply the theorem of Hartogs* which states that if a 
function of n complex variables is analytic in each one sepa- 
rately, it is analytic in all n variables taken together. Hence 
p is analytic throughout (S1, ---, Sn). 


HARVARD UNIVERSITY, 
May, 1914. 


— ge zm 


CONCERNING A CERTAIN TOTALLY DISCON- 
TINUOUS FUNCTION. 


BY PROFESSOR K. P. WILLIAMS. 
(Read before the American Mathematical Society, October 31, 1914.) 


ONE of the most important properties of a continuous 
function 1s that it actually assumes every value between any tw 
of its values. It is well known that a function can, however, 
possess this property without being continuous. An actual 
example to illustrate this seems to have been first given by 
Darbouxin 1875. Afunctiontbatis sometimes cited in this con- 
nection is due to Mansion. The function that the latter gives 
actually takes all values between any two, but is discontinuous 
at the ‘single point z = 0. Functions of this sort can be 
easily constructed by arbitrarily assigning the values at certain 
points, according to the function concept of Dirichlet. More 
interest would therefore attach to such a function if it is given 
by one and the same expression throughout its region of 
definition. Thefunction given by Mansion does not, however, 
possess this property; for it contains the function E(x), 
defined, as in number theory, as the integer equal to, or next 
smaller than z. 

The purpose of this note is to give a function that takes 
every value between 0 and 1 inclusive, when z varies over the 
closed interval (0, 1), but which is discontinuous at every 
point. This function will, furthermore, be represented by 
one and the same analytical expression throtighout its whole 
region of definition. 

* Math. Ann., vol. 62 (1905), p ; 


T" Continuité au sens ped et continuité au sens vulgaire," in 
Mathesis, 1899. 





ent — e —— 


~ 
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Let f(z) be equal to zero at the rational points of the interval 
(0, 1), and equal to 1 at the irrational points. We first 
obtain for this function an expression which is a modification 
of the one given by Hankel in his celebrated memoir on 
oscillating and discontinuous functions.* 

Let 

| 4 sin (2n + Ire 
p(x) ee: => 2n +1 > 
then, as is well known, 
g{z4)= Il,for O<2<l, 


olz) = — 1, for —Ll<2< H 
while 
ell = o(+ 1) = 0. 


This gives us for f(x) the following expression: 


; fa) = JI (ein nx2))* 

n=l 
The expression which Hankel gives for f(x) defines it, in reality, 
only for the irrational points; so that its values at the rational 


points must be assigned.T 
‚We next define the function Fı(z) by the relation 


Fi(x)-z-(1-2zyf(). - 
* Math. Annalen, vol. 20, pp. 63-112. 


1 Hankel puts 
fe) = ( 3 =) /o@, 


where » > 1, and 
g(t) = X l/n«[e(sin nz)? 


He says that at the rational points g(s) becomes infinite; thus makin 
f(z) equal to zero at those points. While it is true that at the ratio 
points the denominators of some of the terms in g(z) become zero, those 
terms do not behave in any-sense as a function does at a pole. The terms 
abruptly take the form 1/0, and as this symbol is undefined, we cannot 
regard the series as per Rin at the rational points. Other writers 
have given the function as el gave it. 

As Pringsheim has shown, we also have 


Za > 1 — lim [lim (cos ales), 
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Consequently we have 
Fi(v) = 1 — a, for z irrational and 0 Sz <1, 
F(z) = z, for x rational and 0 Se < 1. 


The function F(z) accordingly takes all values between 0 
and 1 inclusive when z varies over the closed interval (0, 1). 
It is, in addition, discontinuous at every point, save the point 
z-— i. We next modify the function so that x = $ is also 
a point of discontinuity. 
Let ` 
p(x) = (2x); 

then, from the above values of ez), and the fact that it is 
periodic, we obtain 


ell = p) = e(1) = 0; 
g(x) = 1, for 0 < 2 < 4; G(x) = —1, for zez 1. 


Consider now the function 


Fs(z) = [1 — ¢*(@)] cos Zez 


(1 — 2)4* 
2 
where 4* denotes the arithmetic root. 
From the above table of values of (xz) we have at once 


F:(0) = 3; Faz) 20, 0 < z< à; F:($) = — 4, 
Fi(z) = 0, <2 <1. 


We construct finally the function 
F(a) = Fi(z) + Fs(). 


It is apparent that F(x) is obtained from F(z) by merely 
interchanging the values at the two points z = 0 and z = $. 
From the properties of Fı(z) it then follows that F(z) takes 
all values between 0 and 1 inclusive, and is, furthermore, dis- 
continuous at every point. We see, finally, that F(z) can be 
represented by a single analytical expressión throughout the 
interval (0, 1); for we have expressions for all the functions 
contained in it. We consequently have in* F(z) a function 
^ which possesses all the properties desiréd. 


N 


` 
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We shall note a few additional properties of the function 
we have obtained. ` 

In addition to being single valued, F(z) assumes a given 
value but once. We can thus regard it as giving a one-to-one 
transformation of the interval (0, 1) into itself, which is 
everywhere discontinuous. At every point save + = 4 the 
function has no limit; that is, every point, except æ = i, is a 
point of discontinuity of the second kind. It is also apparent 
that both the greatest and least values approached at a point 
are continuous functions. l i 


INDIANA UNIVERSITY, 
May, 1914. 


PROOF OF THE CONVERGENCE OF POISSON'S 
INTEGRAL FOR NON-ABSOLUTELY 
INTEGRABLE FUNCTIONS. 


BY DR. W. W. KÜSTERMANN. 


In the following pages I propose to give a proof of the 

THEOREM: If f(x) is a real, periodic function, of period 2r, 
which in the interval (0, 2m) has a proper or improper integral 
vn ihe sense of Lebesgue, Harnack-Riemann, or Harnack- 
Lebesgue-Hobson,* then $ s 


pz ui E (UE 
Dez [ft 1+ r? — 2r eos (a — 2) do 


= lim Alte +) +f@- 6] 


ai every point x where-the limit on the right hand side existe. 
This theorem includes in particular the case where f(z) 
remains finite—disposed of by Schwarz,t and the case where 
f(x) becomes infinite at an infinite number of points, but has 
an absolutely convergent improper integral—discussed by 
Hobson and others.t Moreover, it goes farther, in that it 


* For these definitions see Hobson, Theory of Functions of & Real 
Variable, Cambridge,.1907. . 

T Schwarz, Math. Abhd., vol. 2, pp. 144 and 175. : 

t Most completely by Hobson, T od of Functions of & Real Variable, 
p. 719; cf. also Böcher, Ann. of Math., 2d oer, vol. 7, p. 81; Fatou, 
Acta Math., vol. 30, p. 335; Picard, Traité d’Analyse, 2d ed., vol. 1, p. 
208; Forsyth, Theory of Functions., 2d ed., p. 450. 


A 
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also covers the case where f(x) becomes infinite in such a way 
as to be not absolutely integrable in the vicinity of a point, or, 
for that matter, of a non-dense, closed set of points of content 
zero. All former proofs, as far as I know, fail to cover this 
case, since they require at some place or other that | / f(a)da| 
be replaced by /|f(a)da’.* The subsequent proof rests upon 
an application of the second mean value theorem, established 
by Hobsont in its most general form. For the present purpose 
Hobson’s results may be stated as follows: 

“Tf p(x) be a limited and monotonically decreasing positive 
function of the real variable z, and if f(z) have an improper 
integral in (a, 6), either absolutely or non-absolutely con- 
vergent in accordance with the definitions of Lebesgue, 
Harnack-Riemann, or Harnack-Lebesgue-Hobson, then 

(I) e(x)f(z) has also an improper integral in (a, b) in accord- 
ance with the same definition; 


(II) f i e(z)f(z)dez = A f ” f(a) de, where A is.any number 


such that A > g(a + 0) and X is a number in the interval 
(a, b). " 


Now consider 


~ 


| 1-n : 
prla) = 1 -+ r? — 2r cosa’ 


where 0 r« 1 in the interval OS a <r. The cosa 
decreases monotonically from + 1 to — 1. The expression 
1 + r? — 2r cos a, however, increases from (1 — r)? to (1 + r} 
and remains always greater than zero. It follows -that, for 
each 0 < r< 1, ¢,(a) is a positive, monotonically decreasing 
function and satisfies the premises of the mean value theorem. 
If then f(z) does likewise, we may conclude from (I) that 
Poisson’s integral ` 





1. q^ | 1— r? 
Pin) | to; + r! — 2r cos (a — zx) da 
bush E E EH ex 0 


a 
would question the existence of Poisson’s mtegral and its limit for any 
point z whatever. u 
t Hobson, Proc. Lond. Math. Soc., 2d ser., vol. 7 (1909), p. 14. 
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T. t 1— 7 

xj Set) ale 
1 * » 

= | fe + ade(ade 


exists and has meaning. Now 


(1 — da 
1+ r? — 2r cosa 





r Q 
= arctan | tang |, 
hence 


| eda = 2, 


‘independent of r. Let 


(1) Im i[f(z +) +f@e—d] = L, 
then 
2n{P(a,1)—L}= | [fle + a) — eda 


e [ [SEF Othe) _ 1) pais, 


since (a) = ex(— a), 


=? | f " este 


- I | e(a)da. 


An arbitrarily small e 0 having been prescribed, let ö be 
chosen in such a way that 


feta) tfe- a) 
2 





1) « e, for 0 «€ a «. 6. 


That this is always possible follows from (1). Moreover, 
elo) being positive, | ¢,(a) | = ¢-(a). Hence, applying the. 


second mean valud theorem (IT) to , we have 
u ö 
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A 
«| P(z, r) — L < 2! r(x) da 


+ e): (NK tien) = L| da |, 


where ô < X, S m, 
< er + o, (0)G,* 


Les SEH 
Lr 


for D « r « 1, 


where G and K are positive constants, 
« e, 
for r close enough to unity. Hence lim P(a,r) = L 
T=} l 


W. W. KÜSTERMANN. 
ANN ARBOR, 
May 2, 1914. = E 


-— 


THE NAPIER TERCENTENARY CELEBRATION. 


Tue Napier Tercentenary Celebration was held at Edinburgh 
on July 24-28, 1914, with over three hundred visitors present. 
The ceremonies opened at the University of Edinburgh under 
the presidency of the Lord Provost of the city, the address of 
the day being delivered by Lord Moulton and relating to the 
probable reasons in Napier’s mind for deciding upon a table 
of logarıthms of sines and to his probable methods of com- 
puting. Brief addresses were given by four of the official 
delegates, Professors Andoyer and p’Ocagne of Paris, Smith 
of New York, and Bauschinger of Strassburg. 

On Saturday morning the first session was held under the 
presidency of Professor Hobson of Cambridge. The following 
papers were presented: 


Dr. J. W. L. GLAISHER, of Cambridge: “The work of 
Napier.” 
Dr. Glaisher called attention to the ‘paucity of notations 


"The argument here is based on the fact that a definite integral is a 
continuous function of its De limit and as such has a finite maximum 
and minimum. Cf. E. H. Moore, Transactions, vol. 2, pp. 296 and 459. 
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and general symbols three hundred years ago to aid in the 
forming of clear conceptions of the nature of logarithms, 
and stated that an examination of Napier's work impressed 
one with his greatness as a genuine mathematical thinker 
rather than as the discoverer of an isolated detail. 


Dr. G. Vacca, of Rome: “ The first Napierian logarithm 
before Napier." 

In the absence of the author of the paper, Dr. Knott gave 
a brief summary. Dr. Vacca believes that a certain passage 
in Pacioli (1494), in relation to the computation of interest, 
has in it the essence of a logarithm. The rule given by Pacioli 
is substantially this: Divide 72 by the rate of interest and the 
quotient is the required number of years that it takes a sum 
to double itself at compound interest. Dr. Vacca shows that 
this number 72 is approximately 100 log 2 in Napier’s system. 


Proressor G. A. Grsson, of Glasgow: “On the transition 
from*Napier’s to Briggs’s logarithms." 

Professor Gibson showed that the improvement suggested 
by Briggs in his talk with Napier was not what we commonly 
. look upon as the Briggs logarithms. He asserted that it was 
Napier himself who first suggested making log 1 equal to zero. 


Proressor D. E. Sarta, of New York: “Laws of exponents 
in the works of the sixteenth century." 

In this paper was discussed the gradual rise of the laws of 
exponents in the sixteenth century, the statements being based 
upon extracts from the original works of various writers. It 
was the author's purpose to show that the fundamental laws 
of logarithms were well known as applied to integral exponents, 
and that Bürgi was led by them to prepare his Progress 
Tabulen (1620). The chief purpose, however, was to bring 
together for the use of students the actual words of the leading 
sixteenth century writers relating to the subject. 


LIEUTENANT Bag Movera, of Constantinople: “On the 
introduction of logamthms into Turkey." 

Lieutenant Mourad showed that Ismail Effendi (Caliph 
Zade) introduced logarithms into Turkey exactly one hundred 
years after Napier's first publication of 1614. 
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Proressor F. Casorı, of Colorado Springs: “Algebra in 
Napier’s day, and alleged prior inventions of logarithms." 

The paper considered the claims presented by certain writers 
that Regiomontanus, Wright, and Biirgi, or some one of 
them, had anticipated Napier in the invention of logarithms. 
Professor Cajori weighed the evidence in a judicial manner 
and showed that there was nothing to substantiate a claim 
to priority on the part of any of these writers. 


Dr. D. M. Y. SOMMERVILLE, of St. Andrews: “On Napier's 
rules and trigonometrically equivalent polygons, with exten- 
sion to non-euclidean space." 


The second meeting was held on Monday, July 27, under 
the presidency of Professor D. E. Smith of New York, Dr. 
J.W. L. Glaisher of Cambridge, and Major P. A. MacMahon 
of London, who served during three sessions in the order 
named. The following papers were read: 

Proressor H. Anporer, of Paris: “On the history and 
method of construction of tables.” 

Professor Andoyer explained the construction of his recent 
(1911) tables which contain the logarithms of the trigono- 
metrie functions to seventeen significant figures for every 
hundredth of the quadrant, and to fourteen figures for every 
ten seconds. He also mentioned a work upon which he is 
now engaged, the calculation of a table of natural sines to 
fifteen significant figures, a work which he expects to finish 
in about two years. 

PRoFEssor M. p'OcaAawz: “Communications relating to 
the history of calculating machines and to the development of 
nomography." 

He stated that the principle of the Millionaire calculating 
machine was the invention (1893) of & young French mechan- 
ician, Léon Bollée, and that the earliest systematic application 
of nomograms is found in Margett's Longitude Tables of 1791. 


Mrs. Emma GIFFORD, of Chard, Somerset: “On a recent 
table of sines." 

Mrs. Gifford described her method of cómputing and check- 
ing her recent table of natural sines, which gives the sine for 
every second of the quadrant. 
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Dr. J. R. Mones, of Edinburgh: “On the arrangement of 
tables.” 

This paper was illustrated by lantern slides, and the ques- 
tions of type, workmanship, paper, and general arrangement 
were discussed. 


Mr. H. S. Gay, of Shamokin, Pa.: “On a convenient for- 
mula for determining the angle, given the sine or cosine.” 

Mr. Gay presented a formula which easily gives an angle 
to a sufficiently close degree of approximation for practical 
purposes, when the cosine or sine is known. 


Mr. J. C. Ferausson, of Birmingham: “On the percentage 
unit of measuring angles.” 

The essential feature is the use of the tangent instead of 
the angle, and of the octant instead of the quadrant. 


Mr. W. ScHooLme, of London: “On the calculation of 
logarithms.” 

The speaker showed how the logarithms of numbers, the 
logarithms of their reciprocals, and the en logarithms, 
can be calculated by pure addition. 


Dr. A. HurcnrNsoN, of Cambridge: “On graphic methods 
and on the use of the slide rule in crystallography." 


Dr. W. F. SHEPPARD, of Sutton: “On the constructing of 
tables.” 

The speaker described an extension of tables by an improved 
method of differences. 


A few other papers were, in the absence of the authors, 
read by title. 

The social functions were well attended by all who were 
attracted to Edinburgh by the celebration. On Friday 
evening a reception was given by the Lord Provost of Edin- 
burgh &nd Council, followed by & concert. On Saturday 
afternoon a garden party was held at Merchiston Castle, 
and visitors were permitted to see the room in which it'is 
said that Napier worked out his system of logarithms. In the 
evening there was an informal social gathering in the Students’ 
Union at the University., On Monday afternoon the Royal 
Society of Edinburgh gave a farewell reception at the Society 
rooms. 
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On Sunday a special memorial service was held at St. Giles' 
Cathedral, the sermon being preached by the Rev. Dr. Fisher, 
of St. Cuthbert’s, the church in which Napier worshipped 
and in the churchyard of which he is buried. Dr. Fisher 
spoke of Napier as a citizen and as a writer on questions of 
theology. The service was attended by a large number of 
those present at the celebration. 

Mention should be made of the exhibit of Napieriana and 
of tables and calculating machines. Early editions of works 
on logarithms, Napier portraits, Napier rods (“bones”), and 
the priceless Dantzig copy of Biirgi’s Progress Tabulen were 
displayed in cases. All the leading types of calculating ma- 
chines, models of solids and surfaces, linkages, tide predicting 
machinery, and other material relating to computation and to 
those parts of geometry in which Napier had an interest, 
&ttracted much attention. 

The celebration was followed by & colloquium held under 
the auspices of the Edinburgh Mathematical Society. Lec- 
tures were given by Professors D’Ocagne and Whittaker, and 
by Messrs. E. Cunningham and H W. Richmond. 

Ihe papers will appear in a volume under the editorship 
of Dr. C. G. Knott. A description of the exhibit appeared 
in dignified book form under the direction of Mr. E. M. 
Horsburgh, and a copy was presented.to each participant in 
the celebration. 

Those who attended the celebration were unanimous in 
their expression of pleasure at the success of the meetings and 
at the hospitality shown by the citizens of Edinburgh, the 
Royal Society, the Mathematical Society, &nd the University. 


Davin EUGENE SMITH. 


AN APPEAL TO PRODUCING MATHEMATICIANS. 


BY GHORGH PAASWELL, OR. 


A PERUSAL of modern mathematical treatises and dis- 
sertations for degrees makes the lay mathematician (I should 
say rather the amateur mathematician) despair of ever keep- 
ing up with the modern trend of mathematical thought. The 
tone of modern works is not that of disseminating new ideas, 
but rather that of clothing ideas already familiar to readers in 
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slightly different form; & tone surely not that of a text-book 
and therefore precluding from its readers those not familiar 
with the subject. i 

There is, however, a more serious arraignment to be made. 
Hardly any treatise has attempted to discuss or analyze the 
serious problems of the applied science professions. The 
profession of civil engineering is teeming with problems await- 
ing the solutions of a St. Venant, a Laplace, a Newton. The 
problems are vital; fundamental truths await discovery and 
elucidation. Innumerable functions await an Abel or Jacobi 
to bring them into existence. 

Glance through the standard texts on applied mechanics 
and marvel at the appalling gaps in analysis the engineer 
must bridge with assumptions far from rigorous or satisfactory, 
to obtain any practical result. 

The profession of building is the oldest in the world and 
yet how little we have progressed in the analysis of the stresses 
in the frame itself. The knowledge of stresses in a column 
remains practically in the state in which Euler left it. There 
are, indeed, some empirical column formulas, but an empirical 
formula is always a sad apology for lack of scientific knowledge. 
It may be said that empirical formulas have sufficed in the 
past for design, but the failures of structures designed on tbat 
basis most effectively answer that. The failure of the largest 
bridge in the world—the Quebec bridge—was due to lack of 
knowledge of the action of large compression members (col- 
umns) and the only path open to engineers was that of 
experimentation on larger size test pieces: mathematicians had 
failed them. 

When the simple case of the analysis of flexure is attempted, 
there is either the faulty Bernoulli-Euler theory or else one 
must wade through appalling intricacies of analysis to gain 
the desired kernel of practical value which is then found to 
be limited in its application. When we come to the analysis 
of structures proper, there are either empirical formulas or 
faulty analysis. So far, I have had in mind homogeneous 
bodies; but when heterogeneous bodies are included, such as 
concrete, plain or reenforced, the ignorance of the action of 
the material itself adds to the sum total of our ignorance. 

When we come to the analysis of statically indeterminate 
structures—a most fruitful field—there are several funda- 
mental principles to be had for stress analysis; but when the 


1914.] AN APPEAL TO PRODUCING MATHEMATICIANS. 129 


structures become less simple, the intricacies and the tedious- 
ness of analysis become inhibitive to further discussion. 
Yet these'are the types of structures that make for economy 
of design and for rigidity and permanence. Here are abundant 
fields for mathematical thought, and every thesis and article 
would bring us nearer to a solution of these problems. 

Ihe subject of moving bodies with their resultant impacts 
and vibrations is at present hopeless—even the empirical 
formulas fail us here—and we must make up for lack of knowl- 
edge by excessive and wasteful strength. Likewise the study 
of earth pressures both vertical and lateral exists in a series of 
empiricisms. l 

There is sore need of a text on the theory of elasticity 
which, while more or less free of the involved intricacies, shall 
give a firm basis for stress and strain analysis. , 

In this connection the curriculums of the applied science 
schools are at fault. Just sufficient mathematical knowledge 
is disseminated to enable the student to interpret a few simple 
formulas and theories. No attempt is made to inculcate a 
rigorous and fundamental knowledge of mathematics nor to 
give even & hint of the vast fields of advanced mathematical 
thought. 

The study of mathematics, per se, is a most soul satisfying 
and alluring pleasure, and those to whom is granted the 
opportunity of devoting the greater part of their time to its 
perusal are most sincerely to be envied; yet society asks in 
return a solution of its most pressing problems. 

It may be visionary dreams of the wildest type, but the 
day may come when, from the knowledge of the chemical 
constituents of a body, its crystallographic history and its 
temperature and space elements, its stress and strain relations 
shall at once be known and the effects of external loadings, 
static or otherwise, at once interpreted. 

lhere is hardly & branch of mathematical analysis that 
could not add its quota to applied science: the calculus of 
variations and the potential function to the principles of least 
work and infinitesimal distortions; the elliptic and related 
functions to the study of the elastica and allied problems; 
and general analysis itself to the’reduction of the resulting 
expressions of stress analysis. 

I have enumerated but a few of the vast problems frequently 
confronting engineers in daily life and fervently hope that they 
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may elicit some dissertations that may bring light on these 
vital problems. 


SHORTER NOTICES. 


Die Mathematik im Altertum und Mittelalter. By H. G. 
ZEUTHEN. Erster Abschnitt: Entstehung und Entwicklung 
der Zahlen und des Rechnens. B. G. Teubner, Leipzig und 
Berlin, 1912. 95 pages. Price unbound, 3 Marks. 


Tms little work is a portion of Teil III of the volume entitled 
Die mathematischen Wissenschaften, in the work edited by 
Professor Hinnenberg, Die Kultur der Gegenwart. "Tel III 
has for its title Die mathematischen und naturwissenschaft- 
lichen Kulturgebiete, and the part relating to mathematics is 
under the editorial supervision of Professor Klein. 

No opportunity was afforded, in the brief space allotted to 
Professor Zeuthen, for any new contribution to the history of 
mathematics. Therefore all that can be expected is a mere 
résumé of the leading contributions to the science in ancient 
and medieval times. Professor Zeuthen first treats of early 
arithmetic, beginning with the primitive number systems, 
passing to the early mechanical methods of computation, set- 
ting forth the difficulties of notation in ancient times, tracing 
rapidly the development of our numerals, and making clear 
the obstacles met by all early peoples in the handling of frac- 
tions. He then considers the applications of number to com- 
merce, astronomy, mysticism, and puzzle problems, showing 
the relation of this work to the primitive algebra of the 
Egyptians. 

He next takes up the geometry of the Egyptians and 
Greeks. While giving only a cursory glance at the develop- 
ment of the science, he takes occasion to refer to the fact that 
the Pythagorean triangle is mentioned in the Sulva-sutras, 
which he puts-as late as the 5th or 4th century B.C. He does 
not venture, however, upon the question of the antiquity of 
the theorem in China, a problem which probably can be solved 
only by the rise öf native scholars who can give us a careful 
textual criticism ‘of the classics of their country. It is inter- 
esting to see that Professor Zeuthen, than whom we have few 
authorities better recognized in the history of Greek mathe- 
matics, maintains the common view that the lunes of Hippo- 
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crates are due to this writer, in spite of some doubt that has 
recently been cast upon it. 

The summary which he gives of the work of the Greeks in 
geometry is, as would naturally be expected from him, very 
clear, and forms the principal portion of the work. The 
section on the early traces of the calculus is especially interest- 
ing, and refers of course to the contributions of Democritus, 
Eudoxus, and Archimedes, but without assigning the credit 
to Antiphon and Bryson that might be expected. 

The mathematics of the Hindus is discussed with brief men- 
tion,—too brief, considering the contributions of the writers 
of India. The reader will not find the well-balanced judgment 
of the Oriental mathematics, nor the interesting information 
concernimg its algebra, that he would expect from a perusal of 
the pages devoted to the work of the Greeks. The Arab 
contributions are somewhat more fully treated. . 

The medieval period in Europe is considered more at length, 
this being a period to which Professor Zeuthen has given much 
attention in his other works. Just at the present time, when 
Roger Bacon is much in the public eye, it is interesting to 
note that Professor Zeuthen dismisses him with exactly twelve 
words, and that these relate solely to optics. 

It goes without saying that the book fills its purpose in & 
satisfactory manner. It gives a popular view of the progress 
of mathematics down to the period of the Renaissance, and is 
written in the pleasant style which characterizes all of the 
works of its distinguished author. 

Davm EvcaENxz SMITH. 


Geometrie der Zahlen. Von Hermann MINKOWSKI. Zweite 
Lieferung. 1910. viii + 15 pages. B.G. Teubner, Leip- 
zig und Berlin. 

THE first volume appeared in 1896. The preparation of the 
second volume was delayed by unexpected difficulties, and the 
author published in short articles in the journals most of the 
results initially intended for the second volume. These 
articles are accessible in the Gesammelte Abhandlungen of 
Minkowski, published in 1911 in two volumes, aggregating 
872 pages. The present pamphlet is a continuation, bearing 
the same title, of the closing chapter of the first volume of 
Geometrie der Zahlen, and contains also a table of contents 
and index for the two volumes. This highly original contribu- 
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tion to the advanced part of the theory of numbers is already 
recognized to be of lasting importance. À more elementary 
introduction to the ideas there presented, as well as applica- 
tions to algebraic numbers, are given in Minkowski’s Diophan- 
tische Approximationen, which appeared in 1907 and was 
reviewed for the BULLETIN by the present writer, February, 
1909 (volume 15, pages 251-252). 
L. E. DICKSON. 


Algebra of Quantics. By E. B. ELLIOTT. Second edition. 
Clarendon Press, Oxford, England, 1913. xvi -+ 416 pp. 
Tms new edition of Professor Elliott’s well-known work on 

algebraic theory presents more changes in typography than 
in content or method. Although the material has been con- 
siderably increased (by one eighth is the author's liberal 
estimate), the number of pages has been actually decreased. 
This has been accomplished by more compact printing, the 
adoption of a new method of writing fractions, and the inser- 
tion of many important equations in the bod of the text 
instead of printing them in separate lines. These changes 
do not add to the appearance of the text, and surely not to the 
delight of the reader, to whom the outstanding equations were 
of great assistance in reference. The change from d to ô in 
writing partial derivatives strikes the eye at once. Paragraph 
numbers are practically unchanged. 

Conservatism marks this new edition. Professor Elliott 
has not abandoned the English methods for German sym- 
bolism. In a majority of paragraphs there is no change, and 
most of the others have only slight verbal changes or an added 
sentence to clear up obscurities or to suggest further deduc- 
tions. Chapters V and XV alone present important modifica- 
tions. In Chapter V, on binary quantics, there is consider- 
able rearrangement, and material has been added on “In- 
variants as functions of the differences of roots.” A half 
dozen added pages are devoted largely to establishing the con- 
ditions under which F(a;, dz, ---, @p) can be expressed as a 
function of the differences of the arguments and to proving 
some properties-of this function. The author notes that this 
should have been in the first edition. Chapter XV, on re- 
stricted substitutions, has undergone the most changes and 
contains the most new material. The half dozen paragraphs 
on Boolean systems for the linear form, the quadratic, the 
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linear and quadratic, etc., have been replaced by one short 
chapter which suggests the method by which the Boolean 
systems for quantics of low order may be calculated. Ten 
pages have been added on the deserving topic of orthogonal 
concomitants. Both the absolute and non-absolute con- 
comitants are treated for direct and skew orthogonal trans- 
formations. Complete systems of orthogonal invariants and 
covariants are given for the quadratic, cubic, and quartic. 
Much of this theory has been developed since the first edition, 
although some of the theorems date back to Sylvester. 

Some other changes may be worth noting. In Chapter IV 
a few pages on German symbolism are added and the relation 
between it and hyperdeterminants is shown. In Chapter VII, 
dealing with the operators O and Q, along paragraph is inserted 
on "Separation of gradients intoseminvariants and other parts," 
with examples. In Chapter VIII, on generating functions, 
an important article is added on a method of extracting gener- 
ating functions for invariants only, and is illustrated by the 
sextic case. The real generating function for the sextic bës 
been added to the table. In Chapter IX, we find a new para- 
graph on Hilbert's second proof of'Gordan's theorem and a 
Short one on syzygies and syzygants. Chapter XI contains 
a new proof of the theorem that every G is an QF, where G 
and F are both gradients, covering the case where F contains 
more advanced letters than G. The possible nature of F is 
brought out clearly in the discussion. Chapter XII contains 
& new article on apolarity and another on the canonical form 
(1, 0, C, D, E, 0, 1) (X, Y)’ of the sextic. In Chapter XIV, 
the concomitants of the linear form and a p-ic are given and 
the most important of several additions in Chapter XVI is 
on “A generator of all covariant ternary sources.” 

lhe above with various minor additions contain scarcely 
enough of novelty to warrant the entry of this second edition 
upon a shelf already containing the first, although the added 
examples are of great value. In the preface the author 
expresses the hope that the work will continue to appeal to 
the beginner and further "trusts that the book will retain for 
some time to come a certain value to those 7 . .who will need 
to look back upon and utilize the labors of those pioneers of 
modern algebraic theory, who adorned the latter half of the 
nineteenth century, and have now passed away." The 
demand for a second edition makes it reasonable to expect that 
this hope will be realized. D. D. Ler. 
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Problèmes d'Analyse mathématique. By E. Fanny. Paris, 
Libraire Scientifique A. Hermann et Fils, 1918. 460 pp. 


Tue primary object of this collection of problems seems to 
be to furnish material in which French student candidates 
preparing for the examinations for certificates in differential 
and integral calculus might be interested. A list of problems 
(279) given at examinations within the last twelve years 
and at fourteen different examination centers scattered 
throughout France occupies the first 66 pages of the book. 
The detailed solutions of the problems proposed fill quite 
completely the remainder of the volume. The reviewer has 
checked a few—not many—of these solutions. 

The 279 problems in the twelve chapters are distributed in 
numbers from 5 to 35 over the field of analysis as follows: 
Two chapters on quadratures and their geometric applica- 
tions. One on line integrals (complex variable, analytic func- 
tions). Four on differential equations and their applications 
tq plane curves, space curves, and surfaces, including the deter- 
mination of geodesics, asymptotic lines, and lines of curvature. 
A chapter on ruled surfaces (developable). Two chapters on 
partial differential equations and their geometric applications. 
One each on total differentials and elliptic functions. 

Some of the problems—a few—might be included in the 
lists of “harder problems” in calculus texts designed for the 
American college sophomore; more could be solved with much 
labor in algebraic and trigonometric reductions by a class in 
the advanced calculus, but many would undoubtedly have to 
be “left for later consideration.” Certainly, if the candidate 
passed an examination on a similar list he might well feel that 
he deserved his certificate. 

Ernest W. PONZER. 


Cours de Géométrie infinitésimale. By G. DgwARTRES. Paris, 
Libraire Gauthier-Villars, 1913. x + 455 pp. 


Even a cursory inspection of this volume would lead one 
to conclude that it was never intended to rival the classic 
works of Bianchi or Darboux. One easily comes to the con- 
clusion, especially after reading the excellent preface by 
Appell, that the book is intended to be a text, not a reference 
book to accompany Jectures, on a subject which, according 
to the reviewer’s opinion, is sadly neglected in mathematical 
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courses offered in this country. A course on differential 
geometry after the plan of the book under review or that of 
Scheffer's “ Anwendung der Differential und Integral-rechnung 
auf Geometrie," with which one is continually tempted to make 
comparisons, would help round out any undergraduate course 
in mathematics offered. Incidentally it would serve as a 
safe stepping-stone from the calculus to the maze of analysis 
into which the student too often is plunged headlong. 

The correct pedagogical principle, that by far the majority 
of students feel constrained to make use of geometric inter- 
pretations of analytic processes in order to understand the 
latter thoroughly, is kept constantly in the foreground. In 
fact it is with this purpose in mind that the whole of the first 
part of the book (134 pages) is developed along entirely geo- 
metric lines. Here the geometry of the infinitesimal by no 
means plays the minor réle’it too often is assigned, if it is not 
" neglected entirely—yes, even in treatises on geometry! The 
theory of infinitesimals and its application to the problems of 
curvature, order of contact, special curves, kinematics, etc. u 
is developed geometrically. So also for space curves and sur- 
faces. Definite notions are given concerning the nature of 
curvature, principal normal, tangent plane, osculating sphere, 
asymptotic and geodesic lines, etc., and theorems are proved 
entirely from the geometric side. 

If it should be that the analysis because of its generality, 
rigor, and art of being conclusive appeals to the student with 
greater force, then he might well begin the book with the second 
part; for the last three of the four parts into which it is divided 
emphasize the analysis. Or he could compare the analytic 
treatment of the subject with the geometric given in Part I— 
a comparison which would certainly help fix its principles. 
However, as far as possible, an endeavor is made to hold fast 
to geometric interpretation no matter how analytical the 
treatment becomes. As an aid in this direction may be men- 
tioned the general plan which is carried throughout the last 
three parts. This consists in expressing the coordinates of a 
moving point by & power series in terms of the displacement- 
along a curve. A proper choice of the axes ‘at the origin of the 
moving point allows & geometric interpretation of much of the 
analysis at each instant in terms of simple geometric relations. 

The theory of lines, straight or curved, iñ a plane, free to 
move, or situated on a surface, together with the usual and some 
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special theorems accompanying it, is developed in Parts II 
and III. In Part IV curvilinear coordinates are used in the 
problems and theorems of space curves and surfaces. Here is 
also included the application of line coordinates to the general 
theory of surfaces of the second order. 

A list of 136 exercises, to some of which is added the sugges- 
tion that they be solved geometrically, is given at the close 
of the book. 

It is to be regretted that the volume does not possess the 
high typographical tone and finish which characterize Scheffer’s 
text. 


ERNEST W. PONZER. 


Untersuchungen über die im Schlusswort des Lie’schen Werkes 
“Geometrie der Berührungstransformationen” angedeuteten 
Probleme. Von PHILIPP ENGELHARDT (Inaugural-Disserta- 
tion, Würzburg). Leipzig, B. G. Teubner, 1910. 65 pp. 


Tue closing lines of Lie's Geometrie der Berührungstrans- 
formationen forecasted that & second volume, which never 
appeared, would treat the theory of differential equations from 
the standpoint of contact transformations and continuous 
groups. One may well hope that this field will soon receive 
its fair share of attention and be extensively developed 
beyond the elements established by Lie. 

The thesis under review might be classed with funda- 
mental literature having this tendency. The author's 
methods are, for the,most part, those presented by Lie in 
chapter 14. 'The integral surfaces of a non-linear partial 
differential equation of the first order, F(a, y, 2, p, q) = 0, bear 
an aggregate of oo? exceptional curves called characteristics 
(Geometrie der Berührungstransformationen, pages 261, 498). 
Lie's summary of his last chapter is in the form of statements 
of six problems which are there solved. These are deter- 
minations of differential equations F = 0 defined by definite 
conditions imposed upon the characteristics or upon the 
normals to integral surfaces. Problem 2 is the determination 
of the equations F = 0 whose characteristics are lines of curva- 
ture upon all integral surfaces. Problem 4 is the determination 
of the equations F = 0 whose integral surfaces have for 
normals precisely lines of a given line complex. This thesis 
is devoted to twelve problems obtained by combining Lies 
six problems. Thus problem (2, 4) of the thesis is the deter- 
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mination of all equations F = 0 whose characteristics form 
lines of curvature upon all integral surfaces and whose integral 
. gurfaces have for normals precisely lines of & given line com- 
plex. These prove to be equations having integral surfaces 
for which the complex of normals is the «o? rays through a 
definite curve k. The characteristics are circles. 

Geometrical intuition based upon configurations defined by 
Monge equations gives direction to the analysis. There is no 
introductory summary of the principles, although a desirable 
outline could have been given in a comparatively brief space 
and would have improved the exposition. 

. O. E. GLENN. 


The Trisection of the Angle by Plane Geometry: Verified by 
Trigonometry with Concrete Examples. By JAMES WHITE- 
FORD, B.A., M.D. Bowes and Bowes, 1911. 169 pp. 


Tae book under review is another illustration of how little 
the logie involved in the impossible construction proofs of 
Klein and others is appreciated by the ordinary mind. While 
actually quoting DeMorgan to the effect that the famous 
trisecting of the angle problem cannot be solved, yet the author 
claims to present a right line and circle solution of this famous 
problem. His confidence in his construction and proofs seems 
to rest upon the fact that they stand the test of trigonometry 
aided by logarithms in fifty concrete examples laboriously 
calculated to seven places of decimals. It is hardly necessary 
to say that he has not solved the famous trisection problem 
but simply exhibits a rather close approximation method. 
His construction is not even useful as a practical drawing-room 
approximation since simpler and more exact angle trisection 
methods are well known, although of course not euclidean 
methods. What a pity that so much time, patience, and labor 
should be wasted in such useless work! 

Ernest B. LYTLE. 


Practical Algebra, Second Course. By J. V. Cottins. Amer- 
ican Book Company, 1912. x 4- 303 pp. 

Tms book is intended to meet the needs of a text for a 
second course in algebra in such schools as offer & second 
course, often eleciive, in either the juniot or senior year. 
After a rather rapid review of the usual topics of a first course 


138 BHORTER NOTICES. [ Dee., - 


in algebra, follow chapters on ratio and proportion, logarithms, 
arithmetical and geometrical progressions, the binomial the- 
orem, inequalities, and exercises in physics. 

The style is simple and the problems are numerous; the 
function notion is introduced and used in eight different 
places; the sine, cosine, tangent and cotangent functions are 
used in the solution of right triangles; correlation with geom- 
etry is made through problems involving geometric principles; 
graphic methods are used frequently; proper emphasis is 
placed upon translation from English to algebra and from 
algebra to English; historical notes and pictures of famous 
mathematicians appear in many places. d 

While the book as a whole seems to be a satisfactory text, 
yet we find a few points to criticise. Since co is not a number 
symbol in elementary algebra, we dislike “The symbol œ 
denotes an exceedingly large number," etc., page 4. “The 
exponent 0 shows that x is used no times as a factor of the 
product, or has dropped out and so does not affect the product 
of £he other factors," page 146, seems an unfortunate expres- 
sion and not helpful in emphasizing the important fact that 
any number with a zero exponent is equal to unity. In the 
treatment of imaginaries it is feared that the student will miss 
the importance of expressing in the ¢-form before attempting 
operations with imaginaries. In variation the almost obsolete 
notation is used which many wish to see eliminated; the 
better equality form is mentioned but not sufficiently empha- 
sized to avoid the difficulties students usually have with the 
language of variation. In the theory of the quadratic the 
general form az? + bz + c = 0 seems much better and is 
more usual than the form z? + pz + q = 0 which the author 
uses; p? — 4g is certainly not the usual or common form of the 
discriminant of the quadratic. i 

EnNEsT B. LYTLE. 


Complete Business Arithmetic. By Groraz H. Van Tort. 
New York, American Book Company, 1911. 4+ 416 pp. 
One of the most serious problems which we have to face 

in the teaching of elementary mathematics at the present time 

relates to the work in our ‘commercial courses. The world 
is far from coming to a decision as to what mathematics is 
best suited to the’ training of the boy and girl who propose to 
enter the field of commercial activity. The school of educators 
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who believe in nothing but the immediately practical would 
admit only arithmetic, while those who believe that the person 
who is to succeed in any line of activity must have come in 
' contact with all of the great fields of human interest, and in 
particular with mathematics, will demand at least some slight 
knowledge of algebra, geometry, and trigonometry. 

In this country our schools of commerce have emphasized 
the work in arithmetic, rarely paying any attention to the 
adapting of algebra to their purposes, or giving any considera- 
tion to the important field of measurement. In this we are 
distinctly behind the schools of Germany, Switzerland, and 
Austria, to name the three countries which have given the 
most attention to the subject. 

The work of Mr. Van Tuyl is typical of what we are doing 
in this country, and if it is not up to the ideal standard the 
blame is, to & great extent, due to the fact that we have not 
seriously attacked the problem of the curriculum. It seems 
very strange that a student who is using a book of this kind 
should need to be drilled upon the combinations in addition 
(page 31), or to have the simple process of multiplication 
explained to him (page 52), especially as the more difficult 
process of ordinary division is not explained at all. It is 
difficult to see why a student in commercial arithmetic should 
be spending his time in finding the prime factors of 12,464 (page ' 
61), the greatest common divisor of 6,859, 11,191, and 3,610 
(page 63), or the least common multiple of 36, 45, 72, 105, and 
150 (page 64). In this era of the decimal fraction and of 
approximations, it is hard to justify the reduction of = 
to an integer (page 72), or 18462 to an improper fraction 
(page 73). It would also trouble us to say what commercial 
interest is touched by such problems as the simplification of 
qe of 224 + 4 of $$. Why a subject like compound propor- 
tion (page 116), or even simple proportion as a method of 
solving commercial problems, and particularly with the old 
~ symbol (: :), should have place in a modern book like this it 
would be hard to tell, and it would be even more difficult to 
justify the expenditure of time necessary for dividing 8KI. 
7H. 5DI. 71. 6dl. 4cl. 5ml. by 5 (page 149). 

On the other hand, the drill on ‘the checking of computations, 
the work in graphs, and a considerable part of the work in 
elementary business principles have much to commend them. 

One lays down the book with the feéling that our commercial 
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courses in this country have not advanced as rapidly as our 
ordinary curriculum, and that, in spite of the good features 
mentioned above, this work will not help to improve the 
unfortunate situation. 

Davi» EUGENE Santa. 


Text-book of Mechanics. By Louis A. Martin, Jg. Vol. 
III: Mechanics of Materials, 1911, xiii + 229 pp. Vol. IV: 
Applied Statics, 1912, xii + 198 pp. 12mo. New York, John 
Wiley and Sons. 


THE first two volumes of this text* deal with theoretical 
mechanics. The volumes under review, together with a 
projected volume on applied kinetics, will constitute a course 
in applied mechanics. 

Volume III’ presents the usual theory of the deflection of 
beams by simple or compound stresses, statically indeter- 
minate beams, struts and columns (eccentric loading, buckling, 
etc.), elastic failure, and envelopes. Also the principle that 
theexternal work done by the applied forces must equal the 
total resilience due to bending and shear is extensively used 
to determine deflections; and the equations of several elastic 
curves are very neatly found in this way. There is no treat- 
ment of curved bars, flat plates, or rotating disks, nor any 
mention of core sections in eccentrically loaded columns, but 
the problem of avoiding tension in such columns is treated 
briefly. 

A fairly extensive range of applications is covered in the 
problems; but one is rather surprised at the omission of any 
applications to the distribution of steel in large reenforced 
concrete tanks, inasmuch as so many of these are now in use, 
at least in the west. Moreover, it might be well to include in a 
later edition a comparison of the various formulas for long 
columns as regards typical results, and also to insert a con- 
venient collection of the most important tables and formulas. 
This would not hurt the book as a text and would make it 
more attractive for reference purposes. 

The author says in the preface that he has attempted “to 
produce a book wflfich will encourage the student to think 
and not to memorize, to do arid not simply to accept something 
already done for him; but which still furnishes sufficient 
material in the w&y of explanation and example so that he 
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will not become discouraged." He has succeeded remarkably 
wel. There is no tendency toward “spoon-feeding”; yet the 
treatment is admirably clear and simple. Principles are con- 
cisely stated; and, with scarcely any exceptions, the exposition 
has been carefully thought out. 

It might be well to clarify the expression, “the inscribed 
curve to this polygon” (page 45), to explain why stresses may 
be regarded as constant over the surface of an infinitesimal 
element on page 137, while their increments had to be con- 
sidered on page 135; to comment on the two apparently 
distinct meanings of the symbol ’M, on pages 188-9; and to 
make the resilience formula (page 15) more general by changing 
the limits of integration to Al; and Als. Perhaps it would 
also be well, before asking the student to derive the equations 
for the elastic curve of'& certain continuous beam (example 
106), to suggest in some way the device of equating slopes of 
adjacent spans at an abutment to help determine the constants 
of integration. 

Naturally mathematicians wil object to speaking (pages 
26, 32) of a discontinuity in a function or its graph at a point 
where the slope has a discontinuity but the graph itself 1s 
free from a break; also to the statement (concerning the 
vanishing of Q whenever M reaches a maximum). *as must 
evidently be the case from the relation dM/dx = Q.” But 
let us refrain from throwing this last stone, until all of our 
standard texts on calculus have eliminated similar statements! 

Of course, calculus is freely employed in this volume; and 
the method used in formulating differential relations is the 
usual one of considering an infinitesimal element and regarding 
some variable quantity as constant throughout the small 
element, and often incidentally dropping infinitesimals of higher 
orders. (To cite a simple case from volume IV, the differential 
of work, dW = pd», is obtained by regarding p as a constant 
during the small change in v.) In teaching calculus to be- 
ginners this method is wholly unsatisfactory; but in making 
applications of the calculus it is far more convenient than any 
argument concerning limits, and is in almost universal use by 
practical men. Judging by our texts on ealculus, is there not 
a gap right here in our teaching of the ‘subject? Would it 
not be well toward the end of the calculus course to treat 
thoroughly this matter of formulating differential relations, 
with a detailed comparison of the two methods (which have 
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been aptly called the rigorous and the vigorous), and with 
considerable practice on real applications? Possibly the 
present inadequate treatment of this matter is one cause of 
the difficulty which students generally have in connecting 
their calculus with their practical work. 

But to return. Few errata have been noticed, and in most 
cases the correction is fairly obvious: read 23 for 22 (page 36, 
line 13); y for y (page 66, line 20); SÉ for 2$ in fig. 83 
(page 160); section for material (page 177, line 23); uniformly 
for gradually (page 36, etc.); efor cin the answers to examples 
113-116; and interchange t, and t in the answer to example 
119. 

Volume IV reviews and supplements numerous sections in 
Volumes I, II; and carefully summarizes the theoretical 
mechanics presupposed for the applied work. The applica- 
tions include dynamometers, expansion of steam, tractive 
power of locomotives, abutments, cranes, steam shovel and 
dipper dredge, cables, wedges, keys and cotters, sliding arms, 
screws, pivots, belts, journal friction, resistance to rolling, etc. 

The treatment of solid statics presupposes no knowledge 
of the analytic geometry of space beyond the meaning of the 
three coordinates. (In fact it is surprising how little analytic 
geometry of the plane is used in many branches of applied 
mathematies, even where the calculus is freely employed. If 
we are interested in letting our students get early those tools 
which they will most use, it would seem desirable for us to 
postpone much of the analytic geometry, letting it follow an 
introductory course in calculus, and thus make room for early 
treatment of the latter subject.) 

The author bases his entire treatment of the expansion of 
steam upon the assumption that Boyle’s law applies; but he 
treats adiabatic expansion in the case of air. It might be 
well at least to remark that the indicator diagrams for steam 
engines often satisfy a law of the adiabatic type better than 
Boyle’s law. 

Methods of approximating plane areas are discussed ; and 
Simpson’s rules are given in their usual extended forms, rather 
troublesome to remember. Why not modify the statements, 
making the basis of each rule a formula for the area of a single 
strip,—e. g, A = Stu + 3ya + 3ys Lal in the case of the 
three-eighths rule, where yı and y, are the bounding ordinates 
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of the strip, and yo and ys are the ordinates trisecting the base 
(whose length is D. The general rule is, then, simply to divide 
the area into any number of strips and apply the above formula 
to each strip. Why bother to remember the result obtained 
by summing, and why base each rule upon a set of several 
strips and then have to remember whether the rule requires the 
tote] number of strips to be & multiple of two or three? 

But this criticism, in common with several above, is directed 
more at current practice than at the particular volumes under 
review. In fact, the text is one of conspicuous merit, which 
not only promises to give good results, but also gives every 
indication of representing a course already taught with a high 
degree of success. 

F. L. GRIFFIN. 


Die angewandte Mathematik an den Deutschen mitileren Fach- 
schulen der Maschinenindustrie. Von Dipl.-Ing. Karu Orr. 
Band IV, Heft 2, Internationale Mathematische Unterrichts- 
Kommission. Leipzig, Teubner, 1013. vi+ 158 pp. ~ 


CONFESSIONS of faith are much in vogue these days with 
politicians, all of whom desire to be considered progressive. 
The author of the pamphlet under review uses considerable 
space, especially at the beginning, to create the proper atmos- 
phere around the definite points of view from which the work 
of the particular schools on which he is reporting is to be 
judged. And in the confession of the principles of his faith 
he uses the words of Runge, of Göttingen, to express himself. 
Freely translated and condensed, these principles are about 
as given below. 

The problems of applied science requiring mathematics call 
for quantitative results. Abstract and formal results are not 
sufficient. They must be correct to the proper decimal place. 
They should check. Accuracy and efficiency must obtain. 
Form and logical sequence must be seriously considered. . . . 
Suitable methods whether graphical, numerical, or mechani 
are necessary. The province of applied mathematics is to 
furnish such suitable methods. And the field is not at all to 
be considered as apart from pure mathematies but a part of 
it. Itissimply a question of a different state of mind handling 
its problems efficiently. To all of which the author adds in 
his own words that the engineering'student must have a 
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die eat understanding of the fundamental principles of the 
. mathematics he, applies and be able to reason clearly along 
technical lines.‘ “However, he need not go into the full theory 
(abstract) of all. (hr principles. An engineer may not be 
. familiar with the writings of Carng or Clausius, but he should 
be familiar with ‘the thermodynamic principles they discussed 
and haye had much experience in their application. Empirical 
methods, and results arise and are well worth while. . . . 

‚The, schoóls under consideration arose because technical 
industry required them. They are strongly influenced by 
&ctual engineering practice, and of late years the Verein 
Deutscher Ingenieure has helped outline their programs and 
general engineering training. 

The province of this special report is limited to those studies 
in a technical course in which the mathematics involved forms 
the back-bone. 'These are technical mechanics, including 
mechanics of materials, graphic statics, hydraulies, machine 
design, thermodynamics, and a general study of the problems 
ol electrical engineering. ‘The following is a composite pro- 
gram in a typical government school of the type under dis- 
cussion. 

First semester: Statics. Technical mechanics, with applica- 
tions to mechanics of materials. Elements of graphic statics. 
6 hours per week. 

Second semester: Dynamics of rigid bodies. 6 hours per 
week, 

Thwd semester: EE Thermodynamics. 6 hours 
per week. 

The methods of the seminar and laboratory play an impor- 
tant röle in the instruction, while design as handled in this 
country meets with the author’s warm approval. 

Students enter differently prepared. The cry about the 
inability of some of their students to handle the fundamental 
principles of trigonometry, powers and roots, quadratics, log- 
` arithms, ete., sounds very much like the tale of woe uttered by 
our own instructors of freshman mathematics. Some schools 
require for, entrance the equivalent of our customary first year 
mathematics, others offer & preparatory course. It takes a 
year,as with us, to Doe en efficient Homogeneity of ability 
and preparation. 

~ Some of the sohools carry pure mathematics (analysis) and 
the applied mathematics at the same time; some try to cor- 


f 
d 


D 


1914.] SHORTER NOTICES. ' l 145 


relate; others try the spiral method, where the principles are 
reviewed in the light of the principles of the calculus. With 


others the calculus is not studied 


as a separate subject and 


mechanics is handled by laboratory methods. In gerieral the 
calculus is studied later than is the practice 1n our country 
and the whole plan of procedure is not outlined as definitely 
as with us. The case is worse in the private schools of similar 
kind. Undoubtedly the situation calls for instrüctors of 
ability to handle the applied mathematics—or to side-step 


its problems with agility. 


The subject matter during the first half year must neces- 
sarily be quite elementary, and there are evidences of ingenious 
ways of dodging the rigors of the calculus. On the other 
hand there are equally ingenious demonstrations of a "near 
calculus? which in the nature of things must always arise in . 
actual engineering problems. Definitions, approximations, 
experiments, mensurations, rules, formulas, instruments, 
models—all are used. Most excellent aids—all of them; but 


should they be first aids? 


Examinations are given at the end of the course. These are 
partly oral, partly written. They are in charge of special 


committees of school officials and 


other dignitaries, including 


the instructors. The typical examination papers shown seem 
to be not at all as difficult as the average semester examinations 
on similar work in our technical schools. 


À chapter on texts in use, their 
given. A list of reference works 


strong and weak points, is 
and journals is included. 


Slide rules, planimeters and models used in teaching are 
discussed. Typical methods of handling fundamental prin- 
ciples naturally calling for the calculus without its aid are 
illustrated. Graphical methods with special reference to 
graphic statics receive much encouragement. 


Descriptive geometry here, as 


in our -technical schools, 


aims to develop the students’ power to see space relations. 


The curriculum seems not to inclu 


de the mathematical treat- 


ment of the subject which so many critics have declared 


desirable. 


Astronomy, A Popular Handbook. ` 
Macmillan Company. xi + 435 


Tus book has a broader purpose than its title would Beem +.” 8 


ERNEST W. PONZER, EN 


, ' ap 
By HaAROLD Jong "The <f - 
pages. x 7 wë de e u ep 


€ 


to indicate. It is intended to be suitable not only for the’ B - 
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general reader, but also for elementary college classes. As the 
author himself points out in the preface, these two purposes 
appear to be contradictory. While the general reader requires 
& treatment devoid of all mathematics, the college student 
should gain the additional insight into the subject made possible 
by the occasional use of algebra and geometry. The plan by 
which the author has met the difficulty is simple and natural. 
He has made the body of the text free of all mathematies, 
&nd has placed in an appendix such algebr& and geometry 
as is used. ‘Throughout the book it is apparent that he has 
aimed to make the presentation easy and attractive. The 
mathematical notes themselves are not at all difficult, and 
could certainly be mastered by any college student. 

Although the author's clear and easy style of writing has 
enabled him to produce & book that 1s indeed interesting, it 
seems to me that upon certain questions he has given undue 
prominence to his own opinions, with a marked exclusion of 
many important facts. This is particularly unfortunate in a 
book intended largely for the general reader. The layman is 
apt to take the writer’s words as those of an authority, and 
he, furthermore, has no way to know that he has read only a 
small side of a question. I refer to Professor Jacoby's treat- 
ment of the markings on Mars. In the discussion of this 
subject the book 1s 1n marked contrast to some of the excellent 
texts in general use, in which the strongest evidence in favor of, 
as well as against the canals, is plainly stated, and in which 
special emphasis is not placed on the writer's views. That 
Professor Jacoby's ideas concerning the canals are decided, 
and are emphatieally expressed, js shown by the following 
statement, page 231: " We conclude that neither by visual nor 
by photographic evidence has the existence of an artificial 
network of markings been proven, or even rendered highly 
probable. Therefore the time has not yet come when we . 
shall have to inquire whether geometric lines indicate the pres- 
ence of intelligent inhabitants; that time will arrive if the 
lines themselves are ever shown to possess a real or even a 
highly probable existence." I do not think that I misunder- 
stand the writer. *It is true that the first sentence contains 
the word artificial! but the'final statement leaves no doubt 
that it is the existence, not the origin of the lines, that the 
author is aiming at. 

Professor Jacoby’s treatment of the Martian question, and 


i 


1914. ] SHORTER NOTICES. 147 


the character of the arguments that he advances, have already 
been considered at length by Mr. E. C. Slipher.* Mr. Slipher 
is an experienced observer, and has studied the planet under 
the most excellent conditions. I refer the reader to his paper 
for a fuller discussion than is given here. In view of the weight 
that might attach to a book by Professor Jacoby, it seems to 
me proper, however, to call attention in this place to some of 
the opinions that he advances. 

It would seem that Professor Jacoby is an ultra-sceptic on 
the Martian question. As Mr. Slipher points out, he doubts 
even the universally accepted behavior of the polar caps. 
We read, page 225: “The polar spots seem to increase in the 
Martian winter season, and to diminish in the summer. Tf so, 
they may be ice caps, etc." Small wonder then that he 
refuses to accept the existence of canals if there still lurks 
with him doubt concerning the behavior of the polar spots. 
If the agreement of observers since the time of Herschel is not 
sufficient to allow him to hold a more positive opinion regarding 
the caps, it is hard to imagine what form of proof he would 
require of the fainter markings. 

As is the case with all those that deny the existence of canals, 
Professor Jacoby defends his position by advancing an illusion 
theory. In so doing he states certain views to which I do not 
think that observers, or scientists in general, wil subscribe. 
On page 229 we find the following statements regarding the 
effect of training and experience in observing: “ This theory 
explains why highly experienced observers see so much more 
than beginners. They think they are training the eye, so as 
to Increase its powers, while in reality they may only be 
training that slight imperfection of the imagination which 
tends to increase details thought to be visible. . . ‚Nothing 
more strongly increases the powers of the imagination—of 
seeing the unseen—than the knowledge that others have al- 
ready made the observation. We are very .prone to ‘see’ 
what we are told by others is visible: we think we see what 
we desire and hope to see; do what we will, we cannot prevent 
this.” Itis not by advancing such theories that the Martian 
question will be settled. The decision lies with those who have 
observed the planet continuously under the best conditions that 
can be found; and the testimony of most of these is in strong 


* “The Martian markings,” in Popular Astronomy, March, 1914, 
t The italics are mine. 
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agreement, both as to the character and extent of the markings. 
I imagine that Professor Jacoby regards all the details that he 
himself sees on Mars as real, and not the product of his 
imagination, even though some of them might not be seen by 
others, less experienced than himself. 

It seems to me very unfortunate that statements, such as 
those quoted above, should be made in a popular book by a 
professor of astronomy. They are in no way calculated to 
increase the confidence of the public in the value of astronomic 
study. Perhaps the writer did not mean them to be as far- 
reaching as they seem: Doubtless he merely overstated him- 
self in a moment of temporary enthusiasm on the Martian 
question; for we find a few pages later the following quotation 
from Herschel: “I determined to accept nothing on faith, 
but to see with my own eyes what others had seen before me." 
Or was this quotation given to discredit Herschel's work?— 
plainly he had the avowed purpose to “see” what he was 

told by others was visible." 

Í shall mention an instance in which the author puts par- 
tieular value in negative evidence. Professor Campbell’s 
observations are taken as conclusive that water vapor does 
not exist on Mars. Why make no mention even of the fact 
that Mr. Very's measures of Dr. V. M. Slipher’s spectrograms, 
without exception, show that water vapor is present? They 
were made with the best of EE and under the most 
favorable conditions. 

It 1s significant that the book ENEE no copy of any of 
the many beautiful drawings of Mars that show the canals. 
Was it not safe to gratify the natural euriosity of the reader, 
and allow him to see how so many have pictured those strange 
produets of their imagination? 
K. P. WILIAMS. 


NOTES. 


TuE annual meeting of the American Mathematical Society 
wil be held in New York City on January 1-2, 1915. At 
this meeting President E. B. Vax Vrece will deliver his 
Presidential Address, on “ The role of the point set theory in 
geometry and dynamics.” The Chicago meeting of the 
Society will be held on December 28-29. Section A of the 
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American association for the advancement of science will hold 
its sessions on December 30-31, at Philadelphia. 


A NEW edition of the List of Officers and Members of the 
American Mathematical Society is now in preparation, and 
will be issued in January. Blanks for furnishing information 
have been sent to members. A promipt response is requested, 
in order that the data may be correct and complete. 


Log office of the American Mathematical Society, provided 
and partly furnished a year ago by Columbia University, was 
destroyed by fire on the early morning of October 10, with 
complete loss of files and records and a considerable stock of 
volumes of the BuULLETIS and Transactions. Of the Trans- 
actions and the later volumes of the Beurer, the Socie 
still has a sufficient supply. But the first ten volumes of the 
BULLETIN were completely destroyed. The Society will be 
glad to receive gifts of any of these early BULLETINS, and also 
copies of the Annual Register and Catalogue of the Library, 
which were also lost in the fire. : 


THe concluding (October) number of volume 15 of the 
Transactions of the American Mathematical Society contains 
the following papers: “The conie as a space element," by 
R. A. JouNsoN; “The Weierstrass E-function for problems 
of the calculus of variations in space," by G. A. Briss; “The 
subgroups of the quaternary abelian linear group," by H. H. 
MITCHELL; “Transformations of conjugate systems with equal 
point invariants,” by L. P. ErsEeNHAnT; “Proof of the finite- 
ness of the modular covariants of a system of binary forms 
and cogredient points,” by F. B. Waer; “On the degree of 
convergence of Sturm-Liouville series," by Dunnam JACE- 
BON; "Singular integral equations of the Volterra type," by 
C. E. Lovz; "On the reduction of integro-differential equa- 
tions,” by G. C. Evans; "Invariants in the theory of num- 
bers,” by L. E. DicksowN. Also addenda and errata for vol- 
umes Ii and 14 by E. B. LyrLE and Oswarp VEBLEN, and 
general index of volumes 11-15. 

TEE concluding (October) number of volume 36 of the 
American Journal of Mathematics contains: “The quartic 
curve and its inscribed configurations," by H. BATEMAN; 
‘On the continuity of a Lebesgue integral with respect to a 
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parameter," by J. K. Lamond; “Geometry on ruled surfaces,” 
by S. LEFsCHETZ; “Restricted systems of equations (second 
paper)" by A. B. CoBLE; “Character of the solutions of 
certain functional equations,” by T. E. Mason; “Binary 
conditions for double and triple points on a cubic,” by L. A. 
HowrANp; “Modular invariants of two pairs of cogredient 
variables," by W. C. KRATHWOHL. 


THE opening (September) number of volume 16 of the 
Annals of Mathematics contains: "Invariantive characteri- 
zation of some linear associative algebras," by Outep C. 
HAZLETT; “On the theory of n-lines," by Lennie P. Copr- 
LAND; "Plane curves with consecutive double points," by 
F. R. SHARPE and C. F. Crara; “The effect of radiation on a 
small particle revolving about Jupiter," by T. H. Brown: 
"Non-homogeneous linear equations in infinitely many 
unknowns,” by Anna J. PELL; “The inscribed and circum- 
scribed squares of a quadrilateral and their significance in 
kinematic geometry," by C. M. HEBBERT; “A note on sym- 
metric matrices," by G. A. Briss. 


AFTER ten years of successful experience, the Mathematical 
club of Syracuse University has been reorganized into a 
mathematical fraternity, Pi Mu Epsilon, whose aims are the 
advancement of mathematics and scholarship. The fraternity 
is incorporated under the laws of the State of New York, with 
power to grant charters to other chapters. 


Tax Association of mathematics teachers of New Jersey 
held its first meeting at Rutgers College on November 7. 
The programme included an address of welcome by President 
W. H. S. Demarest of Rutgers College and response by H. E. 
Wess, and the following papers: “The place of mathematics 
in the high school curriculum," by G. H Eckeıs; “Number 
and the quadratic," by Rıcnarp Morrıs; “The mechanics 
of aviation," by L. P. EisExHArt; “Advanced mathematics 
in the high school,” by R. W. Lon»; “High school mathe- 
matics,” by T. Œ Van kg: “Fractional equations in 
algebra," by H H Aen: “Certain definitions in geometry," 
by H. E. WzBs. These were followed by the report of the 
committee on the constitution. The temporary officers of 
the society are RHicgamo Morris, president; H. H. ALLEN, 
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secretary-treasurer; G. G. Brower and H. E. WEBB, executive 
committee. 


Untverstry oF MowicH.— The following mathematical 
courses are announced for the present semester: By Professor 
F. Linpemann: Theory of functions of a complex variable, 
four hours; Plane analytie geometry, four hours; Theory of 
higher algebraic curves, two hours; Seminar, two hours.—By 
Professor A. Voss: Differential calculus, four hours; with 
exercises, two hours; Mechanics, four hours; Seminar in 
mechanics, two hours.—By Professor A. PRnastem: Algebra, 
four hours; Theory of numbers, four hours.—By Professor H. 
Brunn: Elements of higher mathematics, four hours.—By 
Professor F. Hantoas: Descriptive geometry, I, four hours; 
with exercises, three hours; Theory of determinants, two 
hours.—By Dr. F. Bömm: Integral calculus, with exercises, 
five hours; Mathematical statistics, four hours; Mathematical 
literature, two hours.—By Dr. H. DINGLER: Elementary 
mathematics, four hours; Differential geometry of plahe 
curves, two hours; Colloquium, two hours; Reduction of 
observational data, two hours.—By Dr. A. ROSENTHAL: 
Theory of functions of a real variable, three hours; Seminar, 
two hours. 


THe Prince Jablonowski Society announces the following 
prize problem for 1916: 

To extend the theory of linear functional differential equa- 
tions in any direction. It is particularly desired to have an 
exhaustive treatment of some new special cases. 


ON the occasion of the Australian meeting of the British 
Association, the University of Adelaide conferred the degree 
of doctor of science on Sir OLIVER Lopar, Professor T. W. 
EDGEWORTA, of Oxford, and Professor E. W. Brown, of Yale. 


Dr. W. Voat, of the technical school at Carlsruhe, has 
been appointed professor of mathematics at the University of 
een 


reach R. Rora, of the technical school at Hanover, 
has been called to the technical school at Charlottenburg, to 
succeed the late Professor HETTNER. 
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AT the University of Nebraska, Professor H. T. JOHNSON 
has resigned to enter business. Mr. O. Gsm has been ap- 
pointed instructor in mathematics. 


Proressor WILLIAM MARSHALL, on leave from Purdue 
University, has returned from Europe and has been appointed 
assistant professor of mathematics in the University of 
Arizona for the year 1914-1915. 


At the University of Pennsylvania, Dr. O. E. GLENN has 
been promoted to a full professorship of mathematics, and 
Dr. H H. MıTcHELL to an assistant professorship of mathe- 
matics. Dr. L. J. REED has been appointed instructor in 
mathematics. 


AT Wellesley College, Dr. CrARA E. Surrm has been pro- 
moted to an associate professorship of mathematics. 


Dr. H. T. Bunazss, of the University of Wisconsin, has 
been promoted to an assistant professorship of mathematics. 


At the University of Nebraska, Dr. Henry BLUMBERG has 
been promoted to an assistant professorship of mathematics. 


Prorzssons P. BourRoux and J. H. M. WEDDERBURN, of 
Princeton University, have returned to Europe and offered 
their services to their respective governments. 


Dr. C. Smaw has been appointed professor of mathematics 
in the University of Idaho. 


Dr. C. F. Crara, of Cornell University, who was granted 
leave of absence during the present academic year, has 
resumed his regular duties at the University. 


Mr. L. R. For, of Harvard University, has resigned, on 
&ccount of the war, the Sheldon fellowship on which he was 
to have studied abroad, and has accepted a lectureship in 
mathematics at the University of Edinburgh. 


Mr. P. E. Henge and Mr. L. E. Wıruıams have been 
appointed instructors In mathematics at the Georgia School 
of Technology. 
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Mr. W. A. RziNERT has been appointed instructor in mathe- 
matics at the Michigan Agricultural College. 


Mr. H. D. Frary has been appointed instructor in mathe- 
matics at the State University of Iowa. - 


Mr. E. B. Escorr, of the University of Michigan, has 
resigned his position to enter on actuarial work. 


Book catalogues: Galloway and Porter, Cambridge, Eng- 
land, catalogue 74, 412 titles.—Alexander Brunton, 54 Hanover 
Street, Edinburgh, catalogue of antiquarian and modern 
mathematical books. 


NEW PUBLICATIONS. 


I HIGHER MATHEMATICS. 


ALANDER Sur le déplacement dea zéros dea fonctions entières Där 
leur d e Upsala, 1914. 8vo. 63 pp. M. 2.50 


BAcaEıonr (L.). Le jeu, la ates et le hasard. (Bibliothéque de Philo- 
sophie scientifique.) Paris, Flammarion, 1914. 8vo. 320 Dee dun Ge 


rd (R. W.). A first school calculus. London, Arnold, 1914. E 


rires E A.). Complete set of postulates for the logie of classes 

ressed in terms of the operation “exception”, and a gr of the 

dence of a set of postulates due to Del Ré. Ber eley (Univ. 
independen }, 1914. Royal 8vo. 10 pp. 


NS (Cu.). Histoire des mathématiques. Paris, E. Belin, 1014. 
16mo. Fr. 1.76 


Bsörnngo (A.). See WERNER, 


Bomprani (E.). Forma geometrica delle condizioni per la deformabilitÀ 
delle i Mord Md Pole cie. OS tip. r. accademia dei Linoei (Estr. kendi- 
dei Lincei; scienze fisiche), 1914. 8vo. 6 pp. 


e (J. H.). The life and work of Roger Bacon: an introduction to 
the Opus Majus. Edited with additional notes and tables by H. G- 
Jones. London, Williams and Norgate, 1914. 38 


CARMICHAEL (R. D.). The theory of numbers. (Mathematical Mono- 
graphs, No. 18.) New York, Wiley, 1914.. 8vo. 94 pp. Ee 
1.00 


CASTELNUOVO (G.). Lezioni di geometria analytion. 3a edizione. 
Milano, 1914. 8vo. L. 15.00 


CHRRUBINo (8.1. Sulle curve iperollittiche con trasformazioni birazionali 
singolari in gè e sui loro moduli algebrici. Torino (Atti della r. acca- 
. demia delle scienze), tip. V. Bona, 1914. 8vo. 22 pp. 
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Cownmnoussm (C. DE). Cours de mathématiques. Tome IV: Algébre 
zu supérieure. 2e partie: Etudes imaginaires. Théorie générale des 
équations. 4e édition. Paris, Gauthier-Villars, 1914. 8vo. 24+ 
831 pp. Fr. 15.00 


D» MoRGaN (A. Essays on the life and work of Newton. Edited, with 
notes and appendices, by P. E. B. Jourdain. Chicago, Open Court, 
1914. 8vo. 212 pp. $1.25 


Erria (G.). See FnrgpnicH (M.). 


ExcxvoLoPfpr des sciences mathématiques pures et appliquées. Tome III 
volume 4, fascicule 1: en exposé d'aprés l'article allemand 
de O. Staude par A. Grévy. Paris, Gauthier-Villars, 1914. 8vo. 
164 pp. Fr. 8.00 


ENCYKLOPADIB der mathematischen Wissenschaften. Band IO 1, Heft 5, 
pp. 761-962: Elementare Geometrie vom Standpunkte der neueren 
Analysis aus, von J. Sommer. Elementargeometrie und elementare 
nicht-Euklidische Geometrie in synthetischer Darstellung, von M. 
Zacharias. ter Teil. Leipzig, Teubner, 1914. M. 6.00 

FonsvrH (A. R.). A treatise on differential equations. 4th edition. 
London, Macmillan, 1914. 8vo. 584 pp. 148. 


FnrgEpgiCH (M.). Grundzüge der analytischen Geometrie. 3te Auflage 
von G. Ki Leipzig, J. J. Weber, 1914. 207 pp. M. 2.50 


GABRILOVITSCH (L.). Ueber mathematisches Denken und den Been der 
` aktuellen Form. Berlin, 1914. . 2.50 


air Zur Theorie der Integralgleichungen. (Diss. Tubingen, 
014. 


GrupICE (F.). Teoria delle sezioni coniche e nozioni di geometria des- 
erittiva. Pavia, 1914. 8vo. 218 pp. L. 3.50 
GounsAT (E.). Lehrbuch der Analysis. Nach der 2te französischen 
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THE OCTOBER MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


THE one hundred and seventy-second regular meeting of 
the Society was held in New York City on Saturday, October 
91, 1914, extending through the usual morning and afternoon 
sessions. The attendance included the following thirty-eight 
members: 

Mr. A A. Bennett, Professor W. J. Berry, Dr. Emily 
Coddington, Professor F. N. Cole, Dr. Louise D. Cummings, 
Dr. H. B. Curtis, Professor L. P. Eisenbart, Professor H. B. 
Fine, Dr. C. A. Fischer, Professor T. S. Fiske, Professor W. B. 
Fite, Dr. G. M. Green, Professor C. C. Grove, Professor H. E. 
Hawkes, Mr. S. A. Joffe, Professor Edward Kasner, Pro- 
fessor C. J. Keyser, Mr. P. H. Linehan, Professor James 
Maclay, Professor Helen À. Merrill, Dr. R. L. Moore, Pro- 
fessor Richard Morris, Mr. G. W. Mullins, Professor W. F. 
Osgood, Dr. G. A. Pfeiffer, Dr. H. W. Reddick, Miss C. E. 
Seely, Professor L. P. Siceloff, Professor Clara E. Smith, 
Professor P. F. Smith, Professor W. B. Stone, Professor H. D. 
Thompson, Professor Oswald Veblen, Mr. H. E. Webb, Mr. 
R. A. Wetzel, Professor H S. White, Miss E. C. Williams, 
Professor E. B. Wilson. 

, Vice-President L. P. Eisenhart occupied the chair. The 
Council announced the election of the following persons to 
membership in the Society: Dr. H. R. Kingston, University 
of Manitoba; Dr. Edward Kircher, Massachusetts Institute of 
Technology; Mr. Colin MacLennan, Havana Railway, Light 
&nd Power Company; Mr. E. E. Moots, Walla Walla, Wash.; 
Mr. C. N. Reynolds, Jr., Harvard University; Dr. Joseph 
Rosenbaum, New Haven, Conn.; Dr. Joseph Slepian, Cornell 
University; Dr. Anna H. Tappan, Iowa State College; Dr. 
Mabel M. Young, Wellesley College. Four applications for 
membership in the Society were received. 

'The Council submitted a list of nominations for officers and 
other members of the Council, to be plaeed on the official 
ballot for the annual election. A committee was appointed 
to audit the accounts of the Treasurer for the current year. 
Arrangements were made to adjust the insurance on the 
property of the Society destroyed by ftre on October 10, and 
to restore the office to working conditions. 
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The following papers were read at this meeting: 

(1) Dr. G. M. Green: “On completely integrable systems 
of homogeneous linear partial differential equations." 

(2) Dr. G. A. PrErrrER: “Contributions to the conformal 
geometry of analytic arcs." 

(3) Dr. C. A. Fischer: “Conditions for a minimum of an 
n-fold integral.” 

(4) Mr. E. C. KeMa3rz: “Note on the definition of work." 

(5) Professor H. S. Wurre: “Census of the triad systems 
on 15 letters.” 

(6) Professor Epwarp Kasner: “A law of reciprocity in 
the calculus of variations." 

(7) Professor K. P. Wmrusams: “Concerning a certain 
totally discontinuous function.” 

(8) Professor T. H. Gronwa tu: “Some remarks on con- 
formal representation.” 

The paper of Mr. Kemble was communicated to the Society 
and read by Professor Osgood. In the absence of the authors, 
the papers of Professors Williams and Gronwall were read by 
title. Abstracts of the papers follow below. The abstracts 
are numbered to correspond to the titles in the list above. 


1. The completely integrable systems of homogeneous 
linear partial differential equations considered in Dr. Green’s 
paper contain any number m of dependent variables yi, ys, 
“+, Ym, and any number p of independent variables «i, us, 
-++,u,. Any solution y of the system is expressible linearly, 
with constant coefficients, in terms of a fundamental system 
of n solutions: yy = cy + cay? +--+ + cay”; and all 
derivatives of the dependent variables, of any order, are . 
expressible linearly in terms of n primary derivatives. A 
certain determinant W, formed from the primary derivatives 
of a fundamental system of solutions, takes the place in this 
discussion of the wronskian for a single ordinary homogeneous 
linear differential equation of the nth order. It is proved 
that the first derivatives of W with respect to the independent 
variables are given by the equations 


WA, = fW; i W,, =, fW, "tty Wa, SC foW, 


where the f’s are functions of the coefficients, and possibly 
of some of their derivatives, of the given system of differ- 
ential equations. They satisfy the integrability conditions 
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Of ,/Ou: = Of,/dus, so that W may be found by a quadrature 
from the coefficients of the differential equations. 

The chief purpose of the paper is to prove that the system 
of differential equations may always be reduced, and without 
any difficulty, to a canonical form, in which the f’s are all 
zero. The coefficients of the canonical form are expressions 
in the coefficients of the original system of differential equa- 
tions, and are such that they remain unchanged for any 
transformation of the dependent variables of the form 
Yı Ado 055 Ym = js, Where the A's are arbitrary func- 
tions of the independent variables t1, ---,u,. Itis important, 
in Professor Wilczynski’s method for investigations in project- 
ive differential geometry, to find the above-mentioned semin- 
variant functions, and the present paper gives a method, 
always applicable, for calculating them expeditiously. 


2. The greater part of Dr. Pfeiffer’s paper is devoted to 
an investigation of the properties of symmetry, i. e., the 
pairing of points symmetric with respect to an analytic arc, 
and the associated functional equations. Theorems are given 
concerning the existence of an analytic arc such that with 
respect to it one of two given intersecting analytic arcs is the 
symmetric image of the other. This is “the bisection prob- 
lem," so called by Kasner. A theorem concerning the 
"n-sector of two given intersecting analytic arcs" is also 
obtained. 

Closely related results are also given stating necessary and 
sufficient conditions for the conformal equivalence of certain 
pairs of intersecting analytic arcs to a rectilinear angle and 
* showing the existence of a unique absolute conformal invariant 
of & pair of intersecting analytic arcs such that the magnitude 
of the angle formed by them is commensurable with r. Kas- 
ner has already shown that at least one such invariant exists 
and proved its uniqueness in a few special cases. 


3. The necessary conditions for a minimum of a double 
integral expressed in parametric form haye been discussed 
by Kobb and others. In this paper Dr. Fischer derives the 
analogous conditions for a minimum of the n-fold integral 


f f Dl. f Pie, a, ++, Erti Pro Pit ^ — Dupin) duty dus «++ dus. 
The analogue of the Lagrange differential equation, and a 
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variable boundary condition are derived. The variable 
boundary condition is reduced to a very simple form in the 
special case where 21, s, --*, t4 are the independent vari- 
ables. Then the analogues of the Legendre and Jacobi con- 
ditions are discussed, and sufficient conditions are derived 
for & permanent sign for the second variation. 


4. In Mr. Kemble's paper a difficulty in the usual definition 
of the work done by a force applied at a point is indicated, 
and a new definition is suggested. It is proved that the 
work done as defined is equal to the increase in the kinetie 
energy of the body to which the force 1s applied. 


5. Special methods from 1852 to 1913 brought to hght 12 
distinct triad systems on 15 letters. Miss L. D. Cummings 
added, in 1914, 12 further systems. No attempt had been 
made to secure an exhaustive list of possible systems. In the 
present paper Professor White studies first the kind of sub- 
stitution that can leave a, triad system invariant. All such 
must have as some powers substitution of one or another of 
seven typical forms. The problem therefore is next to find 
all systems that are invariant under each of these seven sub- 
stitutions. In this way only such systems are omitted as 
may have no group except identity. By this means twenty 
new systems are found. 


6. In & previous paper, Professor Kasner investigated the 
geometric character of the transversality relations connected 
with the minimizing of double and simple integrals in space. 
‘The main result of the present paper is that with each double 
integral f f F(a, y, 2, p, Q)dady there is associated a simple inte- 
gral f G(x,y,2, y’,2’)dx such that the corresponding transversali- 
iies are inverse to each other. Each of the integrand functions F 
and G determines the other except for a factor involving only 
x, y, z Other theorems relate to the case where F and G 
have the same form, and the case where the two transversalities 
are orthogonallyrelated. - 


7. Professor Williams’s paper appeared in full in the Decem- 
ber BULLETIN. f 
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8. In the present paper, Professor Gronwall proves the 
following theorems: 

I. When the analytic function z = f(z) = ao + aıc dT 
+ ang” + --- effects the conformal representation of the 
circle |z| « 1 on a simple (that is, simply connected and 
nowhere overlapping) region in the z-plane, the area of this 
region not exceeding A, then, for |x| € r< 1, 


E oom A 1 
[fe A4 tog and els NS Ls. 


and these upper boundaries of |f(x)| and |f’(x)| cannot be 
replaced by any smaller ones. Less accurate limitations have 
been given by Koebe and Courant. 

II. When z = f(z) = l/r + am + as + +++ 4+ ana ™+--- 
effects the conformal representation of the circle |z| « 1 on a 
simple region in the z-plane containing the point at infinity, 
then |f(z)|« 9/4r for |z|— r « 1. A less accurate limita- 
tion has been given by Fricke. 
F. N. Core, 


i Secretary. 


THE TWENTY-SIXTH REGULAR MEETING OF 
THE SAN FRANCISCO SECTION. 


Tue twenty-sixth regular meeting of the San Francisco 
Section of the Society was held at the University of California 
on October 24, 1914. Twenty-two persons were present, 
including the following members of the Society: 

Professor R. E. Allardice, Dr. B. A. Bernstein, Professor 
H. F. Blichfeldt, Professor C. E. Brooks, Dr. Thomas Buck, 
Professor L. E. Dickson, Professor M. W. Haskell, Professor 
L. M. Hoskins, Dr. Frank Irwin, Professor D. N. Lehmer, 
Professor J. H. McDonald, Professor W. A. Manning, Pro- 
fessor H. C. Moreno, Professor C. À. Noble, Professor E. W. 
Ponzer. 

The chairman of the Section, Professor Manning, presided 
at the opening of the meeting; the chairmän-elect, Professor 
Haskell, then took the chair. The following officers were 
elected for the ensuing year: chairman, Professor Haskell; 


secretary, Dr. Buck; programme committee, Professors 
Manning and Blichfeldt, and Dr. Buck: 
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It was voted to omit the spring meeting of the Section 
because of the summer meeting of the Society to be held in 
San Francisco, and to hold the fall meeting at Stanford 
University at a date to be determined later. 

The question of a colloquium in connection with the summer 
meeting in 1915 was discussed, and it was decided to petition 
the Council to arrange for such a colloquium. 

The members took luncheon together as usual. 


The following papers were presented at this meeting: 

(1) Dr. Frank Irwin: “Relation between the zeros of a 
rational integral function and its derivative.” 

(2) Professor M. W. HaskEnr: “The maximum number of 
stationary points of algebraic curves." 

(3) Professor D. N. LEHMER: "Some further results in the 
theory of the continued fraction representing the surd R'A?” 
(second preliminary report). 

(4) Professor L. E. Dickson: “On formal and modular 
invariants.” 

(5) Professor L. E. Dickson: “On modular curves." 

Abstracts of the papers follow below. 


1. The proposition that the roots of the derivative of a 
polynomial lie, in the complex plane, inside the smallest 
convex polygon containing the roots of the polynomial itself 
is well known; but Hayashi’s proof recently published in the 
Annals of Mathematics is the first, so far as known, not based 
on dynamical conceptions. Dr. Irwin points out that an 
extremely simple proof of this kind may be given. 


2. Professor Haskell shows that the maximum number of 
cusps possible for a plane curve of order m is the greatest 
integer in m(m — 2)/3; and that in every case there is a 
self-dual curve with this maximum number of cusps. The 
cases m = 4 and m = 6 are exceptions, the maximum number 
of eusps being 3 and 9 respectively. 

In the case of space curves, the Plücker equations can be - 
satisfied by the same maximum number of stationary points, 
‚but it can be shown that,the curves are then either plane 
curves or reducible. 


3. Representing the, complete quotient in the expansion of 
R^ in a continued fraction by 
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P,--A,R^ -B,RM^ + O RAH. K,RO-Ð AJ- L, ROD IA 
ee m t ze Qu © | — —— 


and the corresponding convergent by an/ßn, Professor Lehmer 
has obtained certain interesting inequalities connecting the 
P’s and Q’s, which show that there can be only a finite number 
of P’s which have the same value. In a former paper it was 
shown that the Q’s satisfy the indeterminate equation 


= IQ = on — Ry; 


and by a general theorem due to Axel Thue (Christiania, 
Videnskabs-Selskabet Skrifter, 1908, No. 3), there can be 
only a finite number of Q’s having the same value in the 
expansion. This important result has not yet been derived 
from the discussion of the continued fraction itself. 


4, The first paper by Professor Dickson gave a survey of 
the main results in the theory of invariants arising in the theory 
of numbers. Special attention was given to the construction 
of formal modular invariants from the geometrical stand- 
point developed in the October number of the Transactions. 


5. The second paper by Professor Dickson related to the 
theory of modular cubie and quartic curves for the interesting 
case in which the modulus is 2. Such a quartic curve has at 
most seven bitangents (and aside from special cases exactly 
seven) whose intersections are either singular points or points 
with indeterminate polars. In general, all such points are 
intersections of bitangents. The equivalence of two quartic 
curves can be decided from a knowledge of their real points, 
their singular points, &nd their points with indeterminate 
polars. THomas Duck, 

Secretary of the Section. 


MODULAR INVARIANT PROCESSES. 
BY PROFESSOR O. E. GLENN. 
(Read before the American Mathematical Society, September 8, 1914.) 
Introduction. | 


Let f = age + --- be an ordinary algebraical quantic in 
m variables. Suppose that it is subjected to linear trans- 
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formations whose coefficients are” parameters representing 
positive residues of a prime number p. The result, f' = 


Gyr, + +++, will be a quantie whose coefficients will be 
linear forms in the variables ao, a1, ++- with integral coeff- 
cients. Any function e of the coefficients and variables 

g = (ao, Qi, °°"; X1, 25, ten) 
which possesses the property 


(a, ai, dt 23, .)= p*e(ao, Al tt; 2$ D, ee) (mod p) 


identically in the a's and z's, p being the modulus of the 
transformation, is called a formal modular covariant of f,* 
or & formal covariant modulo 7 of f. 

It is the purpose of this paper to develop some invariant 
processes which produce concomitants of this type; that is, 
processes which are characteristic of the invariant theory of 
modular transformations. 


$1. Modular Polars. 


It is easy to prove that with reference to m-ary transforma- 
tions with integral coefficients modulo p the following set of 
functions is cogredient to the set of variables tı, Te, *--, tm: 


re, o, e ege Th (t a positive integer). 
In fact if the transformations are 
(1) ti = Aa + mti tr: Les ($—1,,, 
we have by the multinomial theorem 
zy Mie Lait Lea? (mod p). 
Hence by Fermat's theorem 
(2) ot Au tu + tom (mod p), 


which proves the statement. 

In any formal-modular invariant function ez.) we may 
replace the variables x, by ze -- Iz?‘ without disturbing the 
property of invariance. Hence follows the theorem. 


, * Hurwitz, Archiv der Math. und Phys., ser. 3, vol. 5 (1903), p. 17. 
Dickson, Madison Colloquium Lectures, Lecture IIÍ, and Lecture IV, p. 68. 
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TuHEOREM 1: The modular polar 


d 
(3) Esa tofu de We (mod p) 


du 


18 an invariant operator. 


Any other set of functions fi, fs, ---, fm which possesses the 
property of cogrediency with the variables will furnish a 
modular polar operator. 

For illustration consider the modular polars of the quadratic 
form in 7 variables with arbitrary coefficients 


Qm — 2; dëtt (t? S j). 


GES 


Operating with EO) we obtain the polars 


EL qm = > Go du + 22, a: ae", 
(4) KN = 
FES gm = Y 550225 


t, J—1 


These are both formal-modular covariants of qm under (1). 
A direct extension shows that if n = 0 (mod p), an m-ary form 
fna has n covariant polars FI (r= 1, 2, +++, n) of degree 1 
in the coefficients. If p > n, none of these polar covariants 
wil vanish modulo p. Thus ifn = 3, p > 3, m = 2, we have 


BP = aft Rae, fo auth Lac oe 
and 
SELF = aw + Zeil, + aatri + aimi 
+ Zara t! -+ ah, 
IE = agi?" + at + Zach + Dat 
+ am + aget, 
VUA f = ax]? + 3aizi'at' + Sag ai?" + aa. 


The analogy which this polar theory presents when com- 
pared with the algebraic polar theory is closer than it might 
appear to be at first sight. For a little consideration will 
show that it is immaterial whether we operate directly with 
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EX, as in the illustrations above, or whether we operate 
d er 
with E(y) = ( vx) the requisite number of times in succes- 


sion and then set y; = a (i = 1, ..., m). The two results 
will be identical modulo p. The essential difference between 
the present theory and the algebraic theory is that an algebraic 
polar becomes the original polarized form when (y) = (az), 
whereas in the present theory (y) is expressible in terms of (x) 
in such a way as to give covariants other than the form itself. 


$ 2. Modular Aronhold Operators. 


Let us suppose that f is a form having u + 1 coefficients. 
As previously stated, the coefficients a,’ (i = 0, ---, u) of the 
transformed of f under (1) are linear forms with integral 


coefficients in the variables ao, a ---, that is 
(5) a, = Eao + na + --- + ra, (mod p) (i= 0, 1, ---, u), 
where £;, 7; *:- take all values modulo p which are induced 


by the linear, group (1). Thus (5) form a group induced by 
(1). Under group (5) the following are cogredient to do, 
Qj, °°", Ay: 

ai’, of, OË (tany positive integer). 
Hence ($ 1) the following operator, applied to any concomitant 
of f, gives a formal concomitant modulo p: 


GÉIE) = os a Z EE (mod p). 
Consider & binary quadratic form 
f = ati + 2ayzyms + ge, 
Let p= 3. The algebraic concomitants are f and its dis- 
criminant D, and we have 
0j? f = azi + Zon + aii 
TD = aoa, + ai + geg? 


The latter are formal con¢omitants, modulo 3, of f. The 
modular Aronhold operator AUT applied successively to a 
concomitant of f - 


p(do, Gy, t1, Amy, Tl; °° d 


(mod 3). 
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gives a series of formal modular concomitants intermediate, 
in the sense of Boole, to o and 

(6) gr = plai, aj, +++, am, My cn). 


If bo, bh, b, are the coefficients of a second m-ary 
quantic g of the same order as f, and p an invariant function 


of f and g, then 
d 
py _ f 
(ra) ez 


applied to e, give simultaneous formal modular concomitants. 


$3. Modular Transvectants. 

We define the modular transvectant o vo binary forms 
fe) = gef + main +++, (x) = bori + nbs m +: 
m,n=0 (mod p), 

as follows: Operate upon f(z)e(y) with 
0? ð? 
| Id ` Zén 
r times, divide by m In 1/(m — r) | (n — r) land in the result 
set y, = 2 (¢ = 1,2). The result, which we abbreviate as 


(f, Xz is the rth modular transvectant of f and e. Thus, if 
m= n = 2, 


(f, el, gab — bel" + (aob — gab + (abi — abo) zs 
+ (obs — asbi)z$*! (mod p), 
(f, (f, eil = (aoma — ai) [bort t! + by(a as + mrg) + beat] 
= $D-E$e(z) (mod p). 


I proceed to the problem of finding a canonical formula for 
(f, )%:, from which several properties can be derived. A well- 
known form of Gordan's series* gives the expansion of 


(m — r)l(n— 2E 
mln! 


Of (z) ely) 


as & power series in the argument (zy). In the Aronhold 


* Grace and Young, Algebra of Invariants, ‘p. 55. 
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symbolical notation (f(x) = až, e(y) = b*) this is 


T Tr n— r 
(abya -b= = 2 (f, ei yy. 
O 


The algebraical transvectant (f, p)" is obtained from this by 
the change y — z, the right hand side reducing to the first 
term since (zz) = 0. The modular transvectant is obtained 
from this same expansion by the substitution y = x”. It 
does not reduce to a single term on the right but becomes a 
polynomial in the universal formal modular covariant 


L, = (Gëf) = fe u. 


m—-r\/fn-r 
E 


% 


THEOREM 2: 
prc t. 


where 
N, = (— 1} (m — i — r) l/ [n4 n —2( + r)].! 


In this expansion E and L, are modular and (f, ei is 
algebraic. 

We may note that a modular transvectant of a form with 
itself, of odd index (f, f); , does not vanish identically. 
But it is reducible in all cases and contains the factor Le. 
The transvectants (f, el, (e, f) are entirely distinct, 
although they may be called: conjugates owing to their sym- 
metrical relationship. 

À modular transvectant is & linear combination of modular 
polars of algebraic transvectants with the universal covariant 
IL, added to the system. It is known* that L; is rationally 
expressible in terms of Lı and Q = L/L. Moreover I have 
proved in another paper that Q is a covariant of Lı. Hence 
one method of procedure in constructing systems of concomi- 
tants of a quantic f. (modulo p) is to construct the algebraical 
fundamental system of f and polarize it by the operators 
EP, &. Then join Z4 to the polar system and form a second 
system consisting of the simultaneous fundamental system. 
of f and L4. The forms of the second system which are not 


* Dickson, Transactıons, vol. 12 (1911), p. 75. 
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found in the polar system are to be added to the polar system. 
That some forms of the second system will be polars is evident 
from the fact that, if F is any form whose order is not divisible 


by P, 
(L, F) = ae +42 = EPF (mod p). 


I 


$ 4. Concomitants of a Linear Form. 


Let f = ag + am; p = 3. The algebraical system of f is 
f itself. Polarizing this, we have 


C = EQf = ay d as Co = EYf = oe + a 
D = AT = am + a. 
The modular system of J, is 
L = rn — 2,03, Q = xf + rizi tigt. 
The simultaneous system of f and £4 is 
u) (rol, AG (so 1, 9*6) 


Of these, some belong to the polar system and some are 
pasen as (Q, f*)? = fC (mod 3), etc. But 


= (L, f *)* = aja, — aai, 
= (Q, f°)? = a, T agai ++ aoa; a, 
= (Q, IT = a,(a, “= ole: ES Ay; T, t 12323 


+ gege — aj)25. 
The polars 


EQD=f3, EPE=DL, WA=0, PB =Æ (mod 3) 
are reducible. The polar C’ is also reducible. In fact, 
C’=CQ—fL* (mod 3). 


The complete set of irreducible concomitants, modulo 3, of 


the linear form f is 


A, B, C, D, E, f, Ly Q- 


UNIVERSITY OF PENNSYLVANIA, . 
PHILADELPHIA, PA. 
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INVARIANTS, SEMINVARIANTS, AND COVARIANTS 
OF THE TERNARY AND QUATERNARY 
QUADRATIC FORM MODULO 2. 


BY PROFESSOR I. E. DICKSON. 


(Read before the American Mathematical Society, September 8, 1914.) 


1. A SIMPLE and complete theory of seminvariants of a 
binary form modulo p was given in the writer's second lecture 
at the Madison Colloquium.* A fundamental system of 
covariants of a ternary quadratic form F modulo 2 was ob- 
tained in the fourth lecture. In place of the method employed 
there (pages 77-79) to obtain the leading coefficient of a 
covariant of F, we shall now present a simpler method which 
makes it practicable to treat also the corresponding question 
for quaternary quadratic forms. The new method is, more- 
over, in closer accord with the underlying principle of those 
lectures, viz., to place the burden of the determination of the 
modular invariants upon the separation of the ground forms 
into classes of forms equivalent under linear transformation. 
By making the utmost use of this principle, we shall obtain a 
simpler solution of the problem for the ternary case and then 
treat the new quaternary case. 

Let the coefficients of the quadratic form 


Qn = Zbai-d- Xm; (j= 1, n; 7> 1) 


be undetermined integers taken modulo 2. In a covariant 
of order w of qn, the coefficient of z? is called the leader and 
also a seminvariant. It is invariant with respect to the group 
G generated by the linear transformations on 2, ---, mi 
and those replacing z, by zn + l, where lis a linear function 
of 21, +++, &n-1, the coefficients in each case being integers 
taken modulo 2. 
2. For n = 2, Gis composed of the transformations 


a= CH „I = a 
Taking ¢ = bı and applying the transformation to 


* American Mathematical Society Colloquium Lectures, volume IV, 
New York, 1914; cited later as Lectures. 
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qa = bat bet Data 
we get 


/ ‚2 ‚2 Por 
qa = oz, + bx. F Citita 


o = bi(by + ee + 1). 


Evidently e, be, and cg are seminvariants. Since therefore 
they completely characterize the classes of forms & under G, 
they form a fundamental system of seminvariants of qs. 


Since ous and 
da = (bi + est 1) (ba + cg + 1) 


remain unaltered when b, and 5, are interchanged, they are 
invariants and, in fact, form a fundamental system of in- 
variants of @. 

3. For n = 3, we have the seminvariants b; and 


P = (es + (ies + 1), 
and the invariants (Lectures, pages 69, 74) 
A = P (ca + 1), A = Cege + bica + bacız + Dag, 
Ja = Bıßaßs, 
of which A is the discriminant of qs, and 
1= b+ (es + l)(es + 1), Be = bs + (es + 1)(es + 1), 
Bs = bs + P. . 
THEOREM. A fundamental system of seminvariants of qg is 
given by bs, P, A, A, Js. 


It suffices to prove that they completely characterize the 
classes of forms g3 under the group G. We have 


Qs = Qa + Lee + bszi, l = 032; + Gap, 


(I) bg = P = 0. Then lis not identically zero and can be 
transformed within G into a. In e + zz; we replace x; by 
Zg + C1221 + 0523 and obtain Art + 273. 

(II) b= 0, P=1. Then l= 0, q= q. Thus A= 
ca t l and Jz = dä which completely* characterize the 
classes & ($ 2). i . 

(LII) bg = 1, P — I. In qs = q+ we replace zs by 
zs + bii + bya, and obtain oss + z3, where eg = A+ 1. 

(IV) b; — 1, P— 0. As in (D, we'may stl=x. Re- 


where 
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placing ze by 23 + bn, we may set also 54 = 0 in ge, Then 
A= C12; Ja = (Ca + 1)5. Thus, if A = 0, qa = BER But, 
if A= 1, we replace p by u + bea and get qs = zi. In 
either case, the coefficients of the final o are determined by 
the seminvariants. 


COROLLARY. There are exactly eleven linearly independent 
seminvariants of qs; they may be taken to be 1, A, A, Ja, Ads, 
bs, bes A. bah, bad 3, P. by P. 

In fact, the number of classes in the four cases was 2, 4, 
2, 3, respectively. Hence (Lectures, page 13) there are 
exactly 11 linearly independent seminvariants. The 11 func- 
tions in the corollary can be proved to be linearly independent 
either in the usual direct manner or more simply by noting 
that any polynomial in be, P, A, A, J3 can be reduced modulo 
2 to a linear function of the 11 by means of the relations 


AA = AJ; = bzAJ; = 0, PA = P 
PA = b(A + P), PJ; = (bs + 1)J;. 
4. For n = 4, the discriminant of 9, is the Pfaffian 
[1234] = gës + C13024 + CraCas. 
Another evident invariant of q is Ag = Au, where 
u = (ei + Diet 1)(e« + 1). 
We shall employ the abbreviations 
B, = by est 1) (eis + 1) (eu + 1), 
By = by + (en + Dies + I) (ou + 1), 
B; = ba + (cr + 1) (6s + 1) (624 + 1), 
B, = by tu. 
Then* q, has the further invariants 
Js = B,B.BsBy + bib,b,5,[1234], 
K = XDybacsy + Dbi(casces + Orca + Gun + Ca F Ca F Ga 
+ [1234]2b, + Dew + Zergei + Zeapsëu 
+ creCisCrsCa + CreCraCraCes F CrsCraCasCes + 21134, 





* Proc, Lond. Math. Sot., ser. 2, vol. 5 (1907), p- 308. 
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the subscripts in the final sum being 
121324, 121334, 121423, 121434, 
131423, 131424, 122434, 12 23 34, 
13 23 24, 132434, 142324, 14 23 34. 


We have the seminvariants b; and u since 


3 
q4 = qs Xx b xi, A= 2, Cate 


THEOREM. A fundamental system of seminvariants of qu 1s 
given by by, u, [1234], Au, Ja, K. 

We prove that they characterize the classes q under G. 

(I b= u = 0. Then À is not identically zero and can 
be transformed within G into x3. In q3 + Zap we replace 24 
by z, + cist + Coste + bc, and get vst +q Then os 
= [1234] and Ja = K characterize the resulting classes ($ 2). 

(ID) 5, = 0,u = 1. Then A= 0, q = qs, and 


Ass A, J4— J5; K=A+AH+l|l 


form a fundamental system of invariants of qs (§ 3). 

.W)b=-u=1 If 41, u= Ebit zi  Replac- 
ing zu by zt Zb,z;, we get zi. If 4, = 0, we may take 
oa = 1, replace a by zı + Costs, 233 by za + Cz; and have 
oa = Gs = 0. Replacing z as before, we get 222 + zi. 

(IV) b, = 1,u= 0. Wemayset^ = zs asin (I). Replac- 
ing z4 by 24 + cist: + oam, we have c3 0&0. Then 
[1234] = Ci. 

First, let cg = 0. Then K = (b, + 1)(&+ 1), Ja = 03K. 
It K = 1, then b, = b = 0, b; = da and q, 1s fixed. If K = 0, 
we may set b = 1, replace 2, by zı + bz» + bar; and get 
b, = l1, b = bs =Q. 

Second, let os = 1. Then J; = 0, K = biba + bs. Replace 
xı by a1 + bts, m by a + diag, za by qa + diz, + bas, We 


get 
tita + Krs + tt + zi., 


COROLLARY. There are exactly sixteen linearly independent 
seminvariants of qa; they may be taken to be the invariants 


1, k= [1224], Ay, Jo E, sa KK, 
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the products of ba by the preceding other than AyJı, and 
U, bat, (b, + 1)uA. 


For, the number of classes in the four cases was 4, 5, 2, 5, 
respectively. Any polynomial in the six seminvariants given 
in the theorem can be reduced to a linear function of the 
sixteen in the corollary by use oft 


kA, = kJ, = AK = 0, JACK + Ag + 1) = 0, Da lala = 0, 
wA, Aa, uk=0, uJí—(b,4-1)J,, uk = (by-1) (u4d- Ag+). : 

5. Consider a covariant of odd order w of o 

C = Sa? + SIE TEE + -e 
Now q, = x, + zi replaces q by q4 in which 
(1) Cla = Ca + On, Cis = (3 + CM, bi = bi + bg + eu, 
If the latter replaces $1 by Sj, we have S; = 8; + S. Hence 
S has no term with the factor cacızbı. Of the functions in the 
corollary, only J4, 44J4, and b4J4 contain ciscisb1, and its coeff- 
cients in them.are linearly independent. Hence 
S = I+ balı + cu + db4u + e(b, + 1)uA, 

where J and J; are linear combinations of 1, k, Ay, K, kK. 

From geometrical considerations (Lectures, page 72), 

L= (k + 1){(Bı + Yart + (Ba + DER 

is a covariant. The coefficients of 2% in 4L" (t = 1, A, K) 
are 


k+ 1) 0+1) +u, Libo (+ DEEL E+ datt uh). 


After subtracting multiples of iL” from C we may therefore 
assume that c = e = 0 and that 7; is free of 44. 

First, let o = 1. Thus S, is derived from $ by permuting 
the subscripts 1 and 4. Then S; = Sı + S gives 


l= eylitd(eu+ 1) {by (Cya + C12034 + Cg4) + b, Louscr-t Gau: Cia) I, 


where œ = ca + CM +1. Let > denote the sum of the second 
member and the function obtained from it by interchanging 
the subscripts 1 and 2. Thus Z2 = 0. Taking eu = cu, we 
cR e NT er Ede ser NC NN 


" * The first four from tht table of the paper last cited, p. 311. 
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see that d = 0. Thus (u+ta)hı=0. Apply ta = z, + 2, 
whence 

Cis = Cig + C28; Cu = Cra + C24; b; = bi + b + C12. 
Then cul; = 0. Hence every c„h = 0, L = l44. But I 
is free of Ay. Hence, = 0,7 =0,S = 0. 

THEOREM. Every linear covariant of q is a linear function 
of L, A4L, KL. 

Next, let w> 1. After subtracting from C a constant 
multiple of q,L°~?, whose leader is ba, we have d = 0 in S. 
Express 8; as a polynomial in os, os, bı, and call p the coefficient 
of their product. The coefficient of ccs in Si — $1 = S, 
found from (1), is p(b, + c), and hence vanishes if b, = cy; 
while S itself vanishes if also e, = cy = 0. Applying these 
two conditions to S = I + 04h, we find that 


S = (+ 1)k(n 4- mk), n, m constants. 


Several tests failed to exclude this leader. "Whether or not 
there are covariants with such a leader S is not discussed here. 
In this connection, note the covariant 


Deyl? + rr) li, j =1,...,4; 1<9J), 
obtained by replacing the variables in the polar of (x) with 
respect to q4 by a? (k = 1, ---, 4). 


6. By means of the corollary in $ 4, and transformation (1), 
we readily obtain the 


THEOREM. Every quadratic covariant of q4 is a linear func- 
tion of L?, KI?, Iqa, where I is an invariant. 


UNIVERSITY OF Cucaao, 
June, 1914. 


THE CONVERSE OF THE HEINE-BOREL THEOREM 
IN A RIESZ DOMAIN. 


BY DR. E. W. CHITTENDEN. 


(Read before the American Mathematical Society, April 11, 1914.) 


IN various generalized forms of the Heine-Borel theorem* 





* Cf. M. Fréchet, “Sur qug points du calcul fonctionnel,” Rendiconti 
del Circolo Matematwo di Palermo, vol. 22 (1908), p. 26; and T. H. Hilde- 
brandt, “A contribution to the foundations of Fréchet/s calcul fonc- 
tionnel," Amer. Jour. of Mathematics, vol. 34 (1912), p. 282. 
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for a class © of elements q, the condition that © be extremal* 
appears as a necessary condition. It is the purpose of the 
present paper to show that this condition is necessary in any 
domain for which a Fréchet limitis defined; and furthermore, 
' that if the property extremal be replaced by the property self- 
compact (a class is self-compact if its every infinite subclass 
has a limiting element in the class), more general domains 
may be considered,—notably; those of F. Riesz] for which 
limiting element is the fundamental relation, and those of 
T. H. Hildebrandti for which a limit of a sequence need not 
be unique.$ 


1. Self-Compact Classes in a Riesz Domain. 


A Riesz domain is formed by a class P which admits a 
relation “limiting element" between single elements and sub- 
classes T of B with the following properties: 

(1) If & has a limiting element in P, © contains at least 
two elements. 

(2) If p is a limiting element of Z, p is a limiting element 
of any class containing ©. 

(3) If p is a limiting element of J, and Z is divided into 
classes $5, $5, then p is a limiting element of $ or 2. || 

In a Riesz domain an element p is interior (90) 4| to © in 
case € contains p and a single element (distinct from p) of 
every class T of R which has p for a limiting element. 

A family [©] of classes © is an extended enclosure of a class Q 
if for every element q of © there exists an ©, of © such that 
q is interior (Q) to ©. 


* Cf. Fréchet, loc. cit., p. 7. 

t “Stetigkeitsbegriff und abstrakte Mengenlehre,” Atti del IV Con- 
gresso Internazionale dei Matematiche, Roma, 1908, vol. 2, pp. 18-24. 

t Loc. cit., p. 241. 
_ § It is desired to call attention to the fact that it is self-compactness 
rather than extremality which is essential in many theorems of the calcul 
fonctionnel of Fréchet, and that by the use of this concept most of the 
theorems of Fréchet which involve the hypothesis of extremality may be 
extended to domains for which the limit relation is not subject to the 
uniqueness condition. This has been done to a large extent for classes 
which admit a development A in a paper presented to the American 
Mathematical Society in 1913 by Professor Pitcher and Dr. Chittenden, 
which is not yet published. 

The three propérties just given are equivalent to the ones stated by 

F. Riesz in his Rome paper already cited. That T contains an infini 
of elementa if it has a limiting element is a consequence of (1) and (3). 
This is established’ by successive removals of a single element from Z. 
There always must remain two at least. a 

€ Read: interior to € relative to R. This relativity feature was intro- 
duced by T. H. Hildebrandt, loc. cit., p. 268 (10). 
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A class Q has the Heine-Borel property if every family [€] 
which is an extended enclosure of Q contains a finite sub- 
family with the same property. 


TmgoREM I. Jf a class Q in a Riesz domain has the Heine- 
Borel property, Q is self-compact. 

We have to show that every infinite subclass of Q has a 
limiting element in Q. Suppose there exists an infinite sub- 
class R of Q with no limiting element in Q. From condition 
(2) it follows that 9t contains a sequence {qa} of distinct ele- 
ments with no limiting element in OQ. We define [G,], an 
extended enclosure of Q, as follows: ©, contains all elements 
of Q except the elements d, Gaz +++. Every element of 
X) is contained in some ©,. Let q be any element of Q and 
X any subclass of Q which has o for a limiting element. 
Let €, denote the elements of T which are in the sequence 
{Qn}, $4 the remaining elements of T. By (2) q is nota 
limiting element of Zi, and by (3) therefore, q is a limiting 
element of {;. But XT is contained in every G,. Hence [G,] 
is an extended enclosure of ©, such that no finite subfamily 
of [©,] contains all the elements of Q. This is contrary to 
hypothesis, and the proposition is proved.* 

2. Limiting Element Defined in Terms of Limit. Systems 
(P; L l 

Following T. H. Hildebrandt, we denote by L (limit) 
any relation between a sequence of elements and a single 
element. If & relation L holds between a sequence {Pr} 
and an element p, we say p is a limit of {pn} and write 


P = Laph. 


À class P and a relation L defined for that class form a system 
(B ; L). 

The following properties are fundamental in the theory of 
the relation L: 

(1) If a sequence has a limit, the limit is unique. 

(2) If a sequence has a limit, its every subsequence, taken 
in the same order, has the same limit. $ 

(3) The identical sequence (p;], Pa = Din), has p for a 
limit. A relation L having & property t (? = 1, 2, 3, 12, 13, 
23, 123) will be denoted by L’. An L9 is æ Fréchet limit. 

* If © is finite it is compact in a vacuous sense. Every finite class has 
the Heine-Borel property. 

T Loc. cit., p. 241. t Loc. cit., pp. 6-7. 
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In a system ($ ; L), p is a limiting element of class T if X 
contains a sequence {pn} of distinct elements having p for 
a limit. 

The following theorem follows readily from this definition 
of limiting element. 


THEoREM II. In a system (P; 12), P 4s a Riesz domain. 

As an immediate consequence of theorems I and II we have: 

THEOREM III. In a system (PB; L>), every class Q which 
has the Heine-Borel property 1s self-compact. 

We may extend the result of Theorem III with the aid of 
the following lemma. 

LEMMA. In a system (B; L?), every self-compact class X3 18 
extremal. 

Q is compact by hypothesis. We have to show that © is 
closed. That is, if pis a limiting element of T, a subclass of Q, ` 
then p belongs to Q. If p is a limiting element of T then a 
sequence {qa} of distinct elements of I exists which has p for 
a limit. As an infinite class {qan} has a limiting element q in 
Q because Q is self-compact. {qn} therefore contains a sub- 
sequence {qn,} of distinct elements with limit q. {4n,} con- 
tains a subsequence fga, ] whose order is the same as that of 
both {qn} and fqn}. Therefore by I’, q = Lmin, and 
P= Laf, By L, q and p are the same and therefore p 


belongs to £2; which was to be shown. We have from 
‘Theorem III and the lemma 


'l'agoneM IV. In a system (5B ; L7), every class Q which 
has the Heine-Borel property is extremal. 

It will benoticed that the character of theresult in Theorem 
IV is determined by the definition of interior given in $1 for 
Riesz domains. We will show that in a system ($ ; L?) this 
definition is (except for relativity) equivalent to the definition 
used (implicitly) by Fréchet in the theorem cited at the 
beginning of this paper. It will follow that Theorem IV 
includes as a special case the result of Fréchet. 

The definition of interior used by Fréchet (except for 
relativity) is equivalent to the following: g is interior (dt) to 
© if € contains q and every sequence {rn} of distinct elements 
of R which has g for a limit is ultimately* contained in ©. 











* In the sense: there &xists no such that n = no implies ra is contained 
in S. 
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If now p is Fréchet interior to © and is a limiting element of T 
a subclass of X, then, by definition of Fréchet interior, limiting 
element, and L, © contains an infinity of elements of &. 
Therefore p is interior to © in the sense of §1. Furthermore 
if p is interior (R) to © in the sense of § 1, then © contains 
an element q (distinct from $) of every subclass © of R for 
which p is a limiting element. Then if p = L,r, (distinct) 
p is & limiting element of the class [ra]. Hence © contains 
Tn, distinct from p. Since p is a limiting element of the 
class obtained from [rna] by removing rp, (7?) it is evident that 
at most a finite number of elements of [r,] are not in ©. 
Therefore [r,] is ultimately contained in ©. 

T. H. Hildebrandt* has given a definition of interior (R) 
which becomes equivalent to the Fréchet interior (R) for 
systems ($$; L”). This definition omits the condition that 
the sequence {ra} consist of distinct elements. If then 
p = Larn and rz, is repeated infinitely often, in a system 
(B ; L”), rm, = p. That ra, is contained in any class © to 
which p is Fréchet interior (R) 1s evident. A restatement of 
Theorem IV for systems (P ; LZ) gives us a generalization of 
a theorem of Hildebrandt. 


URBANA, ILL., 
October 28, 1014. 


COMPLETE EXISTENTIAL THEORY OF SHEFFER'S 
POSTULATES FOR BOOLEAN ALGEBRAS. 


BY PROFESSOR L. L, DINES. 
(Read before the American Mathematical Society, December 30, 1913.) 


IN a recent number of the Transactions Sheffert presented 
an elegant and concise set of five postulates for Boolean 
algebras, and proved them mutually consistent and inde- 
pendent. Professor E. H. Moore$ has suggested a further 
interesting problem in connection with such sets of postulates, 
namely the determination of all general implicational relations 


* Loc. cit., p. 268 E R 
I cit., p. 282 (2). | 
H. M. Sheffer, “A set of five postulates for Boolean algebras with 
application to logical constants," Transactions, vol. 14 (1913), p. 481-488. 
$ E. H. Moore, “Introduction to a form of general SE New 
Haven Mathematical Colloquium, Yale Unıverkity Press, page 82. 
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which exist between properties defined either by the postulates 
themselves or by the negatives of the postulates. A set of 
postulates are then said to be completely independent, if and 
only if no such implicational relations exist. For example, 
though Sheffer’s postulates are independent in the ordinary 
sense that no four of them imply a fifth, they are not com- 
pletely independent, for it can be shown that the negative of 
the first postulate implies the third, fourth, and fifth. 

The postulates in question define properties of & system 
consisting of a class § of undefined elements and an undefined 
binary rule of combination | between elements of f$. Any 
system Z($, |) of the prescribed type has, with respect to the 
five properties defined by the postulates, one of the 2» = 32 
characters: 


[oes ); 


the ith sign of the character being + or — according as & 
has or has not the ith property. The body of 25 = 32 
propositions stating for the various characters (1) that there 
does or does not exist a system having the character in ques- 
tion, constitutes what Professor Moore has called “the com- 
plete existential theory" of the five postulates. 


8 1. Sheffer’s Postulates Concerning a System Z(R, |). 

The five postulates of Sheffer are: 

1. There are at least two elements in ft. 

2. Whenever a and b are elements of ft, a | b is an element 
of §. 

Definition. o solo 

3. Whenever a and the indicated combinations of a are 
elements of ft, 

(oU = a. 

4. Whenever a, b, and the indicated combinations of a 

and b are elements of f, 


i a| (b| b) =a’. 


5. Whenever a, b, c, and the indicated combinations of 
a, b, and c are elements of $$, 


[a | Ic)’ = (b | a) | (e | a). 


1915.] POSTULATES FOR BOOLEAN ALGEBRAS. 185 


In what follows, the fact that a system Z has the property 
defined by the tth postulate will be indicated* by placing 7 as 
a superscriptto%. The fact that È does not have the property 
defined by the ith postulate will be denoted by placing — 2 
as a superscript to X}. For example we may express the facts 
that & satisfies postulates 2 and 3, but does not satisfy postu- 
late 4 by 2°%, 


82, Complete Existential Theory. 


THEOREM. For the five postulates 1-5 concerning systems 
IR, |), the complete existential theory consists of 14 proposi- 
tions of non-existence, and 18 propositions of existence. In 
particular the four postulates 2-5 are completely independent. 
The non-existences are expressed by the proposition T 


(2) z^ 


To prove proposition (2) we need only note that the hy- 
pothesis necessitates either f£"! (that is that § have no 
elements) or Ks (that is that & have only one element). 
In the former case & satisfies postulates 3, 4, 5 vacuously. In 
the latter case & satisfies postulates 3, 4, 5 either vacuously or 
evidently, according as Z does not or does satisfy postulate 2. 

Proposition (2) renders impossible the existence of systems. 
Z with the following 14 characters: 


+-+H, +44), CERA ++) 
++), (-+--+), (+-->), 

(—-—++4), (--4+-+4), Ebbe (--+--), 
(—--+-), (----4 (----- ). 


We next give examples of systems Z having each of the 
other 18 characters as follows: two examples for ënne, 
ten examples for §°™, and six examples for feg"*. In each 
case the class & has the smallest number of elements possible. 


* The scheme of notation here described is used ky Professor Moore in 
his General Analysis. 

The symbol > used in the statement of this proposition is the symbol 
of logical implication used by Professor Moore and others. In words, 
proposition (2) may be stated: “If a system = does not satisfy postulate 1, 
then £ does satisfy postulates 3, 4, and 5." — * 
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Ezamples for & singular. 


A class f with single element m furnishes systems Z with 
the following two characters: 


(-++++) when m/m — m, 
(-—— +++) when m/m ss m. 


In the examples for & dual, and ft triple, the operation | will 
be defined by means of tables. For instance if & has two 
elements m and n; and if m|m — n, m|n — m, n|m= n, 
and n | n is not an element of §, this will be expressed by the 
table 


CER) m 
Q--4H) m 


QG- m 


+++-+) mim 
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(4444) m 





That there are no examples of other characters to be ob- 
tained for § dual is shown by the two propositions* 


(3) en 3 
(4) Pu EE 
both of which follow without difficulty from the definitions 


involved. 
Examples for § triple. 


(+--+-) 


(+----)- 





That postulates 2-5 are completely independent follows from 
the fact that systems have been exitibited having the 
2! = 16 characters (FEEFEE) 


* Proposition (3): If the class $t has exactly two elements and the 
gystem Z does not satisfy postulate 3, then Z does satisfy postulate 5. 
The interpretation of (4) is similar. 
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$ 3. Concerning a Substitute for Postulate 1. 


The fact that postulate 1 prevents the set of five postulates. 
from being completely independent suggests the desirability 
of replacing it by another postulate such that the resulting 
set shall be completely independent. Evidently the new 
postulate must assume as a minimum number of elements, a 
greater number than two in order that proposition (2) shall 
not hold. 

If postulate 1 be replaced by the statement that & shall 
have at least three distinct elements, the difficulty is not 
overcome, for there still exist no systems having the characters 


(—+-+-), (-4---) (--++-), (--+--), 
(—--+-), (----- d 


as is shown by propositions (3) and (4). 

It seems rather evident that & completely independent set 
of postulates could be obtained by postulating as the minimum 
number of elements of § a sufficiently great number. How 
great this minimum must be has not however been determined 
by the author. 


UNIVERSITY OF SASKATCHEWAN. 


ON THE CHARACTERISTICS OF THE PRINCIPAL 
MANUALS OF ELEMENTARY GEOMETRY 
PUBLISHED IN ITALY IN THE COURSE 
OF THE LAST FIFTY YEARS.* 


BY PROFESSOR MARIO VECCHI. 


IN the first half of the nineteenth century, the Elements 
of Geometry by A. M. Legendre dominated instruction in 
that subject in Italy. But about 1860, need for a better 
exposition was felt, and Italian mathematicians, on the initia- 
tion of Luigi Cremona, began to turn to the limpid clearness 
of Euclid. In the,year 1867, the Italian government ordered 
that geometry shpuld be taught on euclidean lines in the 
classical gymnasia, and in the same year the well-known 

* Originally See as e ement No. I of A. R. Kulischer's trans- 

Russian o o 


lation into ung’s Teaching of Mathematics. The 
English translation E lte has been prepared by A. R. Kulischer. 


1915.] MANUALS OF ELEMENTARY GEOMETRY. 189 


mathematicians, Enrico Betti and Francesco Brioschi, pub- 
lished an edition of the first books of Euclid for school use," 
based in the main on the edition of Viviani. But though 
this antique edifice is beyond reproach in the harmony of 
its distinct parts and in the critical and creative power dis- . 
played therein, in form and style Euclid's Elements are 
not altogether in conformity with the tastes of our more 
modern times. Accordingly, the Minister of Education per- 
mitted schools to substitute for Euclid's Elements other 
works preserving the general euclidean scheme and the rigor 
of the ancient methods. In consequence of this permission, 
textbooks appeared, retaining the essential features of Euclid’s 
work, and at the same time enriching the contents with other 
material more suitable to our epoch. We mention the work 
of Professors Sannice and D’Ovidio,f wherein for the first 
time the intuitional concepts, used tacitly by Euclid, are given 
precise formulation, making the postulate of motion the 
corner stone. 

The work by Faifofert is distinguished not only by excep- 
tional clearness of exposition but also by considerable value 
‘from the critical point of view. Here, for the first time in 
elementary works, the theory of equivalence is expressed in 
the purely geometric form, thus meeting the need pointed out 
by Duhamel. The work uses considerably fewer postulates 
than are used by earlier writers, treats proportion by the aid 
of new, clear, and very simple considerations, and for the first 
time, indicates clearly what results are independent of the 
parallel postulate. 

A third work, which like the two already named makes 
systematic use of the postulate of motion, is remarkable for 
the novelty of its views. I refer to the Elements of Geom- 
etry by K. de Paolis.§ 

Adhering, with Hoiiel, to the views of Helmholtz, this 
author, like Faifofer, postulates the motion of rigid figures, 
but in a form logically more satisfying, and defines figures as 
equal when they can be brought to coincidence by motion. 
De Paolis, exhibiting in this work his deep scientific knowledge 
ae elementi d’Euclide, per cura di E. Betti e F. Brioschi, Florence, 

ae e D’Ovidio, Elementi di Geometria, Naples, 1869. 

A. Faifofer, Elementi di Geometria, Venice, 1880. , French translation 


by Fr. Talanti, Paris, 1903. 
$ K. de Paolis, Elementi di Geometria, Turin, 1884. 
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and keen critical sense, became the standard bearer of that 
considerable group of authors who advocated the fusion of 
plane and solid geometry. He had shown by an actual 
example that by rejecting the ancient subdivision of geometry 
useful simplifications can be made in both parts. The plan 
of fusion was for a long time looked at askance, but in 1900, 
official permission was given to use it in the schools after the 
matter of the first three books of Euclid had been studied. 
Consequently, a number of textbooks have appeared, deviating 
from the euclidean system, and embodying the results of 
modern criticism of the principles of geometry, thus bringing 
to this subject in the schools & greater measure of precision 
and rigor. 

The tide reached its height with the appearance of the 
Elements of Geometry by Veronese.* This well-known 
scholar, baang his work on a profound analysis of principles, 
had already set forth the leading thoughts of his geometric 
system in his work on hyperspace.t 

In the above named Elements he gives (provisionally in 
the form of a school text-book) a rigorous exposition of the 
logical foundations of geometry. After having excluded the 
idea of motion, so characteristic of the text-books named 
above, he enumerates explicitly all the postulates on which 
his edifice is based, appealing unhesitatingly to intuition in the 
interests of freer thinking. He starts from a single funda- 
mental notion, that of & point, and from this the other geo- 
metric forms are developed witbout further need of existence 
postulates. The most characteristic feature of this work is 
its original theory of equality. As fundamental concept, that 
of congruence of segments is here taken. The author practices 
fusion to a certain extent, and treats simultaneously 
for the straight line, the plane, and space certain special 
questions, such as the theory of equality, of similitude, and 
mensuration. In a short period Veronese published a series ' 
of editions of his text book, and crowned the whole with a set 
of text books for the various types of secondary schools, 
conforming to the curricula of 1900. In each of these works, 
his fine critical feeling and his great learning are clearly 
exhibited. To the courses of Veronese the Elements of 


* (3. Veronese, Elementi di Geometria, Padua, 1897. 
1G. Veronese, ondamenti di Geometria & piu Dimensioni, Padua. 
German translation by A.'Schepp. Leipzig, 1894 
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Geometry by Ingrami* must be adjoined,w hich independently 
of the former made analogous contributions to elementary 
geometry. 

In 1900 there was published by F. Enriquest a collection of 
valuable papers by numerous collaborators on various ques- 
tions of elementary geometry, dealing in part with the subject 
matter and in part with problems of teaching. In 1903 F. 
Enriques and Ugo Amaldi published a work on elementary 
geometry, in which are combined with admirable harmony, 
rigorous and scientific exposition of the principles and com- 
pliance with pedagogie requirements. The authors, con- 
forming to those previous writers who exclude the principle 
of motion, adopt the standpoint of Hilbert whose postulates, 
in their essential points, find a place here. The novelty and 
rigor of the exposition give value also to the theory of equiva- 
lence, which is presented in an unusually complete form. 
The authors base the correspondence of polygons and prisms 
on decomposition into equal parts (Duhamel), and for such 
forms for which this criterion is insufficient (as proved by 
Rethy, Dehn, and recently Kagan) the concept of ^ equality 
of extensions" is introduced, permitting a logically rigorous 
treatment. In the chapter on proportion, the authors remain 
on the ground of euclidean definitions, and succeed in reducing 
the abstract side of the question to a minimum, and in placing 
the concrete geometric applications naturally in the fore- 
ground. From the novel details of the book, there may be 
selected for mention an exceedingly elegant treatment of the 
equality of trihedral and polyhedral angles without the use 
of the parallel postulate. Such are some characteristic fea- 
tures of their excellent work which combines classic clearness 
of form and perfect limpidity of expression. 

We must mention finally the work of De Franchis,f written 
in the manner of Veronese, and making the interesting experi- 
ment of introducing a rigorous treatment of the concept of 
motion into a school text book. 


Rome, ITALY. 


SS nl aaa 





* G. Ingrami, Elementi di cones Bologna, 1904. 
t F. Enriques, Questioni nein dant a Geometria elementare, Bologna, 
EC German translation: Die Fragen der Elementargeometrie, Leipzig, 


t Naples, 1909. ] 
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MATHEMATICAL METHODS IN PHYSICS. 


Sur quelques Progrès récents de la Physique mathématique. Par 
Vrro VOLTERRA, Clark University Lectures of 1909, pub- 
lished by Clark University, 1912. 82 pp. 


Drei Vorlesungen über neuere Fortschritte der mathematischen 
Physik. Von Vito VonrERRA, mit Zusätzen und Ergän- 
zungen des Verfassers. Deutsch von Dr. Ernst LANELA. 
Sonderabdruck aus dem Archiv der Mathematik und Physik, 
III. Reihe, Band XXII, Heft 2/3. B.G. Teubner. Leipzig. 


Leçons sur U’ Intégration des Equations différentielles aux Dérivées 
partielles. Par Vrro VOLTERRA.  Professées à Stockholm. 
Nouveau tirage. Paris, Hermann. 1912. 3+ iv + 88 pp. 


The first of these books consists of three lectures delivered 
at Clark University, and afterwards printed by the Uni- 
versity.* They have since appeared in the second form in 
German in the Archiv der Mathematik und Physik, (8), 22 
(1914), pages 97-182. In the latter form some of the details 
omitted in the original are supplied. The third book is a 
reprint of lectures delivered at Stockholm in 1906. There 
have been added some corrections, and some bibliographical 
notes. These lectures are striking examples of the intimate 
relationship between the advance of mathematics and that of 
physics. 

The fundamental notion of the Stockholm lectures is that 
the theories of the propagation of heat, of hydrodynamics, 
elasticity, Newtonian forces, and electromagnetism can all 
be treated from a single point of view—reducing indeed to 
differential equations of the same general form but of three 
types, the facts and the processes used following the types. 
A good supplementary paper to read along with the first part 
of the lectures on differential equations, containing examples 
and more detail, is to be found in the Annales de D Ecole 
Normale, (3), 24 (1907), page 411. The most interesting part of 
the lectures is the introduction of the notion, due to Professor 
Volterra, of function of a line. In the fifth lecture this notion. 
appears, and is Indeed the guide to a generalization of the 





* The volume also contains lectures by Rutherford: “History of the 
alpha-rays from radio-active substances"; Wood: “The optical properties 
of metallic vapors”; Barus: “Physical properties of the iron carbides.” 
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analytic functions of a complex variable. The particular 
function of a line used in this lecture is the line integral 


B 
V=w+f (Xdz + Ydy + Zda), 


where u is a constant and the line integral extends from a 
point A to a point B. If we set X’ =(dY/dz — 9Z/dy), 
Y' = (0Z[0x — 0X[0z), Z' = (0X[0y — OY /dzx), then, n being 
the outward normal to the surface enclosed, the line integral 
in question around a loop will, by Stokes's theorem, be the 
same as 


W -ff (X’ cos nz + Y' cos ny + Z' cos nz)d A. 


If we let the lopp decrease and determine the limit of the ratio 
of W to the area enclosed, as the vanishing loop approaches 
a point, the limit in question is nothing else than the projec- 
tion, on the normal to the surface at the point, of the vector 
whose components are X', Y', Z', that is, of the curl of the 
vector X, Y, Z. This projection, if found for a point on the 
path of integration, Professor Volterra calls the derivative 
of the function of the line V with respect to the surface, 
and he represents the curl by the symbols 


X' = aV/a(yz) Y'= 0V[o(ux) Z'- 9V]8(ay). 


If now there is a function u whose gradient is AG YL): 
that is, if 


ðujðz = X', dufdy= Y', Ou[8z = Zi, 


then the convergence of the gradient of u is zero, and u is 
harmonic since V^u — 0. When these relations are satisfied 
we have u and V so related that one may be called the con- 
Jugate of the other. This is the generalization referred to 
of the theory of complex variables. An easy mathematical 
example is found by setting 


u = È+ y*— 2%, 
which is harmonic, and whose gradient is tħe vector 
l (2x, 2y, — 4z). l 
It is conjugate to the function (integral around a loop) 
y = f (2zydz — Gett. 
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since the curl of (Gen, — 2zz, 0) is (2x, 2y, — 4z), the gradient 
of u. An easy physical example is the field of potential at a 
fixed origin of a single magnet pole in empty space, as the. 
pole is moved into all possible positions, which gives the 
function u; and the field of a circuit carrying a unit electric 
current, as it is moved into all possible positions and shapes, 
which gives the potential V at the fixed origin. The two func- 
tions are conjugate, the first a function of a point, the reciprocal 
of its distance from the origin; the latter & function of a line, 
the solid angle it subtends at the origin. 

- The function of a line of course need not be conjugate to a 
function u. In case X’, Y’, Z’ is a vector whose convergence 
is zero, then it may be written as the curl of a vector X, Y, Z, 
the well-known relation of a vector to its vector potential; 
and the integral 


SS (X' cos nz + Y' cos ny + Ai cos nz)dA 
= f (Xdz + Ydy + Zdz) 


gives a function of a line. It need be remarked that these 
definitions of function of a line and the differential of a func- 
tion of & line are generalized somewhat in the calculus of 
fonctionnelles. 

'The notion of monogenicity is extended, under the name 
isogenicity, to space of three dimensions in the following 
form. Two functions of a complex variable z are monogenic 
if their differentials at any point have a ratio f which is a func- 
tion of the point but not of the direction of the differen- 
tials. Two functions of a line are isogenic if at each point of 
the line the vector derivative of each, that is, the curl of the 
vector which is to be integrated along the line, is parallel to 
the vector derivative of the other. ln vector notation we 
would write the definition 


Vv B, —fVwvbs, 


where f is independent of the derivative plane as defined above. 
'l'he idea of function of a line may evidently be extended to 
functions of surfaces and hyperspaces, and leads into the 
calcul fonctionnel. 

These functions of lines and surfaces, and for the most 
general case, of hyperspaces, enable one to understand the 
application of the methods of Jacobi and Hamilton to the 
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problems of the caleulus of variations. The simple integral 
of the ordinary theory may be considered as a function of its 
limits and of the values of unknown functions at the limits. 
The extensions to multiple integrals are easily suggested by 
this view of the procedure, namely, we must consider the 
integrals to be functions of the lines, or surfaces, or hyper- 
Spaces, that bound the space, and of the values of unknown 
functions on these contours. 

The detailed treatment of the partial differential equations 
is to be found in the last four lectures, and reference to them 
is necessary to have a clear notion of them. 

In the course at Clark University we find the dominant idea 
again to be the unifying principles of the application of mathe- 
matics to mechanics, elasticity, and mathematical physies. 
The first lecture is devoted to showing the reduction of physical 
problems to problems in the calculus of variations, the second 
to the advance in methods in elasticity, and the third to the 
problem of heredity, which leads to Volterra’s integro-differ- 
ential equations. These three lectures we will examine in 
some detail. 

In the first there is given a reduction of the problem of 
electrodynamies into terms of the variation of the definite 
integral 


P= f dth f f Z(o X. X, + B.L.LdA, 


in which the quantities a, B are quite arbitrary. This varia- 
tion in terms of purely arbitrary quantities shows us that we 
can devise an infinity of mechanical explanations or models 
of electrodynamic phenomena. But this analytic form of 
the problem enables us to introduce curvilinear coordinates, 
and thus consider curvilinear spaces. We also are enabled to 
find the integral invariants, and to apply Volterra’s reciprocity 
theorem which corresponds to Green's theorem, and further 
to introduce the generalization of the Hamilton-Jacobi 
methods and the principle corresponding to stationary action 
and varying action. In order to accomplish this, the functions 
of lines, surfaces, and hyperspaces have to be used. We thus 
come into contact with the theory of the inversion of definite 
integrals, that is, the solution of linear integral equations, 
and with the study of functions of variables which run over 
assemblages of curves, of surfaces, etc. „We are brought up 
to the functional calculus, or as it has been called, general 
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analysis. The generalization of the Hamilton-Jacobi method 
replaces the canonical equations by partial derivatives, and 
the partial differential equation of Jacobi is replaced by & 
functional equation. 

There is an intimate connection between the partial dif- 
ferential equation, its characteristics, and the theory of waves.” 
Tt is simply necessary to consider the variable ¢ as on the same 
footing as the variables z, y, z. The bearing of this is shown 
in the closing considerations of the first lecture. For example, 
in the very simple case of the equation of a vibrating mem- 
brane 


Juj — dude? — du/dy* = 0 


we have the partial differential equation corresponding to the 
vanishing of the variation of the integral 


Hz f f f [(du/at)? — (duf/dx)? — (Hufdy)’ldxdydt. 


The surfaces of discontinuous derivatives and variation of V 
always equal to zero are then the envelopes of the character- 
istic cones of the partial differential equation. The general 
question of waves is therefore considered, and Minkowski's 
universe noticed. This naturally leads to the Lorentz trans- 
formation, and to Poincaré's demonstration that under this 
transformation the integral whose variation was considered, 
and which may be called the action, remains invariant. 

In the second lecture the development of methods in the 
theory of elasticity is t&ken up, particularly those that are 
connected with the ideas already mentioned. The two great 
classes of methods of integrating the differential equations 
of elasticity may be called the method of Green with its exten- 
sions, and the method of simple solutions. Green's method 
further has two divisions, in one of which the conception of 
Green alone is sufficient to solve the problem, in the other we 
must add consideration of the characteristics. Green's method 
starts with Laplace's equation, and depends upon a reci- 
procity theorem, by means of which from a fundamental 
solution one is enabled to determine a harmonic function 
inside a given region when its values on the contour are given. 
Betti carried the method of Green over into elasticity and 
extended the reciprocity theorem by the proposition: If two 


* Encyclopédie des Math., II, 1 (U, 22, 8). 
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systems of exterlor forces determine two systems of displace- 
ments in an elastic body, the work done by either in producing 
the displacement due to the other is the same. 

The second division of methods along the line started by 
Green is found in Kirchoff’s work on the equation of retarded 
potential on four variables. He succeeded in solving it by 
means of a fundamental solution due to Euler, but in order 
to perceive the real difficulties in the way it is necessary to: 
consider the problem on only three variables. The char- 
acteristics enter into the solution radically in this case. The 
lecturer shows the inherent difference between the cases of 
three dimensions and four dimensions. Again when the body 
is not simply connected and the functions can be polydromic 
the method of Green needs further extensions. The reci- 
procity theorem enters in as a theorem of the symmetry of a 
set of coefficients E,; = E,,, which occur in the linear equations 
that give the efforts in terms of the distortions. 

The method of simple solutions has been given great power 
by the development of the theory of integral equations, and 
the determination of methods of expansion in series of ortho- 
gonal functions. 

The third lecture introduces the new developments due to 
Professor Volterra himself and now well-known. These lead 
to the division of mechanics into the mechanics of no heredity, 
wherein the state of a system depends only upon the infini- 
tesimally near states preceding, and the mechanics of heredity, 
in which the state depends upon all the preceding states, thus 
introducing an action at a time-distance. A simple example 
is used to ilustrate the new problem, the dependence of 
the angle of torsion of a wire upon the moment of torsion. 
Instead of Hooke’s law 


w= KM, 


we find it must be expressed by & more elaborate law dependent 
upon the time 


w = KM + f M (t)e(t, r)dr 


1 : t : 
T zii dn f dri M (71) M (12)g (t, 71, T2) Le 


In the case of linear heredity this expression terminates with 
the second term. There arise now several questions. 
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(1) What is the significance of the coefficient e(t, 7)? 

(2) When ¢ is known, how may M be found for a given w? 

(3) How is y determined when it is unknown? 

(4) Is it possible to extend these conceptions to the general 
problem of elasticity? 

(b) Is 1t possible to extend these conceptions to the phe- 
nomena of magnetism and electricity? 

(6) What phenomena will be amenable to this method of 
treatment? 

For the first three questions it 1s found that the methods of 
integral equations are sufficient to furnish the answer. How- 
ever for the fourth & new type of equation is in evidence, the 
integro-differential equation. We meet this indeed in the 
problem of the wire itself when we study its oscillations. The 
integro-differential equation involves the partial derivatives 
of the unknown function as well as integrals containing the 
unknown function. The answer to the fifth question leads 
also to integro-differential equations for the electromagnetic 
equations. 

To resolve equations of this form a further extension of the 
method of Green is necessary, and a new reciprocity theorem 
arises. Fundamental solutions may be found and from these 
arises the complete solution. l 

In applying algebra to natural phenomena we have the 
great advantage that we can postpone to the last moment the 
specification of the constants that enter the natural problem, 
and are thus in a much better position to consider the related 
hypotheses. So too in the functional calculus in all its forms, 
we are able to postpone the specification of the functions 
entering the problem until the last moment, and are thus 
able to avoid vicious hypotheses in the beginning. Without 
these developments many types of problem become impossible 
of solution. Further, advances in mathematical physics come 
from the subsumption under one law of many different classes 
of phenomena. l 

In the translation of the Clark University Lectures many 
details of the transformations in the first lecture are supplied, 
to the relief of the general reader. Further, the references 
have been made'more precise and have been inserted on the 
pages as footnotes instead of being collected at the ends of 
the lectures. Some minor corrections have been made. 
The section headings have been inserted over the sections. 
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This edition of these very valuable lectures will be wel- 
comed. 

The whole field of functional calculus is a new territory but 
recently open for settlement, though an adventurous investi- 
gator occasionally explored small parts of 1t in the past century. 
The important extensions of mathematics have come from the 
problems of inversion, such as the Galois theory, theory of 
ideals, differential equations, integral equations, and now the 
calcul fonctionnel. These developments of Professor Volterra 
are of the highest importance mathematically aside from all 
of their physical interest, for the reason that they furnish 
& very practical path of entry into this new field and occupy 
& considerable part of the field itself. Fortunately we can 
follow them more im detail 1n the two recent courses of his 
lectures, Lecons sur les fonctions des lignes, and Lecons sur les 
équations intégrales. 

JAMES BYRNIE SHAW. 


SHORTER NOTICES. 


Mysticism in Mathematics. By lIastTınas BERKELEY. Henry 
‘rowde, Oxford University Press, 1910. vi-+ 204 pp. 

Ir may be well to begin by stating what Mr. Berkeley’s 
thesis is not. The kind of mysticism which he thinks he 
detects in mathematies is not any of the kinds of mysticism 
that one encounters in the history and philosophy of religion. 
It is not contended that devotion to mathematics begets or 
tends to beget in the devotee a sense of an immediate and 
ineffable union or identification with deity. It is not argued 
that there is any essential likeness between Euclid and 
Timæus or between Gauss and Angelus Silesius. What Mr. 
Berkeley calls mysticism in mathematics is, he says, so called 
by him because no other name seems to him so appropriate. 
It appears to be impossible to state with mathematical 
precision what the thing is. Of course the author is not to be 
blamed for that. He succeeds in the difficult enterprise of 
making the matter as clear to the reader as it is to the writer, 
and that is all that can be reasonably expected. 

As nearly as we have been able to make it out, the thesis may 
be broadly stated to be that, owing to & kind of reaction of 
language and especially of highly symbolic language upon 
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thought and belief, mathematicians tend to acquire a state 
of mind in which many purely fictitious things appear to be 
actual or real things. The thesis, which is very elaborately 
discussed, is approached from several points of view. The 
book falls into three parts. 

In Part I the method isa priori. The Pythagoreans raised 
mathematics to the level of a science and the Pythagoreans 
were "enthusiasts and mystics." The conjunction is suspi- 
cious. This and kindred considerations lead Mr. Berkeley to 
devote about 50 large pages to a very interesting psychological 
and linguistic dissertation designed to show that we are in 
constant danger of "the vicious reaction of words upon the 
process of thought," & reaction having a kind of hallucinatory 
effect, producing a "tendency to mysticism," & tendency to 
fancy that all symbols and modes of expression represent 
actualities instead of representing, as frequently they do, 
merely conventional or fictitious things. 

The argument in Part I is general; it applies to all language. 
But the more symbolie the language, the more vicious is “the 
vicious reaction." And Part II (94 pages) is devoted to show- 
ing, on the one hand, that mathematicians by constantly 
talking about imaginaries and infinites in algebra and geometry 
lose sight of the fictitious and convential character of such 
things, and, on the other hand, to showing how algebra and 
geometry may be thoroughly purged of mystical elements. 

Part III (113 pages), which deals with metageometry, 
arrives at the interesting conclusion that it “is an illusion" 
to suppose “that we can conceive different kinds of distance" 
or different kinds of space, as euclidean and non-euclidean. 
The illusion is “engendered by an unrealized reaction of 
symbolic forms, verbal or algebraic, on the thinker's judgment 
of his own process of thought." 

Stylistically the book is well done. Its message to mathe- 
maticians—we mean its caution about treating such fictions 
as the circular points, for example, as real entities in space— 
might have been more effectively delivered in a score of pages. 
If it were shorter, the work would be more useful even for 
philosophers and other laymen. 

) Cassius J. KEYSER. 
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Exercices de Géoméirie analytique. Par P. AUBERT and G. 
PAPELIER. Tome Premier. Paris, Libraire Vuibert. 360 
pp. 

In this book are given 451 exercises on analytic geometry 
divided among the following fields: the straight line, 94 exer- 
cises; the circle, 69 exercises; parametric equations, 46 exer- 
cises; classification of conics, 55 exercises; the general equation 
of the conie, 31 exercises; centers and diameters of conics, 34 
exercises; the general properties of conies, 91 exercises; polar 
coordinates, 31 exercises. Many of the exercises are accom- 
panied by a figure and about one half of them are solved. 
In several cases more than one solution is given, so as to 
illustrate different methods of approaching the same problem. 
The authors have assumed the student to be familiar with 
harmonie properties, projective transformations, and similar 
topics which are given in the United States in a second 
course in analytics. Homogeneous coordinates are not used, 
and thus many of the problems are solved by rather tedious 
methods. In our American colleges the book could be used 
to good advantage in & second course in analytics in conjunc- 
tion with such a book as Salmon's Conic Sections. The prob- 
lems are of too difficult a nature for a first course as given 
in our institutions. 


E: M. MORGAN. 


Orders of Infinity. The “Infinitärcalcül” of Paul Du Bois- 
, By G. H. Harpy. Cambridge University Press, 
1910. viii + 62 pp. 


Many problems of mathematical analysis are adequately 
treated by consideration of the fact that a function does or 
does not approach a limit, where we may understand the 
notion of a limit to include the real infinity, with or without 
sign, and the complex infinity. Other questions, however, 
demand more refined investigations,—on the one hand when 
a limit exists and an estimate is necessary of the rapidity of 
approach to the limit; on the other hand when no limit exists 
and some notion of the behavior of the function is still requisite. 
As early as 1821, Cauchy recognized the usefulness of such 
considerations in his accurate definition of la plus grande des 
limites and la plus petite des limites, —today more commonly 
known as superior and inferior limits. » 
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A great many theorems dealing with the limit-behavior of 
functions were obtained by Du Bois-Reymond in a series of 
papers dating from 1871 to 1880. These theorems have been 
collected, recast according to modern requirements of rigor, 
and amplifed by Hardy in No. 12 of the Cambridge Tracts 
in Mathematics and Mathematical Physics. The work has 
been done in a manner admitting of no criticism; the treatment 
is clear and readable; the proofs are accurate and carefully 
worded. 

Questions of the sort considered are generally reducible 
to & comparison of the rates of increase of positive real func- 
tions, as the positive real independent variable becomes infinite 
(continuously or over integral values); into this form most of 
the results are thrown by the author. A considerable part 
of the tract deals with logarithmico-exponential functions,— 
those obtained by rational operations, the extraction of roots, 
and the taking of logarithms and exponentials. Such func- 
tions have various properties which render their study easy 
and important; for instance, they always admit of comparison 
as regards rate of increase, and relations of comparison may 
under simple conditions be differentiated and integrated. 

The tract contains a sketch of applications to such questions 
as the convergence of series and integrals, asymptotic formulas, 
the distribution of prime numbers, and the theory of integral 
functions of a complex variable. 

One is impelled to wonder how' much of the fairly extensive 
notation introduced will be found really desirable in actual 
use of the results. The notions of inferior and superior limit 
have won a permanent place; Landau's symbols O(f) and o(f) 
have in a short time come into such wide use as apparently 
to insure their retention. It is doubtful whether any further 
notation will be found necessary. 

The tract is printed with the clearness characteristic of 
the series. The only typographical maecuracy noted is on 
page 42, line 12, where e,, should be replaced by e^". 

WALLIE ABRAHAM HURWITZ. 


The Hindu-Arabic Numerals. By Davi» EUGENE SMITH and 
Louis CHARLES KARPINSKI. Boston, Ginn and Company, 
1911. vi+ 160 pp. 

THE origin and development of our present number system 
is probably given as little thought as anything that is so 
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commonly known and used. For persons who are not inter- 
ested in things mathematical, as well as for those who are thus 
interested, The Hindu-Arabic Numerals furnishes information 
that is by no means current. The authors have given in con- 
cise form the history of the characters that every school boy of 
modern days learns to use in computation. Beginning with 
an &ccount of the early ideas about these characters, the 
writers go on with the details of place value, the symbol zero, 
and the actual physical forms by which the numbers have been 
represented at various times. In chapter 5 is begun the 
account of their introduction into Europe. This westward 
aggression seems to have been very slow at first because the 
new numerals did not appeal to the traders and were regarded 
as a sort of novelty by educators. The complete acceptance 
of this really wonderful system finally took place in the six- 
teenth and seventeenth centuries. 


J. V. McKELVEY. 


Vorlesungen über darstellende Geometrie, Band I. Dr. F. v. 
DanwiGK. Leipzig, Teubner, 1911. xvi 4- 360 pp. 


DESCRIPTIVE geometry is presented in this book in a 
thoroughly instructive manner. A noticeable balance is pre- 
served between what might be called theoretical and practical. 
Methods of treatment characteristic of pure geometry are 
used freely, but at the same time the technical use of the 
principles involved is given due attention. The frequent com- 
parison of different methods of making a given construction 
is worthy of mention. Shadow construction is treated with 
excellent simplicity and completeness throughout the book. 
The treatment of the projection of the intersection of two 
surfaces is such as to give the beginner a good introduction 
to the theory of space curves. 

In the latter part: of the text, trihedral angles with applica- 
tions to astronomy, surfaces of revolution, screw surfaces, 
stereographic projection, parallel perspective, and rectangular 
coordinates are taken up in some detail. The last section of 
the book is an introduction to mechanical drawing. 


J. V. McKELVEY. 
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Darstellende Geometrie. By Tu. SCHMID, associate professor 
of geometry at the technical school of Vienna. (Sammlung 
Schubert, LXV.) Berlin and Leipzig, G. J. Göschen, 1912. 
vi + 279 pp., and 107 figures. 


Lex the other volumes in the Schubert series, this book 
is written for beginners, and does not attempt to be an exhaus- 
tive treatise. It begins with the ordinary double orthogonal 
projection, but proceeds rather rapidly, so that only forty 
pages are required for the usual presentation of rectilinear 
figures. Considerable emphasis is laid on proportion, and the 
criteria for determining which of two perspective objects. hides 
the other. A generous number of exercises is added at fre- 
quent intervals. At the end of this first part is a good intro- 
duction to the theory of shades and shadows, and its applica- 
tion to polyhedra. The second and third chapters treat of 
the sphere, cylinder, and cone; they comprise two thirds of 
the volume. The discussion begins with polarity as applied 
to the circle. Much of the text is divided into two columns, 
one describing polarity, and the other antipolarity, the product 
of polarity and a reflection. The first twenty pages are very 
elementary, but the subject is so presented that problems of 
considerable complexity are disposed of as easily as the simpler 
ones. An elementary knowledge of plane analytic geometry 
is presupposed, but most of the properties of conics that are 
wanted later are established. In connection with the dis- 
cussion of curvature use is made of the derivative, and in the 
rectification of the ellipse a foot-note is provided which ex- 
presses the length of arc as an elliptic integral. Mechanical 
devices for drawing conics are described, and the theory of 
each explained. A section on the illumination of the Sphere is 
delightful reading. Not only does it present the theory in a 
clear and concise way, but enlivens it with & discussion of the 
reasons for including the theory in the discussion; both prac- 
tieal and esthetic grounds are presented that are quite con- 
vincing. Different degrees of illumination are expressed 
quantitatively, and directions given for preparing washes to 
procure them. 

An unusual feature is the extent to which the developments 
of various space curves on the cylinder and cone are discussed. 
We meet the conchoid, cardioid, cissoid, serpentine, sine curve, 
and a number of less well known plane curves as developed 
from an algebraic intersection. 
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The detailed discussion of the space quartic curve is also 
somewhat of a departure, but one that is justified. Without 
using any other machinery than that provided in the previous 
part of the text, the appearance of the elliptic, nodal, and 
cuspidal quartics is found, and some of the properties derived. 
Here again the theory of shades and shadows is liberally 
applied. 

The last chapter, comprising about one sixth of the volume, 
is devoted to orthogonal axonometry. Here the presentation 
is not so successful. Too much detail is given, and the reader 
does not see readily the &dvantage of the whole procedure. 
The elementary projections are given as before, in fact several 
figures are almost identical with those found in the earlier 
presentation. After twenty pages, however, the treatment is 
much more satisfactory. The purpose now appears, and the 
whole discussion is easier and clearer. A detailed treatment 
of the determination of the scale in each of three directions 
is followed by the representation of polyhedra, then by compli- 
cated architectural figures. A short discussion of the three 
round bodies 1s added, and the results applied to an extension 
coupling. Only a small number of exercises are given in this 
last part. 

VIRGIL SNYDER. 


Die graphische Darstellung. By FELIX AvERBACH. Leipzig 
and Berlin, B. G. Teubner, 1914. (Aus Natur und Geistes- 
welt, volume 437.) 97 pp. and 100 figures. 

Tus little volume is written for readers without mathe- 
matical training. Its purpose is to compare the value of 
various methods of representation. It compares magnitudes 
by means of lengths of segments of lines, areas of rectangles 
with constant bases, areas of squares, circles, sectors, and even 
volumes of certain solids. Incidentally & mass of statistical 
information is given in the illustrations. After these pre- 
liminary notions follows a full and readable discussion of the 
idea of a plane curve, including periodic and general trigo- 
nometric representations. Finally, automatic tide registers, 
magnetic fields, seismographs, registering thermometers, solar 
photographs, and sound waves are briefly discussed. 

VIRGIL SNYDER. 
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Differential- und Integralrechnung. Erster Band: Differential- 
rechnung. By FR. W. MEYER. Second edition. Berlin 
and Leipzig, G. J. Göschen, 1912 (Sammlung Schubert, X). 
xv + 418 pp. 

Tux first edition of this book was published in 1901. In 
the present edition a large number of details are altered, but 
the general development is the same as in the earlier one. 
lhus, old Art. 12 is now pushed into the first chapter and 
made Art. 6.. The new Art. 15 is much shortened. Maxima 
and minima of functions of more than one variable are intro- 
duced. An appendix is provided which treats of tangents 
and normals. 

VIRGIL SNYDER. 


NOTE ON “THE DISCOVERY OF INVERSION." 


In & review* under this title of Professor Bützberger’s 
monograph, Ueber bizentrische Polygone, etc., I referred to a 
: theorem on generalized Steinerian series of circles, which I 
proved in 1901 in connection with an application of elliptie 
functions to certain closed linkages. 

Since the appearance of this review my attention has been 
drawn to the fact that A. Hurwitz had previously stated the 
main part of the theorem in an article, Ueber die Anwendung 
der elliptischen Funktionen auf Probleme der Geometrie, which 
appeared in the Mathematische Annalen, volume 19, page 65. 

As will be noticed, Hurwitz, without proof, merely states 
the theorem, and his method by which it can be proved is 
entirely different from that of closed linkages. 

This note also applies to a similar statement concerning the 
same theorem in the "Sprechsaalf für die Encyklopüdie der 
mathematischen Wissenschaften." 

ARNOLD Enca. 


M — A gg 


CORRECTION. 


Proressor Veblen has kindly called my attention to an 
error in my review of "Monographs on Topics of Modern 
Mathematics” in the BULLETIN for January, 1914.. The 

* Dous, vol. 20, p. 413. 


t Jahresbericht d. Deutschen Mathematiker-V ereinigung, vol. 23, 2. Abt., 
Heft 3/4, pp. 50-51. 
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criticism against the proof of theorem 19 in the first paper 1s 
invalid; the proof as it stands is accurate and complete. 
Professor Veblen believes also that it is legitimate to use the 
symbol {ABC} in the two ways employed, the language in 
the one case (as in theorem 7) being essentially an abbreviation 
of that in the other case (as in assumption IT). 

R. D. CARMICHAEL. 


NOTES. 


AT the November meeting of the Edinburgh Mathematical 
" Society the following papers were presented: By G. N. WATSON: 
“ The convergence of the series in Mathieu's functions”; by 
D. M. Y. SOMMERVILLE: "Taylor's cubics associated with a 
triangle in non-euclidean geometry"; by E. L. Ince: “The 
elliptic cylinder functions of the second kind." 


THE annual meeting of the London mathematical society 
was held November 17, and the following officers elected for 
the year: president, Sir J. Larmor; secretaries, J. H. GRACE, 
T. J. Pa BRowwicH; treasurer, A. E. WESTERN. Professor 
A. E. H. Love delivered an address on “Research in mathe- 
matics.” Arrangements were made to hold regular monthly 
meetings during the year. The society now numbers more 
than three hundred members. 


THE summer meeting of the Deutsche Mathematiker- 
Vereinigung, which was to have been held in September in 
affiliation with the Hanover meeting of the German naturalists 
and physicians, was omitted. No provision has been an- 
nounced for the next meeting. 


CONTRARY to the announcements made in the newspapers, 
nearly all the European universities and technical schools are 
open as usual. American students provided with passports 
are welcome. l 


THE sixty-sixth meeting of the American association for 
the advancement of science was held in Philadelphia during 


the week beginning December 28, under the presidency of 
Dr. C. W. Eror. 
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At the meeting of Section A, the retiring vice-president, 
Dr. FRANK SCHLESINGER, presented his address on “The 
object of astronomical and mathematical research.” Pro- 
fessor H. S. WEITE is vice-president, and Professor F. R. 
MOULTON secretary of Section A. 


A REGULAR meeting of the National academy of sciences. 
was held at Chicago, December 7, 8, 9; the following papers 
in mathematics were presented at this meeting: By G. A. 
Buiss, “A generalization of a theorem of Gauss concerning 
geodesic triangles"; by L. E. Dickson, “Recent progress in 
the theories of modular and formal invariants”; by G. A. 
Mer, “The ¢-subgroup of a group of finite order"; by 
E. H. Moore, “On the integration by successive approxima- 
tions of the ordinary differential equation of the first order in 
general analysis”; by F. R. MourroN, “An extension of the 
process of successive approximation for the solution of dif- 
ferential equations"; by H. S. Warte, “The synthesis of 
triad systems A, in £ elements, in particular for t = 31"; by 
E. J. WinezxwsEI, “Conjugate systems of space curves with 
equal Laplace-Darboux invariants." 


Tax royal gold medal of the Royal Society of London has 
been awarded to Professor E. W. Brown, of Yale University, 
in recognition of his investigations in mathematical astronomy. 


THE technical school of Zürich has conferred its honorary 
doctorate on Professor H. A. ScHwarz, of the University of 
Berlin, on the fiftieth anniversary of his receiving the doctor’s 
degree. 


Proressor P. Korse, of the University of Leipzig, has 
accepted a professorship of mathematics at the University of 
Jena, as successor to Professor J. THOMAE. 


Dr. W. Demet, of the technical school in Munich, was 
killed in battle October 23, at tbe age of 28 years. 


AT the University of Illinois, Mr. N. C. GarNzs has been 
appointed instructor in mathematics; Mr. W. H. WrrsoN and 
Mr. D H. MangHALL have been appointed assistants in mathe- 


matics. 
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ON his seventieth birthday, August 25, 1914, the Teachers’ 
association of South Africa presented to Dr. THomas Mura 
an illuminated address and a gift of books. 


PROFESSOR FREDERICK ANDEREGG, of Oberlin College, has 


returned from a year's leave of absence. 


Mr. W. E. Epineton, of the University of Colorado, has 
been appointed professor of mathematies in the University 
of New Mexico. 


Ar Pennsylvania State College, Dr. E. R. Smite has been 
promoted from an assistant professorship to an associate pro- 
fessorship of mathematics. 


AT the University of Texas, Dr. D. F. Barrow has been 
appointed instructor in applied mathematics, and Mr. P A. 
LAMOoTTE instructor in pure mathematics. 


Proressor R. G. D. Ricwarpson, of Brown University, 
has been elected a member of the section of mathematies and 
astronomy of the American academy of arts and sciences. 


Ar Oberlin College, Miss M. E. Wzrrs has been appointed 


acting associate professor of mathematics. 


Proressor G. B. Guccta, of the University of Palermo, 
founder of the Rendiconti del Circolo matematico di Palermo, 
died October 29, 1914, at the age of 59 years. 


Proressor R. LEkmwANN-FrnLHÉS, of the University of 
Berlin, died June 5, at the age of 60 years. 


Tue death is reported of Professor HEINRICH BURKHARDT, 
of the technical school of Munich, in his fifty-fourth year. 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 
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Za&hlenbeispiele. Weinheim, 1914. 8vo. 8 + 127 pp. M. 2.50 

' Faparros (W.). L. Euler und das Problem Fermats. Cassel, 1014. 8vo. 
12 pp. M. 1.20 

Et, Ko und Rupio (F.). Die Elemente der analytischen Geometrie. 
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Leipzig, Teubner, 1913. 8vo. Geb. M. 3.00 
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Transformation. Chur, 1914. Gr. 8vo. pp. 
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from the Public School Arithmetic. ndon, Bell, 1914. 8vo. 
124-2174-52 pp. Cloth. 2s. 


De, (A. H.). A course of geometry theoretical and practical. London, 
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Bourne (A. À.). See Baxmn (W. M.). 
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New York, Silver, Burdett & Co., 1913. $0.80 


Saron E School arithmetica; primary book, New York, Macmillan, 
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Cammav (P.) et Hvor (J.). ee et géométrie. Classe de premiére 
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CuiGNELL (N. J.). Numerical trigonometry. Oxford, Clarendon Press, 
1914. Cr. 8vo. 140 pp. 2s. 6d. 


Coates (J. V. H.). d first book of geometry. London, Anne, 1912. 
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Droner (J. und LórzsEvsR (P.). Mathematische Aufgaben für die 
Oberstufe hoherer Lehranstalten. Dresden, Ehlemann, 1914. 230 pp. 
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is percentage compass. London, Longmans, 1914. 8vo. 155 pp. 
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GERLACH (A.). Lebensvoller Rechenunterricht. lter Teil: Einfuhrung 
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THE EIGHTH REGULAR MEETING OF THE 
SOUTHWESTERN SECTION. 


THE eighth regular meeting of the Southwestern Section of 
the Society was held at the University of Nebraska, Lincoln, 
Nebraska, on Saturday, November 28, 1914. About twenty- 
five persons attended the sessions, including the following 
sixteen members of the Society: 

Professor Henry Blumberg, Professor W. C. Brenke, Pro- 
fessor E. W. Davis, Professor H. C. Feemster, Professor A. 
D. Frizell, Dr. Elizabeth B. Grennan, Professor E. R. Hedrick, 
Professor Louis Ingold, Professor O. D. Kellogg, Dr. S. 
Lefschetz, Professor U. G. Mitchell, Professor W. H. Roever, 
Professor Oscar Schmiedel, Professor E. B. Stouffer, Professor 
C. E. Stromquist, Professor W. D. A. Westfall. 

The morning session opened at 10 A.M. and the afternoon 
session at 2 P.M. Professor Davis presided. It was decided 
to hold the next meeting of the Section at Washington Uni- 
versity in St. Louis on Saturday, November 27, 1915. The 
folowing program committee was appointed: Professor W. 
H. Roever (chairman), Professor J. N. Van der Vries, Pro- 
fessor O. D. Kellogg (secretary). Attending members were 
given & smoker on Friday evening at the Commercial Club, 
and a lunch at the same place on Saturday. 


The following papers were presented at this meeting: 

(1) Professor P. J. DANIELL: “The end correction for an 
open cylinder." 

(2) Professor Oscar SCHMIEDEL: “Multiplication and 
division by variable operators." 

(3) Professor Lovıs Ixaorp: “Note on surfaces with a 
single first normal." 

(4) Dr. S. Lerscuetz: “Double integrals of Picard for an 
algebraic variety." 

(9) Dr. S. Lerscuetz: “The equation of Picard-Fuchs for 
an algebraie surface with arbitrary singularities." 

(6) Professor Henry BLUMBERG: “On the factorization of 
certain polynomials and certain linear homogeneous differ- 
ential expressions." 

(4) Professor A. B. FRIZELL: “The well-ordering of infinite 
permutations.” 
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(8) Dr. H. M. Suzrrzx: “ Deductive systems and postulate 
theory; I. finite case” (preliminary communication). 

(9) Professor E. R. Heprick and Miss E. A. WEEKS: 
“On & definition of discrete oscillation." 

(10) Professor W. C. BRENKE: “Convergence of an infinite 
determinant." 

(11) Professor E. W. Davis: “The distance between two 
complex points in ordinary space." 

In the absence of the authors, Professor Daniell’s paper 
was presented by Professor Kellogg, and Dr. Sheffer’s by 
Professor Hedrick. Abstracts of the papers follow. 


1. When a current flows out of a cylindrical tube of radius 
a into a large bath, a certain correction ka, where k is some 
fraction, has to be added to the length of the tube in caleulating 
the resistance. Rayleigh in his Theory of Sound has shown 
that .785 < k < .849 and, in the appendix, that k < .8242. 
Certain integrals containing Bessel functions are evaluated by 
means of asymptotic series, and then the approximate solution 
of an infinite number of linear equations in an infinite number 
of variables, obtained from the usual minimum condition, 
yields the value of k to any required accuracy. Professor 
Daniell has found by this means that .8225 < k < .8232. 


2. In this paper, Professor Schmiedel considers a method 
of multiplication and division by variable multipliers and 
divisors for the purpose of extending certain tables which 
are functions of two arguments to negative integral values of 
both arguments, and makes application of the method to 
' classes of tables of which the ordinary binomial coefficients 
are a special case. 


3. In a previous paper Professor Ingold has shown that for 
the proof of the formulas of Gauss and Codazzi the usual 
requirement, that the n-dimensional space under consideration 
lie in a linear space of n + 1 dimensions, can be replaced by 
the assumption that the given space have a single first normal 
(i. e., a normal vector which is linearly expressible in terms of 
the tangent vectors and their first derivatives). No example, 
however, was given of a locus satisfying the last requirement 
without satisfying the first. In this note such examples are 
furnished for n-dimensional loci, and it is shown that the 


e 
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only two-dimensional loci of this character &re surfaces gener- 
ated by the tangents to a curve in space of four or more 
dimensions. 


4. In this paper Dr. Lefschetz deals with integrals of the 
type TT TA, y, z, dyda + Bdzdz + Cdedy] for which 


A, B, C are rational on the variety V having for equation 
f(z,y,2, t) — 0. It is shown that, as could be expected, 
the number of integrals of this type which are of the second 
kind proper is I, — p, RE, being the two-dimensional con- 
nectivity of V, p the number of its simple integrals of the third 
kind. The following interesting result is obtained: if 4, B, C 
are of the type 


OR ap 88 as’ oT ar’ 
tr ty’ 
then there exist three rational functions of (2, y, 2, 0), say 
a, B, y such that 





5. Dr. Lefschetz’s second paper appears in full in this num- 
ber of the BULLETIN. 


6. Let 
d^ qn 
P= pola) z + pale) + ty 


be a linear homogeneous differential expression belonging to 
the domain & of rational functions (i. e., whose coefficients 
are elements of R). Denote by do di, ---, d, the degrees of 
polz), Pılz), +++, Pn(z) respectively. Professor Blumberg 
proves the following theorem: 

Ii d, — do > 0 and d, — do S 0 (v + n), P is not expressible 
as a symbolic product RS, where H and S are linear homogene- 
ous differential expressions belonging to 9t and of the sth and 
rth order respectively, unless d, — da = 0 mod. (n/[r, s]). 
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Here [r, s] = G.C.D. of r and s. As a particular case we 
have the theorem 

If da — dy > 0, d, — dj S0 (y + n) and [d, — do, n] = de 
P is irreducible. 

The proofs are algebraic in character, no integrals being 
used. Moreover corresponding theorems hold for the factori- 
zation of the polynomial P in y 


P = polti, 22, 2 m)" For + pns 2s +++, Te), 


where the coefficients are rational functions of their argu- 
ments. The application of the results to the integrals of the 
corresponding differential equations and to the algebraic 
functions defined by P = 0 is evident. Generalizations are 
given. 


7. By an extension of the process developed in a former 
paper (Chicago, April, 1914) Professor Frizell shows that the 
possibility of well-ordering the permutations of an w-series 
would carry with it the existence of an w-series of ordinal 
types—of which the type of this set of permutations is the 
lowest—whereof no one can be put into one-to-one corre- 
spondence with its predecessor. 


8. By means of various "transformations of relational 
coordinates," and corresponding definitions of equivalence of 
systems, Dr. Sheffer develops a general postulate theory for 
deductive systems involving a finite number of elements. 


9. In generalizations of the theory of functions of real 
variables, it seems desirable to suppress as far as possible the 
notion of length. Such other concepts as that of oscillation 
are therefore difficult of extension. In this paper, Professor 
Hedrick and Miss Weeks define a concept which will be called 
discrete oscillation, and they show that many of' the usual 
theorems concerning oscillation remain true for functions of a 
real variable when this new concept is substituted for the 
ordinary oscillation. For functions of a real variable the 
diserete oscillation is defined in terms of any monoton de- 
creasing set of numbers d, da, ds, ** Gn, +++ which approach 
zero, and is by definition equal to a, if the ordinary oscillation o 
satisfies the inequality a; 02a; Among theorems 
whose validity is proven are the theorem that the points at 
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which the oscillation is not less than a given positive number 
form & closed set; the Du Bois-Reymond theorems on inte- 
gration; the Sierpinski theorem; and others. ‘The new con- 
cept lends itself readily to broad generalizations, and its 
simplicity suggests the possibility of advantageous use even 
in the usual theory. 


10. Let a4 be the general element of the infinite deter- 
minant D and assume the convergence of Z|a4l. By com- 
parison with an infinite product Professor Brenke obtains the 
following results, of which (d) is & well-known theorem, from 
which also (a) might be derived: (a) D converges absolutely 
to the value 0; (b) if the elements of any number of rows or 
columns of D are replaced by quantities less in absolute value 
than & positive constant, the new determinant converges 
absolutely to 0; (c) if all the elements ax, t > k, are replaced 
by quantities less in absolute value than 1, the new deter- 
minant converges absolutely; (d) von Koch’s “normal 
determinant” converges absolutely; (e) a normal determinant 
remains absolutely convergent if elements a, are replaced 
as in (c). 


11. Professor Davis shows that if the difference between 
two complex vectors in space is 6; +V — 18 and if k is 
UV 6,62, then the square of the distance between the complex 
vectors is e —?T(8, + kô) T(81 — kde) where 0 is the angle 
between ôi + kôs and 01 — kô. This is an extension to 
space of a formula of Laguerre. 

QO. D. KELLOGG, 
Secretary of the Section. 


NOTE ON THE POTENTIAL AND THE ANTI- 
POTENTIAL GROUP OF A GIVEN GROUP. 


BY PROFESSOR G. A. MILLER. 


(Read before the American ers Society at Chicago, December 
, 1914. 


$ 1. Introduction. 


WITH every regular substitution group’ there may be 
associated a conjugate substitution group on the same letters 
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such that each of these two groups is composed of all the 
possible substitutions on these letters which are commutative 
with every substitution of the other group. This funda- 
mental theorem was proved by C. Jordan in his doctor's 
dissertation* and the given groups are called conjoints in 
Jordan's Traité des substitutions, 1870, page 58. Somewhat 
later G. Frattini made a more detailed study of the properties 
of these two related groups, and called them the potential 
and the antipotential group respectively.T 

Some of the results obtained by Frattini seem to have 
received less attention than they deserve. This may be 
partly due to the facts that his developments are not always 
clear and that his erroneous statements tend to create & 
feeling of distrust on the part of the reader. One of these 
statements appears in the form of a theorem on page 168 of 
the article to which we have referred, and is so obviously 
incorrect that it appears curious to find that Netto repeated 
it in his review of the article in the Jahrbuch über die Fort- 
schritte der Mathematik, volume 15, page 113. 

This theorem affirms that if we form successive maximal 
subgroups, starting with a group G and ending with iden- 
tity, then the series of integers obtained by dividing the 
order of each of these groups by the order of the one which 
immediately follows it in the given series is an invariant of G, 
except possibly as regards the order in which the integers 
occur. The fact that this theorem is false can be readily 
seen by means of such a well known group as the icosahedral 
group. Equally. obvious misstatements appear in the con- 
tinuation of the same article, published in volume 18 of the . 
same journal, but these errors also pass without mention by 
the reviewer in the Fortschritte. 

In the present note we aim to prove in a simple manner a 
few of the results obtained by Frattini, and to extend some 
of his developments along certain lines. For brevity, the 
potential and the antipotential group will be represented 
by G and G' respectively. We shall first establish the fol- 
lowing elementary theorem: 

The conjoint of every transitive constituent of a subgroup 
of G is a transitive constituent of a subgroup of G’, and vice versa. 


* C. Jordan, Thèse présentées & la Faculté des Sciences de Paris, 1860, 


. 99. 
i 1G. Frattini, Aii della R. Accademia dei Lincei. Memorie, vol. 14 


(1883), p. 144. 
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As a special case ‘of this theorem it follows that every 
abelian transitive constituent of a subgroup of G is a transitive 
constituent of a subgroup of G', and vice versa. As a special 
case of this special case it results that every cycle of every 
substitution of one of two conjoints 1s also a cycle of some sub- 
stitution of the other. 

To prove the theorem in question let K represent the 
conjoint of a transitive constituent of a subgroup of order A 
contained in G. This subgroup is clearly composed of all 
the substitutions of G which transform K into itself, and 
hence K has g/k conjugates under G, g being the order of G. 
These conjugates are on distinct sets of letters. The g/k 
conjugates of each substitution of K may therefore be repre- 
sented in the form of a single substitution which is invariant 
under G. Hence it is possible to establish a (1,1) corre- 
spondence between the conjugates of K so as to obtain & 
subgroup of order k in G', and this subgroup involves as one 
of its transitive constituents the conjoint of an arbitrary 
transitive constituent of the arbitrary subgroup of G. Hence 
the theorem in question 1s established. 


§ 2. Conjugate Operators and Conjugate Subgroups. 


The above considerations give rise to a method for finding 
all the subgroups of G which are conjugate with any one H 
of its subgroups. If H’ is any one of the subgroups of G' 
which has for one of its transitive constituents the conjoint 
of a transitive constituent of H, then it results that a necessary 
and sufficient condition that & given subgroup of G is con- 

‚jugate with H is that it involves at least one transitive consti- 
tuent which is the conjoint of some transitive constituent 


of H'. That is, 


A necessary and sufficient. condition that two subgroups of G 
are conjugate under G is that it is possible to select one transitive 
constituent from each of these two subgroups such that the con- 
joints of these two transitive constituents are transitive constitu- 
ents of the same subgroup of G’. 


Each transitive constituent of a subgroup of G is completely 
determined by the letters of this constituent. "That is, if a 
subgroup of G has a transitive constituent involving a certain 
set of letters, no other subgroup of G has a £ransitive consti- 
tuent on exactly the same set of letters. Hence the theorem 


224 POTENTIAL AND ANTIPOTENTIAL GROUP. [ Feb., 


stated at the end of the preceding paragraph may also be 
stated as follows: 


A necessary and sufficient condition that two subgroups of G are 
conjugate 1s that it is possible to find a transitive constituent 
in each of these two subgroups such that these two transitive 
constituents involve separately the same letters as two transitive 
constituents of some subgroup of G". 


As a special case of this theorem it results that a necessary 
and sufficient condition that a subgroup H of G is invariant 
is that G' involves a subgroup H' all of whose transitive 
constituents are the conjoints of the transitive constituents 
of H. Asa special case of this special case it may be observed 
that 


A necessary and sufficient condition that a subgroup of G is 
inwartant is that the totality of the cycles in its substitutions is 
the same as that of a subgroup of G'. 


If we select two complete sets of conjugate subgroups 
belonging to G and G” respectively, then either all the con- 
joints of the transitive constituents of the subgroups of the 
first set are transitive constituents of subgroups of the second 
set, or none of these conjoints are among the transitive 
constituents of the subgroups of the second set. In par- 
ticular, two complete sets of conjugate substitutions belonging 
to G and @ respectively either have all their cycles in common, 
or they have no transitive constituent in common. A neces- 
sary and sufficient condition that a transitive constituent of 
a subgroup of G is also a transitive constituent of a sub- 
group of G' is that this subgroup is abelian. Hence it is 
possible to find all the conjugates of a subgroup by noting 
the transitive constituents of subgroups in the potential and 
antipotential representations. 


§ 3. Methods of Constructing the Potential and the Antipo- 
tential Group. 


To construct the potential and the antipotential group of a 
given abstract group A, Frattini proceeded practically as 
follows:* Let 1, 83, 83, ---, 8, represent the distinct operators 
of A and construct the following two rectangular arrays: 





* G. Frattini, loc. cit. 
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1 8 8 II 1 82 83 t 4g 
gu So" — 8383 5^7 ` 8589 st 1 84 19g +--+ 8g 7 
83 828g 837 xx S988 83 | gea 1 t 88 ta, 
Sg 828 839g e: 8g ST Sols, 8g leg «++ 1 


The substitutions which represent the permutations of the 
operators in the first array, if each row is compared with the 
first row, constitute the potential group G of A, while those of 
the second array constitute the antipotential group G’ of A. 
Both of these groups are simply isomorphic with A and hence 
they are also simply isomorphic with each other. 

Before the publication of this paper by Frattini it was 
customary to obtain the regular representation of a given 
substitution group by means of a function which changes its 
value for every substitution of the group, but during the 
same year in which Frattini’s article appeared there appeared 
in the Mathematische Annalen, volume 22, an important 
article by Dyck entitled “Gruppentheoretische Studien II," 
in which the regular representation is derived in the same 
manner. In fact, this paper by Dyck and the paper by 
Frattini have many other things in common, but the more 
lucid presentation of these subjects in the former article 
has caused an undue neglect of the latter. 

A simple isomorphism between G and G' may be obtained 
by letting the substitutions obtained from each pair of corre- 
sponding rows in the given arrays correspond to each other. 
If the inverses of operators in the second array are replaced 
by the operators themselves, a simple isomorphism between 
G and @’ results. Moreover, it is clear that in the simple 
isomorphism between G and G', which results directly from 
the given arrays, the first cycle of each substitution of @ is 
the inverse of the first cycle of the corresponding substitution 
of GI, 

This fact, combined with the fact that if the first two 
letters of each pair of corresponding substitutions of two 
simply isomorphie regular groups are the same then the 
‘corresponding substitutions are identical, leads to a very 
simple method for deriving G from @’ or vice versa. This 
method 1s embodied in the following theorem: 
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The substitution of order 2 which transforms into their inverses 
each of the cycles of G or G’. which involve a given letter, and 
leaves this letter fixed, transforms G and G' into each other. 


Hence it is very easy to find either one of two conjoints when 
the other is given. 

A substitution of order 2 which transforms the potential 
and the antipotential group into each other may be found 
from the fundamental group itself without the use of the 
regular representation. In fact, if 1, 55,55, --+, 8, are the 
operators of the fundamental group and if we associate g 
different letters with these operators, then cycles of these 
letters correspond to the various distinct powers of these 
operators. The substitution of order 2 in question may be 
obtained by finding the substitution which transforms each 
of these cycles whose order exceeds- two into its inverse and 
omits the letter which corresponds to identity. 

To illustrate this method, consider the group of order 8 on 
four letters, and represent its substitutions as follows: 


l= 4, ac-bd=B, ac = C, bd = D, 
abcd = E, adcb = F, ab- cd — G, ad-be= H. 


The only cycle on the capital letters whose order exceeds 2 is 
EBFA. Hence EF transforms the potential and the anti- 
potential group of the octic group into each other. That is, 
if the octie group is represented in the regular form on the 
given capital letters in aecord with the usual process, then the 
transposition EF will transform this regular. group into its 
conjoint and vice versa. From the preceding developments 
there follows the theorem: 

If each operator of any given group A is represented by a 
distinct letter, then the substitution which transforms into their 
inverses the cycles representing the various distinct powers of 
all those operators whose orders exceed 2, and omits the letter 
corresponding to identity, transforms the conjownis of A into 
each other, if these conjoints are written on these letters in the 
usual way. 

When the group A is an abelian group it is identical 
with its conjoint and hence it is transformed into itself by 
the substitution noted in the preceding theorem. In fact, 
in this case the-substitution in question merely transforms 
into its inverse every operator of A and hence it is contained 
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in the holomorph of 4. In general, this substitution trans- 
forms the holomorph of G into itself; and when G is non- 
abelian this substitution and the holomorph of G generate 
the double holomorph of G. In regard to the given simple 
. isomorphism between G and G' it may be added that if we 
let every operator of any group correspond to its inverse 
we get a simple isomorphism only when the group is abelian; 
but if we multiply in one of these two corresponding groups 
on the right and in the other on the left there always results a 
certain kind of simple isomorphism. Moreover, it is easy to 
verify that if this kind of simple isomorphism can be estab- 
lished between two groups these groups must be actually 
simply isomorphic. 

As regards the theorems relating to conjugate subgroups 
and invariant subgroups which were developed in $ 2, it should 
perhaps be emphasized that these theorems enable us to 
determine at a glance all the conjugates of a given subgroup, 
or of & given operator, provided the potential and the anti- 
potential representation of the group are before us. Similarly 
they enable us to see at a glance what substitutions and 
what subgroups are invariant. On the other hand, it should 
be observed that the representation of a given group in the 
potential.and the antipotential form is laborious, so that 
these theorems appear to be of more theoretical than practi- 
cal interest. 


THE EQUATION OF PICARD-FUCHS FOR AN 
ALGEBRAIC SURFACE WITH ARBITRARY 
SINGULARITIES. 


BY DR. 8. LEFBCHETZ. 


(Read before the Southwestern Section of the American Mathematica! 
Society, November 28, 1914.) 


1. LET Fu(z, y, = 0 be the equation of an algebraic 
surface of order m with arbitrary singularities, the axes 
having an arbitrary position, and let 


f P(z, y, z)dx 


/ 


be an abelian integral of the second kind attached to the 
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curve C, in (zz), having for equation F, = 0. If pis the genus 
of C,, then the periods of this integral, considered as func- 
tions of y, satisfy a linear homogeneous differential equation 
of order 2p: Es, = 0, called the equation of Picard-Fuchs. 
Introduced by Fuchs, a complete study of it was made by E. 
Picard* for the case where the surface has only ordinary 
singularities, that is, a double curve with a finite number of 
points triple for both the curve and the surface. Asitis as 
yet unproved that any variety of more than two dimensions 
can be birationally transformed into one having only “ordi- 
nary singularities," it seems important, for the complete gen- 
erality of investigations bearing upon integrals belonging to 
varieties, first to extend the most important results obtained 
by Picard to surfaces with arbitrary singularities, and this is 
the object of the present note. 

2. Let wı, +++, wep be a fundamental set of periods for the 
integral in question, w any other period. When y describes a 
closed path, w may be changed into w’, and we have 


Pu Ro do 
dy ` £^ dye 
the integers m being independent of k; hence the differential 


equation 

d'w do Zus 

dy* H dy* H H dy* 
(k = 1,2, ---, 2p) 


remains unchanged, and if it is written in the form 


= 0 











Basläl = | 


D. d 
pi par = 0 (p= 1), 


the p’s, being uniform everywhere in the y plane and regular 
at infinity, are rational in y. 

- 3. Let ai, a5, *-- be the winding points of the Riemann 

surface Cy, Q, a cross-cut traced in the a-plane from a fixed 

point A around a, and back to 4. Any period is of the type 


(PG, y, ade 
Lë f 


* Picard-Simart, Traité des Fonctions algébriques de deux Variables, vol. 


1. p. 9. 
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the sum being extended to a system of cross-cuts 2+ Q; forming 
a closed path on the Riemann surface. P being taken as a 
polynomial, this period may cease to be holomorphic where 
and only where two or more of the winding points coincide. 
Let (a, b, c) be such & place. When y describes a closed path 
around b, the a’s undergo a substitution, product of several 
cyclic substitutions having no common letters. Let 


(qi, "tty an) 
be one of these cycles. For y = b, we have 
Qa = dm. — Ga, 


When y describes a closed circle of small radius around b 
the a's form the vertices of a regular polygon of A sides 
having a for center. ‘The axes being arbitrary, the curve C, 
1s not reducible; for otherwise, that,is, if all plane sectiens 
of F through (a, b,c) were reducible, the surface would be 
a cone of vertex (a, b, c) (theorem of Castelnuovo) — a case 
which we may exclude for the present. To a loop Q going 
from a around a, and back to a and joining two sheets 1-2 
of the Riemann surface C,, there will then correspond a loop 
Q' going from a to & winding point « and joining the same 
sheets. Furthermore since a; can be brought into coincidence 
successively with as, - - -, a4, there are loops Qs, - - Qs joining 
these two sheets and going from a around dg, ::-, a4. The 
winding point o may or may not be an ordinary branch point, 
but in any case, when y = b, a + a. 

4. The integral of § 1 may have periods of two natures. 
The first will correspond to cycles formed by the loops Q,Q,, 
the second to cycles formed by the loops Q,Q’. Let a, +--+, wn 
be the periods corresponding to the cycles 


(Qi + Qs, DU Uu Qar + Q1) 


and w,’, --- the periods corresponding to the cycles 


QHQ, 


and suppose first that the winding point œ comes in coin- 
cidence with no other for y = b. By the same reasoning as 
Picard’s,* it is easy to show then that when y describes a 


* Loc. cit., p. 96. 
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closed path around b, w; changes into w:11 (wrm = w1) and 
w, into o Lo, Let 60^ = 1. Then 


À 
(> Oty), Jo "M by *^^ = Ry 
t=1 

is & uniform function of y in the vicinity of b, for all values 
of the integer k. Taking k= 1, 2, ---,h we obtain h, uniform 
functions of y, and solving the equations for the w’s, we 


have 
A 


wii = 2 97958, (y DI, 


where the (S)’s are uniform in y, near b. The period od is 
of the form* 


= 2 (y — b)" [ou + pu log (y — b) 
T + ga (log (y—5))*] 
+), (y — bo + yaf log (y — 5b) +--+], 


this being the general form of the integrals of Es, = 0 in the 
neighborhood of the critical point b. The r's are the roots 
of the fundamental equation relative to b which are not of 
the form k/h. When b describes a closed path this integral 
is Increased by one which contains logarithmic terms, or 
terms in (y — 6)", as long as all the y’s, and all the es 
except Q01 ***, Yon’, Af do not vanish. As we have seen, 
w, is increased by w, and wi contains no logarithmic terms 
nor terms in (y — b)”; hence for w,’ we have the expression 


h—1 EINEN 
iii eil E RU "CH log pp 


e being uniform in y near b. 
5. We may remark that by replacing P(z, y, ai by 


(y — b)1P(z, y, 3), 
q being so chosen that 


P(e, y; z)(y NS b) 
F, 7 


E, EEN 
* E. Picard, Traité lc vol. 3, p. 282. The gs and ys are 
uniform in the neighborhood of 5. 





(y- b) ums 
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shall be finite in the vicinity of b, we obtain an integral having 
periods w = (y — b)*e, w being the period of the integral 
considered so far, corresponding to w, and that these periods 
w are all finite. Hence the functions o, S uniform near b, 
have this point for pole, but not for essential singularity, 
and therefore: The equation Es, = 0 has only regular integrals. 

It is seen directly, by considering the circuits on the Rie- 


mann surface C,, that > w,= 0. Hence: In the vicinity of a 
critical point b, there is a DON number of independent periods 


of the integral 
re P(g, eu pe 


say wı, +++, Ws, having this "idi either for pole or for critical 
algebraic point, and such that when y describes a closed path 
around b, any period is increased by integral multiples of these. 
A period non-uniform near b behaves either like w, or oi or a 
combination of both. This result really generalizes the one 
obtained by Picard (loc. cit.). "The whole theory of double 
integrals of the second kind of F can now be developed as in 
the case of the surface with ordinary singularities. The 
considerations made there only require that the periods 
wi ***, €, be finite near b. If this condition is not satisfied 
for all critical points, we can replace the integral considered by 


f ey) P (x, y, z)dx 
Lä , 


€ being a polynomial in y so chosen that the above condition 
shall be satisfied for all points b. If po, p, r have the same mean- 
ing as with Pieard* we have for the number of double inte- 
grals of the second kind 


po = N — 4p — (m — 1) + 2r — (p — 1), 


the same Range if we set N — Ze, as that obtained by the 
French mathematician. N denotes the class when the sur- 
face has only ordinary singularities. Since py is an absolute 
invariant with respect to birational transformations, we have 
by taking this number for the surface F birationally trans- 
formed of F and with ordinary singularities 


* Picard-Simart, loo. cit., vol. 2, p. 408. 
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N—4p— (n—2) -2r—p—- I-d-2r— p 4- 2, 


where p, I, p are the invariants p and those of Zeuthen-Segre 


for F. If I is the same invariant for F, since I — p =I — p, 
we have 
I= N — 4p — m = Zs 4p — m. 


Hence Ze is equal to the “equivalence” in nodes of the point 
(a, b, c) in the evaluation of the invariant I for F by means 
of the pencil C,. This property can be shown directly for 
the following cases: 1°. F has only ordinary nodes. 2°. In 
the vicinity of any of these nodes there lie other nodes, or 
ordinary infinitesimal multiple curves. In these cases it 1s 
easy to show that in the vicinity of the nodes all the numbers 
such as h are equal to 2. It would be interesting to know if 
such is always the case, but the preceding investigation 
shows that for the applications this does not matter. 


UNIVERSITY OF KANSAS, 
October 17, 1914. 


THE FOURTH DIMENSION. 


Geometry of Four Dimensions. By Henry PARKER MANNING, 
Ph.D. New York, The Macmillan Company, 1914. $vo. 
948 pp. 

Every professional mathematician must hold himself at all 
times in readiness to answer certain standard questions of 
perennial interest to the layman. “What is, or what are 
quaternions?" “What are least squares?" but especially, 
“Well, have you discovered the fourth dimension yet?” 

This last query is the most difficult of the three, suggesting 
forcibly the sophists’ riddle “Have you ceased beating your 
mother?" The fact is that there is no common locus standi 
for questioner and questioned. Tọ ‚the professional mathe- 
matician the fourth dimension usually suggests a manifold of 
objects depending upon four independent parameters, which 
it is convenient to describe in geometrical language. Occa- 
sionally he does not make any use of analysis, but builds up 
what the Italians call a “Sistema ipotetico deduttivo” of 
abstract assumptions and conclusions. The whole thing 1s 
professional, and unromantic. Such ideas, are, naturally; 
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unintelligible to the “man in the street." Moreover, could he 
understand them, they would not answer the questions in 
which he is interested. What he desires is to know whether 
the fourth dimension, whatever it be, throws any light on 
the phenomena of spiritism, or the immortality of the soul. 
Here the professional mathematician is helpless. He is quite 
as ignorant as is his questioner in regard to the physical 
existence of a four-dimensional universe enclosing our space 
of experience. The only sure thing is that neither of them 
has been there. If the mathematician be wise he will refer 
his questioner to such books as our present author's “Fourth 
Dimension Simply Explained"* or E. A. Abbott’s classic 
“Flatland, by A Square" and leave the matter there. 

Between the non-mathematicians and the professionals 
there is & third class composed of amateurs whose interest in 
the fourth dimension is somewhat different. These are 
persons of moderate mathematical learning who feel a com- 
mendable curiosity as to what geometrical relations obtain in 
spaces of more dimensions than we know, and are glad to 
apply such ability as they possess to the study of the question. 
It 1s for this class of people, heretofore neglected by English- 
speaking writers, that the present work was written. Let us 
s&y loudly that we believe that the author has succeeded 
well in meeting their needs. The problems which he takes 
up are the problems in which such readers are interested, the 
methods of attack are those with which they are familiar. 
It must be remembered that the only allowable methods are 
those of elementary algebra, geometry, and trigonometry, 
and in the present work we have elementary geometrical 
methods exclusively. Moreover, these readers know little 
and care less about systems of logically independent axioms; 
they will swallow any reasonable number of assumptions with 
no fear of indigestion; and in the present work very little 
attention is given to axiom grinding. The book is admirably 
fitted for its end. A" 

Unfortunately we can not leave the matter there. Who- 
ever writes à mathematical book in these days, especially a 
book which introduces the reader to new realms of thought, 
must state clearly somewhere what assumptions he makes, 
and stand steadfastly by them. He need not, indeed, devote 
page after page to proving thoroughly familiar theorems by 


. ™ New York, Munn and Company, 1910. 
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means of some new system of independent axioms, but there 
should never be any doubt about what facts he has actually 
assumed. This sort of definite statement is Just what our 
present author never makes; there is always a doubtful zone 
surrounding his hypotheses. Let us exhibit some examples. 

Chapter II is introduced (page 74) with these words: “ The 
subjects now to be taken up belong more particularly to 
metrical geometry; and we shall assume the axioms of 
metrical geometry, and employ its terms without special 
definition. In fact, we shall assume all of the theorems of 
the ordinary geometry, except, for the present, those which 
depend on the axiom of parallels." (In & note the author 
refers to Moore and to Veblen for systems of &xioms for 
geometry.) Let us see what conclusions a malevolent reader 
might draw from this statement. Our author says, on page 23, 
that two figures intersect if they have a point or points in 
common. Let us then remember that the leading theorem 
in solid geometry says that if two planes intersect, their 
intersection is a straight line. If we hold to this we need read 
no further, we have excluded & fourth dimension. We must 
consult the footnote to see how the author would avoid this. 
As for parallels, bow is & reader whose mathematical equip- 
ment is such as this work presupposes, to decide whether a 
theorem really depends upon the parallel axiom or not? The 
usual proof that all plane angles of a diedral angle are equal 
is based upon the properties of parallel lines, but an inde- 
pendent proof is easily devised. On the other hand the 
theorem that all angles inscribed in the same circular are 
are equal, does not appear to depend necessarily upon the 
parallel axiom, yet it does so in fact, and is untrue in the 
non-euclidean spaces. No writer should leave to his reader 
the responsibility of settling questions of this sort. 

We used the words “non-euclidean geometry," just now; 
they suggest & second point wherein we take sharp issue with 
the author. He is very particular to insist again and again that 
he has made no use of the parallel axiom (before Chapter VI) 
and that the theorems developed hold equally well in euclidean, 
and non-euclidean space. Now when an author is careful to 
exhibit explicitly all of his assumptions, and to refer constantly 
to them, & statement of this sort inspires confidence; but when 
he pursues the» optimistic course followed in this book, we 
feel the need of caution in accepting the dictum. Let us be 
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more explicit. On page 27 under the heading order we read: 
“Tf A and B are two distinct points, then A comes before B 
and B lies beyond A in one direction along the line AB while B 
comes before A and A lies beyond B 1n the opposite direction." 
One naturally concludes that this is an explicit assumption 
which the author makes about a straight line; but he does not 
like to put things in such a bald fashion, for he says in the 
preceding sentence that the relation of order “may be ex- 
plained somewhat in detail as follows." What he really does‘ 
is to use order to explain betweenness and then say, pre- 
sumably by way of an axiom, page 28: “Given any three points 
on & line, one of them lies between the other two.” Now 
these assumptions are characteristic of a geometry where a 
straight line is an open locus, and the reader familiar with 
non-euclidean geometry would naturally assume that the 
writer in making such assumptions and building upon them 
intended consciously to exclude elliptic geometry. Such an 
inference is the polar opposite of the truth. The author 
acknowledges in a footnote on page 29 that in elliptic space 
we have cyclic order on a line, and suggests that the reader 
either look ahead to page 213 where a new set of axioms of 
cyclie order are set up, or confine himself to a restricted portion 
of a line. Let us consider these two suggestions in turn. It 
is true that on pages 213 ff. the author gives a set of axioms for 
order in what he calls “double elliptic geometry,” i. e., spher- 
ical geometry where coplanar lines intersect twice, and if these 
be carefully followed we can reach the theorems of Chapter I 
for the spherical case. But he completely overlooks the more 
usual case of single elliptic geometry, where a straight line is a 
closed circuit, yet coplanar lines meet but once. Here we 
encounter a really serious difficulty. We naturally say that a 
point is between two others if it lie upon the smaller segment 
of their common line, assuming the two segments not equal. 
Let us then take two coplanar lines and mark on one of them 
three points ABC in such fashion as to divide the whole length 
into three equal parts. The other line will then contain a 
point of just one of the three segments BC, CA, AB. Now 
move one of the three points a very slight distance from the 
line, without removing it from the plane. We have a highly 
attenuated triangle ABC, and a line coplanar therewith which 
intersects one side, and two sides produced.» But this is in 
flat contradiction to the axiom of Pasch, “ A line intersecting 
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one Side of a triangle, and another side produced, intersects 
the third side," upon which the whole book rests. 

The author would probably reply that the axiom of Pasch 
was not necessarily true in the whole of the elliptic plane, 
but only in a restricted region. Let us see what is meant by 
this phrase which is cropping up continually; as on page 153, 
where a certain theorem is announced for the plane but a 
footnote says: “Or at least in a restricted portion of a plane." 
Just what does our author mean by this oft recurring phrase? 
We turn to the index which refers us to page 19 and here we 
are referred to page 6 of the author's “Non-Euclidean Geo- 
metry."* There we read: “The following propositions are 
true, at least for figures whose lines do not exceed a certain 
length. That is, if there is an exception, it is in a case where 
we can not apply the theorem, or some step in the proof, on 
account of the lengths of some of the lines. For convenience, 
we shall use the word restricted in this sense, and say that the 
theorem is true for restricted figures, or in a restricted portion 
of the plane." Surely, these are dark sayings. The meaning 
seems to be that certain theorems are usually true, and if 
they are not true, why that is because some of the lines 
involved are too long. But how are we going to tell in any 
particular case whether this difficulty is going to arise or no? 
We ask in vain; the author vouchsafes no reply. What he 
has in mind is, probably, something of this sort. Let us 
start with a complete elliptic space, and then restrict our- 
selves to such & region as the interior of & sphere whose 
r&dius is not greater than one quarter of the total length of a 
line. In this region two points determine a single definite 
‚segment, every segment may be extended beyond either end, 
points on a straight line have an open order, and Pasch's 
axiom is true. We seem to have removed all of our difficulties 
at a stroke. Alas nol In this vale of tears nothing is 
obtained without cost, and the price which we have paid has 
been to sacrifice the right to extend a given segment by a 
preassigned amount. Equally disagreeable is the fact that 
we can no longer surely drop & perpendicular on a line from 
an outside point. We are, in fact, in a very parlous state. 

No, we take issue entirely with the author on the whole 
non-euclidean question. We feel/that the book would have 
been stronger and better if he had taken his stand frankly at 


* Boston, Ginn and Company, 1901. 
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the outset on some recognized system of euclidean axioms. 
Few readers of the type for whom the book was written would 
have missed the non-euclidean cases, fewer we believe than 
the number of those who are in danger of being confused by 
the present arrangement. Such a course would have entailed 
some modification in the highly ingenious treatment of the 
regular hypersolids, but this handicap would have been far 
outweighed by the gain in clearness and precision. 

The work begins with an introductory chapter giving a 
historical account of the subject. "The bibliographical refer- 
ences are many, and seem to have been compiled with care. 
The apology for the exclusive use of elementary synthetic 
methods is less convincing. The real reason for such a course 
is that the class of readers especially interested in the subject 
matter understand no other methods. The author is just 
right in saying (pages 13 ff.) that the study of the higher spaces 
throws a flood of light upon the lower ones, but such a state- 
ment is far more convincing if illustrated by a few concrete 
analytical examples. For instance, the statement that the 
system of spheres in our space gives a sensuous representation 
of the points in four dimensions does not drive the matter 
home half so convineingly as when we point out that if we 
refer the point (X, Y, Z, T) in euclidean S, to the oriented 
sphere in euclidean Ss whose center is (X, Y, Z) and radius 


—V — 1T, the distance of two points in S, will have the 
same analytic expression as the length of a common tangent 
of the corresponding spheres. l 

In Chapter I we have the systematic foundation for four- 
dimensional geometry. The axiom of Pasch, already men- 
tioned, is fundamental in all of this work. The plane, hyper- 
plane (53), and four-dimensional space are actually built up 
by a series of triangle transversal constructions. This is 
what has come to be recognized as the standard method, in 
recent years, and the present author employs it with skill 
and success. A good deal of attention is given to convex 
figures, which are carefully defined, though it is not clear 
whether the author is familiar with the recent work of Whitte- 
more and Lennes dealing with such. The chapter ends with 
a discussion of various graphical properties of solids and 
hypersolids. Some of the latter are more,easy to under- 
stand than others. We pass naturally from the pyramid 
in S to the hyperpyramid in $4. Much more elusive are the 
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double pyramids and double cones (pages 66 and 71) obtained 
by drawing lines from the points of the interior of a closed 
plane curve, to those between two points not in the same 5; 
as the curve. : 

The author's avoidance of existence postulates gives a 
startling sound to some of his statements, as this on page 59: 
“A space of four dimensions consists in the points we get if 
we take five points, not points of one hyperplane, etc." "The 
reader almost instinctively says: “ Dear me, this is so sudden!" 
Some definitions are also open to objection as, page 32: “A 
point is said to be collinear with a triangle when it is col- 
linear with any two points of the triangle." Leaving aside 
the secondary consideration that it is a little inelegant to use 
the word collinear in connection with a two-dimensional 
figure, it may be contended with some force that according to 
this definition a point is collinear with a triangle when it is 
collinear with each two points thereof. We reach the author's 
true meaning if we omit the word any. 

In spite of these criticisms we feel that the reader who has 
read the present chapter understandingly, knows a good deal 
more about geometry than he did before. 

'The second chapter is devoted almost exclusively to per- 
pendicularity and is decidedly interesting. The author makes 
very clear the distinction between simply perpendicular planes, 
which lie in an Ss and are the usual perpendicular planes of 
commerce, and absolutely perpendicular planes where each 
contains a pencil of concurrent lines perpendicular to the 
other. Itis perhaps a pity that he refers only in a note (page 
85) to half-perpendicular planes, each of which contains just `- 
'one perpendicular to the other. It is regrettable that one 
serious misstatement recurs several times in the chapter. For 
instance, we read on page 77, theorem 3: “ Through any point 
outside a hyperplane passes one, and only one, perpendicular to 
the hyperplane.” How can a writer so desirous to “bless and 
preserve to our use” elliptic space appear to forget that there 
all lines through a point might be perpendicular to a hyper- 
plane? An equivalent mistake will be found on pages 81 
and 82. Another slip occurs in the theorem on page 94. 
If two planes are not in an $; the lines in one coplanar with 
lines in the other have been defined as linear elements. We 
read: “Given two planes, not in a hyperplane, if any two of 
their linear elements have a common perpendicular line, they 
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all have a common perpendicular hyperplane.” Leaving out 
the question of the ambiguity of the word any, the author 
clearly means a common perpendicular line in their plane, for 
two intersecting lines have plenty of common perpendiculars 
not in their plane. : 

Chapter III is devoted to various sorts of angles. It 
starts with a proof that two skew lines have always one com- 
mon perpendicular. This is highly ingenious, being based 
on considerations of continuity and irrational numbers; of 
course the author has cut himself off from the usual simple 
proof based upon parallels. We next come to a study of the 
angles of two planes which have but one common point, and a 
discussion of the curious figure of isocline planes which, 
though only intersecting once, have yet an infinite number of 
equal minimal angles. ‘They are dual figures to the Clifford 
parallel lines of elliptic space. The author pays some atten- : 
tion to what he rather infelicitously calls point geometry, 1. e., 
the geometry of a bundle of concurrent lines, and edge geo- 
metry, generated by coaxal planes. The two geometries are 
dual to one another, and have elliptic measurement. 

The fourth chapter takes up the concepts of symmetry, 
order, and motion. This, to the reviewer, is by far the least 
satisfactory chapter of the book. "To begin with, the language 
is frequently so obscure that the reader vainly tries to find out 
what is assumed, what is defined, and what is proved. For 
instance we read on page 160: “We shall say then that the 
order of a triangle can not be changed by any motion of the 
triangle in its plane, regarding this statement as, in part, a 
definition of the phrase motion ın a plane." The reviewer's 
guess is that this means, motion in a plane is a transformation 
of the plane which leaves invariant the distance of each pair 
of points, and the order of each triangle. What, then, is the 
order of a triangle? We read (page 154): “ We have two prin- 
ciples on which we can base the theory of order in a plane: 

“I. A and B being any two points of a plane, a point which 
18 on one side of the line AB 18 on the opposite side of the line BA. 

“IT. O, A, and B, being any three non-collinear points of a 
plane, B 1s on one side of the line OA and A is on the other side 
of the hine OB." 

Exactly what róle in the drama is played by & principle 
the reviewer does not know. The natural'inference is that 
we have here a definition of the phrases same side, and opposite 
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‚sides. Yet this can hardly be the case for we can not say of a 
definition that it is true or not true, yet we continually meet 
statements like that in the corollary (page 155): If I holds 
true of BC and II holds true of OA and OB, then II will hold 
true of OA and OC. The reviewer has had lucid intervals 

‚when he believed that he understood what these words meant, 
but they were infrequent and of uncertain duration. Similar 
statements occur frequently in the following pages. A very 
definite error occurs in the theorem of page 170: “If after a 
motion of a hyperplane on itself there is no point which occupies 
the position that 4t occupied before, then every point occupies a 
position that could have been reached by the motion on itself of 
some plane of the hyperplane, or by a screw motion." 

The proof begins as follows: “Let 4 be the first position, 
and B the second position of some point, let C be the second 
position of the point whose first position was B, and let D be 
the second position of the point whose first positions was C. 
We will assume that A, B, C, and D are not collinear." “But,” 
asks the careful reader, “what right have you to assume that 
these points are not collinear?" The answer is “None 
whatever." As a matter of fact, in the most striking form of 
motion of that elliptic space which is so dear to our author, 
the points are collinear, for each (real) point moves along that 
line of a congruence of Clifford parallels which passes through 
it, and each plane rotates about one such line. This error 
invalidates the proofs of the two important theorems on 
page 174. 

Chapter V is devoted to hyperpyramids, hypercones, and 
hyperspheres, and calls for no special comment. In Chapter 
VI we bave, for the first time, the explicit euclidean assumption 
about parallels, and an adequate discussion of parallel planes, 
half-parallel planes, and parallel hyperplanes. The treat- 
ment is good, but would have been better if the author had 
omitted the section on the “hyperplane at infinity.” He 
begins (page 230): “ We express certain facts of parallelism as 
if they were matters of intersection, from which, indeed, 
they are derived by limiting processes. Thus we say that 
two lines intersect at infinity only as another way of saying 
that they are parallel.” This is just exactly right. Now 
we know what we mean by “intersect at infinity," we have as 
yet, however, no-meaning for the phrase “point at infinity." 
If two lines intersect in the usual sense, they have & common 
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point, if they intersect at infinity they have no common point, 
so that "point at infinity" must mean some other undefined 
thing which they share. Yet our author goes serenely on: 
“Points at infinity are sometimes called ideal points. A line 
has a single point at infinity, its intersection with any parallel 
line.” The strange thing is that it is perfectly easy to put 
the whole subject upon a satisfactory basis. We begin by 
defining & point at infinity as & buridle of parallel lines, and 
say that an infinite point lies on a (finite) line, if the latter 
be a member of the bundle defining the former. Starting thus, 
the geometry of the infinite domain can be built up in a simple 
and rigorous way. The latter part of the chapter goes to 
hyperprisms and double prisms, hypercylinders, and double 
cylinders. 'lhe treatment is careful, but the subjects are 
sometimes difficult to grasp, especially the double prisms and 
double cylinders. 

Chapter VII is the important metrical chapter, and is 
entirely devoted to volumes and hypervolumes. The author 
determines carefully, and with not a little ingenuity the 
limiting volumes, and the hypervolumes of all of the more 
important hypersolids. It is regrettable, though perhaps not 
surprising, that, as usual, he shies at definitions. For instance, 
we read (page 270): “A hypersolid is supposed to have a hyper- 
volume which can be computed from the measurements of 
certain segments and angles, and which can be expressed in 
terms of the hypervolume of a given hypercube, taken as a 
unit.” Here again, a few simple assumptions would put the 
matter in a much better light. Hypervolume is a numerical 
coefficient attached to a hypersolid. Congruent hypersolids 
have the same hypervolume, and if a hypersolid be the sum 
of two others, its hypervolume is the sum of theirs. It would 
probably be well also to assume the DeZolt theorem, a hyper- 
solid can not have the same hypervolume as a part of itself, 
and perhaps also the proposition that an infinitely short 
hyperprism has an infinitesimal hypervolume. 

Chapter VIII is the last and deals with the regular hyper- 
solids. Four of these, the pentahedroid, hypercube, 16- 
hedroid, and 24-hedroid are immediately reached, and easily 
discussed. Then follows a half-hearted discussion of the 
Eulerian formula for hypersolids 


No. of vertices + No. of faces = No. of edges + No. of cells. 
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We say that the discussion is half-hearted because the 
author says in a note on page 302 that the formula will not 
be used again, and may be omitted. The formula is said 
only to hold for simple polyhedrons, though we are never 
informed exactly which these are. We are, indeed, told on 
page 63 that the term “polyhedroid” will be applied only to 
certain simple figures defined individually. This promise is 
never carried out, and we are led to the idea that the formula 
is true for simple polyhedroids, since simple polyhedroids are 
tbose for which it is true. It would have been better to give 
more precise definitions or else leave it out entirely. For 
instance, the following hypersolid is simple, in the sense that 
it is easily described. We start with a rectangular hyper- 
parallelepiped (heaven save the mark!) whose dimensions are 
3x83 1. This can be constructed from 27 abutting 
unit hypercubes, and fulfills the formula above. We now 
construct a “hyperdoughnut” by removing the middle 
hypercube. By this process we add to our original hyper- 
solid all of the vertices, edges, and faces of the hypercube, 
and all but two of its cells. The formula is no longer appli- 
cable. 

The author next passes to nets of regular polyhedrons, 
meaning thereby systems which entirely fill our space. Hi 
wording is here sometimes unfortunate, so that the reader is 
in danger of being confused. Let us cite two instances. 
The first is page 305: “The only sets of regular polyhedrons 
that can be used to form nets are 4 tetrahedrons, cubes or 
dodekahedrons at a point," etc. 

The reader naturally concludes that space could be filled 
with cubes abutting in fours, and wonders how these would 
appear. But what the author means is tbat if space can be 
filled with regular polyhedrons meeting four at a point, these 
solids must be tetrahedrons, cubes, or dodekahedrons. An 
even more cryptic utterance occurs on page 306: "Any 
combination which more than fills the part of euclidean 
space about a point belongs to hyperbolic geometry, and any 
combination which does not fil the part of euclidean space 
about a point, belongs to elliptic geometry." These mystic 
words cover & highly ingenious bit of geometrical reasoning, 
which is worth explaining. 

We start with the geometry of a bundle of concurrent lines 
in Ss, defining the angle of two such lines, after Laguerre, 
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as a constant multiple of the natural logarithm of a cross 
ratio which they determine with two generators of a certain 
cone. This definition is the same in euclidean and the 
classical non-euclidean geometries, hence the geometry of 
lines of a bundle is ihe same in all. We next take a regular 
tetrahedron, and drop half-lines from its center perpendicular 
to its faces. These wil determine four trihedral . angles 
which together fill up the space about this center. We then 
wonder whether these trihedral angles are congruent to those 
of a regular tetrahedron, so that the space could have been 
equally well filled by four abutting tetrahedrons, but we find 
that in euclidean space the face angles of these central tri- 
hedral angles are greater than those which appear in & regular 
. tetrahedron. Not so in elliptic space. Here the area of a 
triangle is measured by the excess of the sum of its angles 
over v. If we take our regular tetrahedron large enough, the 
‘face angles will be just those of the four central trihedral 
angles. We thus complete the first step in the proof that 
elliptie space can be completely filled by regular tetrahedrons, 
meeting in fours. The author closes with an account of two 
pleasant little figures, the 600-hedroid, and the 120-hedroid. 
The treatment is admirable considering the complexity of the 
subject. 

What shall we offer as our final opinion? We have praised 
the book in general and damned it enthusiastically in detail. 
Let the praise be remembered and the blame forgotten. Our 
author has written & book well fitted to interest and stimulate 
the audience he had in mind. He has done far more for his 
day and generation than has Dryasdust, who never makes & 
mistake because he never has anything to say. 

J. L. COOLDGE. 
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SHORTER NOTICES. 


Die neuzeitliche Entwicklung des mathematischen Unterrichts an 
den höheren Mädchenschulen Deutschlands inbesondere Nord. ` 
deutschlands. Von Prof. Dr. J. SCHRÖDER. (Abhandlungen 
über den mathematischen Unterricht in Deutschland ver- 
anlasst durch die internationale mathematische Unter- 
richtskommission, herausgegeben von F. Kuer. Band 1, 
Heft 5.) Leipzig, Teubner, 1918. xii + 183 pp. 


Tse publications of the international commission on the 
teaching of mathematics are especially significant at the 
present time when some persons are challenging the rigbt of 
mathematies and other so-ealled disciplinary studies to con- 
tinue to hold their time-honored positions in our curricula. 
As Germany is one of the strongholds of experimental psy- 
chology and as many of the experiments relating to “trans- 
ference" of power from one subject to another have been 
made by Germans, it js especially interesting to see what 
effect all these discussions have had upon the amount and 
kind of mathematics in the courses of study of the schools 
of that country. The German subcommittee have planned 
five large volumes of "Abhandlungen." "Two of these deal 
with their higher schools; the other three treat of separate 
questions in the instruction in higher mathematies, of mathe- 
matics in the technical schools, and of elementary and normal 
school mathematies. There will be almost forty separate 
pamphlets, written by men who are authorities in their several 
lines. The editor-in-chief is Professor Klein, who is un- 
doubtedly better fitted than any one else to fill this responsible 
position. 

The book under review is the fifth and last part of the first 
volume of the series. Of the three sections into which it is 
divided, the first two deal with the development and present 
conditions in “northern”? Germany and the third takes up 
the present status in other parts of the country. The first 
section gives, in a concise form, a picture of the very primitive 
conditions in women's education that preyailed until recently, 
&nd it traces out the principal influences which have contri- 
buted to an amelioration of these conditions. The reader's 
attention is held by the stirring accounts of the long and hard 
struggle against ignorance and prejudice waged at first by a 
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few far-seeing and brave pioneers and later by bands of men 
and women associated together for the purpose of establishing 
adequate schools for girls. The ordinance of May 31, 1894, 
was & great victory in many ways, but it left much to be 
desired. This was particularly true from a mathematical 
point of view, for substantially all mathematical instruction 
except practical arithmetical calculations were explicitly 
excluded from the curriculum. ‘The defects in these regu- 
lations seemed to stimulate the friends of the education of 
girls to & renewal of their efforts. 

Fourteen years later the Prussian government issued new 
regulations putting the girls’ schools on practically the same 
basis as the boys’ schools as regards the governing boards 
and the training and rank of the teaching staff. The length 
of the course was increased and the curriculum was strength- 
ened. The work in mathematics was, briefly, as follows: 
In the Lyzeum (which the girl entered at the age of six for a 
ten years' course) the requirements were (1) & very thorough 
drill in arithmetic, especially in mental arithmetic and in the 
arithmetic calculations of every day life; (2) algebra to 
quadratic equations with one unknown; (3) plane geometry 
to the theory of the circle; (4) calculations of the surfaces and 
volumes of the simple solids. Those who wished to prepare 
for elementary teaching entered the Oberlvzeum, where the 
mathematics for the first three years consisted of (1) arith- 
metic and algebra to the theory of complex numbers and 
equations of the second degree in two unknowns (with the 
binomial theorem for positive integral exponents); (2) plane 
geometry to the theory of harmonic points and lines; (3) plane 
trigonometry; (4) stereometry with regard to the principles 
of projective drawing; (5) the elements of plane analytic 
geometry. The last year was given to "practical work." 
Those who took the two years’ course in the Frauenschule 
discontinued the study of mathematies after leaving the 
Lyzeum. Those who wished to prepare for university study 
could enter any one of the three kinds of Studienanstalten, 
leaving the Lyzeum at the end of the eighth or seventh year 
according to whether they went to an Oberrealschule or a 
Realgymnasium or a Gymnasium. In each of these insti- 
tutions the course in mathematics was more extensive than 
that offered in the first three years of the Oberlyzeum. 
The maximum amount was offered in the Oberrealschule, 
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where, in addition to the work given in the thirteen years of 
the Lyzeums, there were (1) equations of the third degree, 
(2) the most important infinite series, (3) analytic and syn- 
thetic treatment of conics, (4) sufficient spherical trigo- 
nometry for an understanding of mathematical geography. 

As compared with the order of 1894, this was a wonderful 
gain for mathematies. But even yet this subject is not up 
'to the standard for the corresponding schools for boys. An 
increase in the number of hours given to mathematies in the 
Lyzeum and the introduction of at least the elements of the 
calculus into the Studienanstalten are amongst the changes 
strongly urged. But in view of the rapidity of development 
in the last two decades, it is probably only a question of a few 
years until the work in mathematics in the girls’ schools is 
equivalent to that in the corresponding institutions for boys. 

In the third section of the book, the Prussian conditions are 
compared with those in the various other German states. 
For one who is not a German the questions taken up here are 
not so vital as those which preceded. 

It must be noted that the discussions in this book are con- 
fined to the mathematies in schools below university grade. 
The “Study of Mathematics in the German Universities 
since 1870" is the subject of a separate pamphlet in the third 
volume of this series. The author's genuine sympathy with 
the movement for equality of educational opportunities for 
girls and boys is evident on almost every page. All persons 
interested in the education of girls, whether from & mathe- 
matical point of view or not, are indebted to Professor 
Schröder for this valuable book, with its extensive lıst of 
references to monographs, journals, and government publi- 
cations. 

Of the present attitude of the governing bodies towards 
mathematics in schools for girls, he says in his conclusion: 
“All the German states are convinced of the necessity of 
proper mathematical instruction in the higher schools for 
girls. In all the recent regulations there are definite direc- 
tions that, through participation in mathematical instruction, 
the girls shall be taught to think more clearly and to express 
their thoughts in a simple and direct manner." 

E. B. Cow Ley. 
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Calcul numérique. Par R. op Montessus et R. p’ADHEMAR. 
Paris, O. Doin et Fils, 1911. 246 pp. 


THs work is in two parts. 

The first part (pages 3-138) is by R. de Montessus and is 
entitled Opérations arithmétiques et algébriques. Its prin- 
cipal content is in the three chapters devoted to the calcula- 
tion of the roots of numerical algebraic equations and of 
transcendental equations. For the resolution of these prob- ' 
lems a rich variety of methods is given. Many of these are 
elementary and are usually found in texts on the theory of 
equations; but others of them are less generally employed. 
As examples of the latter are those (in Chapter V) in which 
the calculus of differences is employed for numerical approxi- 
mations. 'The methods given are illustrated with many 
numerical exercises. This part contains a very convenient 
and readable account of its subject matter. 

'The second part (pages 141-237) is by R. d'Adhémar and 
is entitled Intégration. It is concerned primarily with quad- 
ratures and differential equations, but contains a short 
digression on implicit functions and equations, the latter 
being treated by the method of successive approximations. 
'The author has attempted only an introduction to his subject; 
this is desirable and is indeed all that could be done in the 


* short space employed. 
R pany R. D. CARMICHAEL. 


Elementary Theory of Equations. By L. E. Dickson. New 
York, John Wiey and Sons, 1914. v + 184 pp. 


Ir is a good omen for the development of mathematics in 
this country when some of our most briliant men of research 
are willing to take the time to prepare elementary texts suited 
to the needs of beginners. It is therefore a pleasure to wel- 
come this excellent book, by Professor Dickson, on the 
elementary theory of equations. 

Naturally, no treatment of the difficult Galois theory is 
given. On the subject of invariants one finds merely a few 
illustrative examples and no systematic exposition. These 
omissions will probably be approved by every one who desires 
to use the book in his classes. The remaining and more 
elementary aspects of the theory of equations are developed 
with suffcient fulness to meet the needs of all teachers who 
are likely to employ such a book for purposes of instruction. 


a 
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Certain sections, with a total of about fifty pages, are marked 
with & dagger; the remaining sections form an independent 
whole and provide a briefer treatment for those who desire 
such a course. 

A large number of illustrative problems are solved in the 
text, and about five hundred others are given as exercises. 
These are carefully selected and graded and are distributed 
in such a way as to be convenient for purposes of instruction. 
They are so placed that a reasonably brief and elegant solution 
may usually be expected. 

Interspersed throughout the text is & considerable number 
of brief and clear statements which will serve to give the 
student an outlook upon various topics of decided intrinsic 
and historical interest. 

In Chapter I (pages 1-17) is given & treatment of the 
scientific art of graphing. By its aid one may make better 
graphs in less time than otherwise and at the same time draw 
negative conclusions so as to sense more than he sees. 

Chapter II (pages 18-30) contains a satisfying introduction 
to complex numbers together with an excellent and concrete 
discussion of the roots of unity. Chapters III (pages 31-37) 
and IV (pages 38-46) are given to a treatment of the solu- 
tion of cubic and quartic equations respectively. 

An exposition of the first proof by Gauss of the fundamental : 
theorem of algebra is contained in Chapter V (pages 47-54), 
while Chapters VI (pages 55-62) and VII (pages 63-80) are 
given respectively to elementary theorems on and symmetric 
functions of the roots of an equation. 

Chapter VIII (pages 81-92) contains & treatment of reci- 
procal equations, construction of regular polygons, dupli- 
cation of cubes, and trisection of angles. It is shown that 
the second last and in general the last constructions are not 
possible with ruler and compass. Likewise the impossibility 
of such a construction for a regular polygon of 7 or of 9 sides 
is proved by a method applicable to the general case of non- 
constructible regular polygons. 

Chapter IX (pages 93-108) is devoted to the problem of 
isolating the real roots of an equation with real coefficients. 
In view of the errors which are often found in the statements 
and proofs of the theorems of Descartes and Sturm and 
Budan, it is refreshing to find them here treated in a satis- 
fying manner. 
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In Chapter X (pages 109—126) on the solution of numerical 
equations emphasis is put upon the method of Newton on 
account of its several advantages; but an appropriate treat- 
ment is also given of other methods. 

Chapter XI (pages 127-149), which is independent of the 
earlier chapters, contains an easy introduction to determinants 
and their applieation to the solution of systems of linear 
equations. 

Finally, Chapter XII (pages 150-166) is devoted to the 
theory of resultants and discriminants. 

The reviewer believes that this book will be found highly 
satisfactory and that it will have wide use. 

R. D. CARMICHAEL. 


The Teaching of Geometry. By David EUGENE Garg, Ginn 
and Company, 1911. v + 339 pp. 


Tue Teaching of Geometry is a good book. It is “worth 
the paper it is printed on," which can not be said of some books 
and it is worth a great deal more, which can be said of com- 
paratively few books. The preface Puts the reader in the 
spirit of the text immediately. .The table of contents tells 
as completely as one page can what is contained in the three 
hundred and thirty. The first chapter contains a discussion 
of “questions at issue” in mathematical pedagogy. ‘The 
reader is given both opportunity and encouragement to range 
himself on one side or other of these questions, but not without 
an understanding of what they mean. The next five chapters 
include some reasons for studying geometry, a brief history of 
the development of the subject giving necessarily much 
prominence to Euclid’s part in this development and to efforts 
at improving or modifying his treatment of the subject. 
The remainder of the book takes up some of the details of 
classroom work, but no cut and dried rules are given. The 
author’s own words describe the spirit of this text quite excel- 
lently: “Get a subject that is worth teaching and then make 
every minute of it interesting." J. V. MCKELVEY. 


A History of Japanese Mathematics. By Davin EUGENE 
SMITH and YosHio MıkAMI Chicago, The Open Court 
Publishing Company, 1914. v + 288 pp. 

Tee history of Japanese mathematics as’ given by Smith 
and Mikami seems to furnish a parallel in some respects to 
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the history of mathematics in Europe. Problems of a similar 
sort were studied in the east and west by very different 
methods with uniformly identical results. The Japanese 
methods seemed to be painstaking and exquisite in detail, 
rather than powerful and rigorous as were the European. 
The “circle principle” similar to the calculus, an equivalent 
of Horner's method, the value of v, determinants, configura- 
tions of circles, ellipses and straight lines on a folding fan, 
i e., in the sector of an annulus were among the subjects 
studied by Japanese mathematicians. In the earlier years, 
foreign learning was forbidden entrance to Japan. A few 
pupils studied with teachers of their own choosing. Fre- 
quently these teachers kept secret their most precious dis- 
coveries or revealed them to their favorite pupils on Condition 
that the information should go no further. Japanese teachers. 
were accustomed for & long time to post problems for solu- 
tion on the temple doors, frequently using a pupil's name 
rather than their own. 

The "closed door" method of study continued, but with 
weakening prestige, until the beginning of the nineteenth 
century, when western learring was freely recognized. 

J. V. McKeuver. 


Die realistische Weltansicht und die Lehre vom Raume. Von E. 
STUDY. (Band 54, Die Wissenschaft, Einzeldarstellungen 
aus der Naturwissenschaft und Technik). Braunschweig, 
Friedr. Vieweg und Sohn, 1914. ix + 145 pp. 


THE purpose of this essay appears very clearly from an 
announcement by the publishers, according to which the 
author attempts to show that the question concerning the 
true nature of space, like others, 1s & problem of natural 
science that cannot be answered by “pure reason," as proposed 
by Kant. 

In the theory of the problem of space it is shown that, as 
in natural sciences in general, nothing can be accomplished 
without the aid of experience and hypotheses. Of these, so 
far, only the euclidean hypothesis has gained practical im- 
portance, although to the non-euclidean hypotheses must be 
accorded the same theoretical value (Erkenntniswert). 

The first part of the book deals with philosophie questions 
and is accessible.to a generally educated public. The second 
part requires a fair knowledge of analytic geometry. It is 
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the contention of the author that a sufficient and precise 
formulation and understanding of the theory of space is 
impossible without analytic geometry. 

Throughout the book Study lives up to his well'merited 
reputation as an acute and competent critic. 

In the first chapter the problem of space is presented from 
the standpoint of realistic philosophy to which the author 
confesses. It is headed by a motto due to Helmholtz: 
“ Unwürdig eines wissenschaftlich sein wollenden Denkers ist 
es, wenn er den hypothetischen Ursprung seiner Sütze ver- 
gisst." According to this philosophy, space is real and not 
merely & concept of logic. We conceive space because we 
live in it, and we are not able to say exactly what itis. To 
conceive it in a mathematical sense we must make certain 
hypotheses which are based upon experience. 

The second chapter deals with the enemies of realism: the 
idealists, the positivists and, last but not least, the pragma- 
tists; it may be called a clever satire against these philos- 
ophies. Pragmatism in particular is torn to shreds and, 
according to Study, does not seem to reflect great credit upon 
the intellectuality of the age and class that conceived it. He 
speaks of the "gallertartige Konsistenz dieser Quallenphilo- 
sophie" (jelly-fish philosophy). 

After critizing the idealistie (a priori) conception of space, 
in the succeeding fourth and fifth chapters the author develops 
in detail the realistic theory of space. From the data of 
experience alone (positivism) it is not possible to deduce a 
system of mathematical concepts, or a system of geometry. 
What we here may expect from experience and the construc- 
tion of hypotheses, in particular of the experiment, is not more 
nor less than in other problems of natural science. In many 
cases, when making hypotheses, we may not expect a uni- 
form answer from nature. The hypotheses on the nature of 
empiric space are of exactly the same type as all other hy- 
potheses of the natural sciences. From this standpoint the 
only admissible hypotheses of natural geometry that may be 
considered seriously are the euclidean and the so-called non- 
` euclidean geometries. The reason for this is that for these 
we have sufficient material for induction, while this is not true 
of certain "artificial" geometries. The different steps in the 
mathematical treatment of the problem of space from the 
realistic standpoint are carefully and clearly explained. 
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Naturally, such & treatment leads to a sharp conflict with 
the school of “logisticians” and enthusiasts of “axiomatics.” 
This phase of the great problem is considered in the concluding 
chapter: axiomatics in geometry. It seems to me of great 
importance and actuality and I should like to advise every 
young American mathematician to read carefully this clear 
eut presentation of the issue. 

On the tendency to reduce all and everything in mathematics 
to axiomaties the author has this to say: 

“Mit Uebertreibungen dieser Art, die eine etwa als Axio- 
masis zu bezeichnende wissenschaftliche Modekrankheit dar- 
stellen, haben wir es jedoch nicht zu tun. Man muss sie 
austoben lassen: Gleich allen Moden werden sie von selbst 
aufhóren." 

Concerning the comparative value of productive mathe- 
matical activities Study makes the following statement: 

* Auf die Resultate kommt es vor Allem an, und in zweiter 
Linie erst steht die Methode für Den, der nicht nur mathe- 
matische Philosophie oder philosophische Mathematik treiben, 
sondern sich schöpferisch betätigen will." 

The critical remarks concerning. Poincaré’s scientific ac- 
tivity, so far as they are of a personal nature, might have 
been omitted. Poincaré was precisely of the type of mathe- 
maticians that were after results; with him the method was 
of secondary importance. 

As a whole, the reading of the book with its vigorous and 
aggressive style is very refreshing, and nobody that intends 
to be well informed on the foundations of mathematics should 
fail to familiarize himself with its contents. 

ARNOLD EMCH. 


Contribution à V Etude des Courbes convexes fermées et de cer- 
taines Courbes qui s'y rattachent. Par CHARLES JORDAN 
et RAyMOoND FrgpLER. Paris, A. Hermann et Fils, 1912. 
77 pp. 

As the authors point out, this monograph is an auxiliary of 
their investigations in geometric probabilities and treats of 
closed convex curves and some associates that may be con- 
veniently established by the method of tangential polar 
coordinates. , 

Such a system in a plane may be defined as follows: 

Choose a point as the pole and a straight line through it, 
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with a definite direction as the positive direction, as the polar 
axis. Then, a directed straight line will be defined: 

(I) When the angular coefficient « is given; i. e., the angle 
through which the polar axis must be turned in a counter 
clock-wise direction to make it coincide with the positive 
direction of the given straight line. Thus, a may vary from 
0 to Ze, 

(II) When the distance | p | of the pole from the straight 
line is given; the tangential vector p will be considered as 
positive or negative according as the pole lies to the left or 
right of the straight line; p may therefore vary from — œ to 
+o. 

An equation F(p, a) = 0 under certain conditions repre- 
sents a curve enveloped by the straight lines whose coordinates 
o and p satisfy this equation. Also in this system of co- 
ordinates the parametric representation (uniformization) is 
of great importance. In order that p = f(t), a = p(t) repre- 
sent a curve of type II (including convex curves) it is necessary 
that f(f) and (e(t) — rt/w} be coperiodic uniform functions 
of t, of period 2w, and that the first derivatives of p and o 
exist for all values of t Moreover, o must be a monoton 
function of f. 

By means of these coordinates and parametric represen- 
tations, such curves as reciprocal polars, “ developoids," 
"developants," “tangential radials” and “ antiradials," par- 
allel curves, envelopes of diameters, “ centrics" and * medials" 
of convex curves, and “orbiforms” (convex curves of constant 
diameter) and their relations are investigated. 

For the purpose in view the method of tangential polar 
coordinates is very effective and, in the hands of the authors, 
has produced a number of new results. 

The treatment is clear and concise, but the lack of appro- 
priate headings throughout the text detracts somewhat from 
& convenient and systematic presentation of the subject. 

Typographically the work is below the usual French stan- 
dard of book-making. See, for instance, the formula below 
the second line on page 25. 


ARNOLD Even. 
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Natural Sines to Every Second of Arc, and Eight Places of 
Decimals. By Emma Girrorp. Published by Mrs. Gifford, 
Oaklands, Chard, Somerset, 1914. vi+ 543 pp. Price 
£l 


UNTI the opening years of the twentieth century it seemed 
quite unnecessary to undertake the computation of tables of 
natural functions beyond what had long been in print. The 
recent development of various types of calculating machines, 
however, has destroyed the monopoly held by logarithms 
for the past three hundred years, and has restored to the 
natural function something of its early prominence, particu- 
larly in the work in astronomy. When Georg Joachim, sur- 
named Rheticus (b. 1514), computed his great table to every 
10" of arc and to ten figures, it was thought that nothing 
further could well be demanded, and the posthumous 
publication of these tables by Valentine Otho, under the title 
of Opus Palatinum (1596) was justly felt to mark a great 
epoch in mathematical progress. The invention of logarithms 
only a few years later, however, relegated the work of Rheticus 
to & position of relative insignificance, and there it would 
have remained had not the rapid progress of calculating 
machinery in recent years rescued it from this unhappy 
position. 

In 1897 Jordan published his table of natural sines, which was 
a reprint of Rheticus to every 10” of arc and to seven figures. 
This was the first important evidence of the return of the nat- 
ural function to its former position, but it merely made 
accessible an important part of the Opus Palatinum, so that 
it represented nothing new in its line. 

Mrs. Gifford started out to work de novo on a table of 
natural sines to every second of arc, not having access to the 
work of Rheticus when she began. By the expenditure of an 
amount of time and work which seemed out of all proportion 
to the results secured she computed two hundred and forty 
sines. She then secured a copy of the Opus Palatinum and 
proceeded to find the sines by interpolation, checking from the 
results she had already secured and from Callet’s centesimal 
table in which are given a thousand sines to the quadrant, 
or one to every 324" of arc. When in doubt as to the eighth 
decimal place she checked by the equation sin? z + cos? z = I. 
The work of interpolation was performed by the aid of a 
Thomas calculating machine, using the figures given by 
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Rheticus for every 10" of arc, and carrying these to ten decimal 
places as in the original table. 

The arrangement of the table is not semiquadrantal, as 
in those in common use. This latter form does not lend itself 
easily to a large octavo page when the work is carried out to 
every second. Otherwise the arrangement is similar to that 
found in Chambers and other familiar tables. A convenient 
table of differences 1s given in the margin for each half of each 
page,—that is, for every 5' of arc. 

As to the accuracy of the work it is too early to speak. 
A set of tables containing a million and a half figures is sure 
to have errors, particularly as nine of the ten columns on a 
page represent new calculations. On the other hand Mrs. 
Gifford is a careful and experienced computer, she has had the 
aid of the best machinery and tables, and she has checked her 
work with care, so that it is probable that the number of 
misprints and errors in calculation has been reduced much 
below that found in the older type of tables. 

Aside from the recent work of M. Andoyer, no such notable 
contribution to this kind of mathematical literature has been 
made for many years, and Mrs. Gifford is to be congratulated 
upon the completion of her labors in this important field. 
The tables should be in the library of every higher institution 
of learning, and in every astronomical and mathematical 
laboratory. Davin EUGENE SMITH. 


Applied Mathematics. By H. E. Coss. Ginn and Company, 
1911. ‘vii + 274 pp. 


WE meet many calls for “real problems" and “useful 
mathematics” but too often there is a failure to distinguish 
carefully between what is useful, what is real, and what is 
concrete. Carson* has ably drawn the distinction between 
these terms and forcefully argues that real mathematics is 
what we need. “The essence of reality is found in definite 
recognizable percepts or concepts, and is therefore a function 
of the individual and the time”’; that is, reality depends upon 
the past experiences of the individual and not only upon the 
subject matter. It is doubtful whether the author of the 
book under review has kept this important distinction in 
mind, but the teacher may select such parts as represent reality 
for his particular students. 


* Essays on Mathematical Education, Ginn and Co., p. 35. 


^ 
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The book is a collection of problems intended to be useful 
in the student’s future work. The use of such problems the 
author believes will also correlate the several mathematical 
subjects among themselves as well as with physics. 

The problems are grouped under the following heads: 
measurement and approximate number, vegnier and microm- 
eter calipers, work and power, lever and beams, specific 
gravity, geometrical constructions with algebraic applications, 
the use of squared paper, functionality, maximum and mini- 
mum values, algebraic solution of geometry problems, log- 
arithms, the slide rule, angle functions, variation, exercises in 
solid geometry, heat, electricity, and logarithmic paper. In 
the appendix are tables of unit equivalents, four-place log- 
arithms, and a bibliography of problem sources. 

Some problems require the student to obtain his own data 
by measuring, weighing, etc; Many problems contain two 
sets of numbers, one set leading to integral results and one 
involving fractions. The part on numerical calculation and 
approximation deserves special mention. Necessary defini- 
tions and a minimum of theory precede each set of problems. 
This collection is just such a set of problems as live teachers 
wish to have at hand for frequent selection of those which 
may be real for their students. 

Ernest D. LYTLE. 


Handbuch der angewandten Mathematik. Herausgegeben von 
H. E. Trwerpina. Berlin and Leipzig, B. G. Teubner. 
Vol. 1. Praktische Analysis. Von H. v. SANDEN. 1914. 
185 pages. 

Vol. 2. Darstellende Geometrie. Von J. HJELMSLEV. 1914. 

320 pages. 

One or two decades ago there was considerable agitation to 
have mathematics taught to technical students by engineers 
rather than by professional mathematicians. The reaction 
against this tendency, in which the Perry movement played 
an important part, has been decisive and possibly extreme. 
Now every reputable technical school in Europe and America 
has its mathematics taught according to mathematical stan- 
dards by men trained as mathematicians. 

But the engineers had a legitimate ghievance; the theoret- 
ically trained inan was too frequently unable to apply his 
knowledge to concrete problems. The reason the Perry move- 
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ment failed was that the theoretical side was largely replaced 
by empirical procedures, thus making it impossible for the 
student to take the initiative. All he could do was to follow 
blindly the rule of thumb. 

The present trend seems more much hopeful of a final 
solution of the diffieulty; it consists of an attempt on the part 
of the mathemati¢ian to bridge over the gap by supplementing 
the theoretic solution with a systematic development of the 
graphical and numerical work that shall be at once e¢onom- 
ically feasible, yet sufficiently accurate for the problem at 
hand. Professor Timerding, the editor, is certainly qualified 
to speak as a mathematician; his experience at the technical 
school at Brunswick has enabled him to learn the needs of the 
engineer, hence we can expect the handbook to contain some- 
thing worth while. The first volume is prepared by Dr. 
von Sanden, of the University of Göttingen. Both the book 
and its author developed under the immediate influence of 
Professor Runge, while the emphasis given to graphical skill 
shows the effects of Schilling’s activity in the organization of 
the geometric institute. 

The first chapter is concerned with arrangement of numer- 
ical calculation; it admonishes against the use of detached 
notes, and urges to keep every step of each calculation in 
tabulated form; it points out that & numerical error should 
show up in an unwarranted roughness in the graphical repre- 
sentation. The theory and the use of the slide-rule are de- 
veloped in great detail. The treatment of this chapter is 
fairly typical of the whole plan. The theory is presented 
with sufficient rigor to satisfy the most exacting critic, yet its 
application to a wide range of numerical processes is so 
minutely explained that & reader with patience may soon 
become skiled in its use. Calculating machines are then 
treated in the same way. The planimeter, integraph, and 
harmonie analyzer are simply mentioned. 

The chapter on Horner’s method is almost exactly the same 
as the corresponding chapter in an American algebra; almost 
the same can be said about the chapter on interpolation. In 
mechanical quadrature, the usual treatment of the trapezoidal 
rule and Simpson’s rule is followed by the more comprehensive 
method of Gauss. 

The second half of the book is devoted more particularly 
to graphical differentiation and integration, as developed in 
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Professor Runge's Columbia University Lectures. The re- 
mainder in Taylor's series, the forms of trigonometric series, 
and of series in harmonic functions are treated at length. 
The discussion of systems of simultaneous equations by means 
of successive elimination, by least squares, and by the method 
of Grüffe, emphasize the fact that the ordinary expression of 
a root as the quotient of two determinafits has but little 
value for numerical purposes. The last two chapters are 
concerned with the graphical and numerical solution of 
ordinary differential equations of the first and second orders. 
The book is supplied with a list of references for further study. 
The table of contents and clearly arranged subject matter 
make an index unnecessary. 

While there was a distinct need for such a book as that of 
Dr. von Sanden, especially in Germany, it is necessary to look 
rather more carefully to discover the need of a new treatise 
on descriptive geometry. But when we recall that the series 
of books is to form & handbook for the teacher, to supply the 
missing step between theory &nd practice, the purpose is 
easily seen. The book begins with an unusually long dis- 
cussion of orthogonal projection on a single plane; numerous 
applications are given, and the reader becomes familiar with 
this one dominant process. The next chapter of less than 
twenty pages is devoted to the double projection of rectilinear 
figures. It contains all the essential features of the methods 
of descriptive geometry, as applied to straight lines and planes. 
Then follows & short introduction to axonometry and cavalier 
projection. The elements of projective geometry, including 
homology and the cross-ratio theorems of Pappus and of 
Desargues, are fully treated, and a fairly full metrical theory 
of conics is added. 

The part on plane curves includes tangent, normal, radius 
of curvature, evolute, with applications to envelopes, roulettes, 
and cyclic curves. Itis more purely geometric and emphasizes 
the graphical properties more than most recent books on the 
subject. 

Surfaces of revolution are considered almost exclusively 
from the standpoint of double projection. A chapter of 
twenty pages is given to the study of quadric surfaces; it 
includes center, diametral planes, contour, rectilinear genera- 
tors, cireular sections, and stereographie projection. The 
study of the space curve begins with the simple arc. The 
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projection along a bisecant and along a tangent are clearly 
explained, also from a point in the osculating plane. Cones 
and developables, together with their curves of intersection, 
ruled surfaces and helicoids complete the volume. 

The presentation is too concise for a first reading, but the 
volume is not meant for this purpose. It is rather for the 
teacher who alre#dy knows something of the various methods 
and wishes to know their mutual relations. At the end of 
each chapter a generous list of books and monographs is given 
which add greatly to the value of the book. It is a curious 
fact that not a single American work is mentioned. 

VIRGIL SNYDER. 


NOTES. 


Tae December number (volume 16, number 2) of the 
Annals of Mathematics contains the following papers: “A 
substitute for Duhamel's theorem," by G. A. Briss; "The 
points of inflexion of a plane cubic curve," by L. E. Dickson; 
“ Properties of four confocal parabolas whose vertical tangents 
form a square," by C. M. HERBERT; “Some remarks “on 
conformal representation," by T. H. GRONWALL; “On the 
maximum modulus of an analytic function," by T. H. GRON- 
WALL; "Note on the simple difference equation," by J. H. M. 
WEDDERBURN; “Note on the rank of a symmetrical matrix. 
IL," by J. H. M. WEDDERBURN. 


At the Philadelphia meeting of the American association 
for the advancement of science Professor W. W. CAMPBELL 
was elected president, and Dr. L. O. Howarp was reélected 
permanent secretary for a term of five years. Professor A. 
O. LEUSCHNER was elected vice-president of Section A. The 
Association will hold a summer meeting at San Francisco, 
August 2-7, and a winter meeting at Columbus, Ohio, next 
December. A convocation week meeting will be held in New 
York City in 1916-1917. 


Tse Paris academy of sciences announces the following 
prize problems. The Bordin prize (3,000 fr.) for 1915 for a 
noteworthy contribution to the theory of curves of constant 
torsion, in particular of algebraic curves, with special emphasis 
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on rational curves; the grand prize (3,000 fr.) for 1916 for the 
application of the methods of Poincaré to the integration of 
linear differentia] equations of the first order; the Bordin 
prize (3,000 fr.) for 1917 for the arithmetic theory of non- 
quadratic forms; the Vaillant prize (4,000 fr.) for 1917 for 
the determination of all surfaces which can be generated in 
two ways by the displacement of a rigid curve. 


Tue following courses in mathematics are being given during 
the present semester. 


UNIVERSITY oF BERLIN.—By Professor H. A. SCHWARZ: 
Differential calculus, with exercises, five hours; Problems in 
conformal representation, two hours; Seminar, two hours; 
Colloquium, two hours.—By Professor G. FROBENIUS: 
Algebra, four hours; Seminar, two hours.—By Professor F. 
SCHOTTKY: General theory of functions, four hours; Theory 
of the potential, four hours; Seminar, two hours.—By Pro- 
fessor J. KNOBLAUCH: Surfaces and space curves, four hours; 
Problems in mathematical pedagogy, four hours; Selected 
chapters in elliptic functions, two hours.—By Dr. A. Knopp: 
Integral calculus, with exercises, five hours; Theory of infinite 
series, II, four hours.—By Professor F. R. HELMERT: Method 
of least squares, one hour. 


UNIVERSITY OF FRANKFORT.—By Professor A. SCHOEN- 
FLIES: Projective geometry, four hours; Theory of sets, with 
exercises, two hours; Seminar, two hours.—By Professor E. 
HELLINGER: Differential equations, with exercises, four hours; 
Theory of integral equations, three hours.—By Dr. O. SzAsz: 
Theory of numbers, with exercises, three hours; Theory of 
continued fractions, two hours.—By Professor M. BRENDEL: 
Celestial mechanics, three hours; Mathematics of insurance, 
two hours. 


UNIVERSITY OF GOTTINGEN.—By Professor D. HILBERT: 
Principles of mathematics, four hours; Seminar, two hours.— 
By Professor E. Lanpat: Differential and integral calculus, 
II, with exercises, five hours; Seminar, two hours.—By Pro- 
fessor C. RuNaE: Graphical methods, with exercises, six hours; 
Seminar, two hours.—By Dr. H. v. SaNpEN: Mathematical 
treatment of the natural sciences, three hours; Projective 
geometry, with exercises, four hours; Theory of mathematical 
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instruments, three hours; Colloquium, two hours.—By Dr. 
E. Hecke: Curves and surfaces, four hours; Applications of 
the theory of functions to algebra, two hours.—By Dr. H. 
Beurens: Elementary theory of numbers, four hours; Galois 
theory of equations, two hours.—By Dr. R. COURANT: 
Selected chapters of elementary mathematies, three hours; 
Partial differential equations of mathematical physies, four 
hours; Selected chapters in the theory of functions, two 
hours.—By Dr. F. Bernstein: Mathematical statistics and 
biometrics, two hours; Mathematics of insurance, four hours; 
Seminar, two hours. 


Unrversiry or Lerezic.—By Professor O. HöLper: Elliptic 
functions, four hours; Theory of algebraic equations, two 
hours; Seminar, two hours. —By Professor K. Romn: Dif- 
ferential geometry, with exercises, five hours; Descriptive 
geometry, with exercises, four hours.—By Professor G. HER- 
GLOTZ: Differential and integral calculus, with exercises, six 
hours; Analytic geometry of space, three hours.—By Pro- 
fessor' H. Bruns: Theory of errors, two hours; Practical 
analysis, two hours. 


Ld 


UNIVERSITY op SmTRASSBURG.—Dy Professor F. SCHUR: 
Projective geometry, four hours; Foundations of geometry, 
four hours; Seminar, two hours.—By Professor G. FABER: 
Algebra, four hours; Partial differential equations, four hours; 
Seminar, two hours.—By Professor M. Simon: History of ` 
mathematics in the middle ages, four hours.—By Professor 
J. WELLSTEIN: Differential and integral calculus, with exer- 
cises, five hours.—By Professor R. v. Muses: Analytic 
geometry, four hours; Mechanics of rigid bodies, four hours; 
Seminar, two hours.—By Professor S. Erster: Hyper- 
geometric differential equations, four hours.—By Dr. A. 
rm Analytic functions and Riemann surfaces, four 
hours. 


Dr. H FALCKENBERG has been appointed docent in mathe- 
matics at the technical school at Brunswick. 


Dr. G. Pórva has been appointed docent in mathematics 
at the technical school of Zürich. 


Dm. E. Rosati has been appointed docent in geometry at 
the University of Pisa. 
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Dr. A. ToNoro has been appointed docent in mathematics 
at the University of Padua. 


Dr. A. ARMELLINI has been appointed docent in celestial 
mechanics at the University of Rome. 


Mr. A. Berry has been appointed lecturer in mathematics 
at the University of Cambridge. 


Prorsssor J. N. Dames, of the University of Athens, 
has retired from active teaching with the title of professor 
emeritus. 


PROFESSORS S. JOLLES and G. Scuerrers, of the technical 
school of Berlin, have received the title of Geheimer Regie- 
rungsrat. 


PROFESSORS A. BRUL, of the University of Tübingen, and 
M. Pranck, of the University of Berlin, have been elected 
members of the Accademia dei Lincei of Rome. 


Dr. G. P. THomson has been appointed lecturer in mathe- 
matics at Corpus Christi College, Cambridge. 


AT the Georgia School of Technology, Mr. D. M. Swrrg has 
been promoted to an assistant professorship of mathematics. 


Prorzssor R. M. Barton, of the University of New Mexico, 
has been appointed professor of mathematies in Lombard 
College. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


AUBERT (P.) et PAPELIER (G.). Exercises de géométrie analytique. Paris. 
Vuibert, 1914. Svo. 360 pp. Fr. 6.00 

BanRAU (J. ÀJ). Ruimtezin en ruimteleer. Groningen, 1913. 8vo. 
24. pp. 

BERLINER (P. H.). Involutionssysteme in der Ebene des Dreiecks. 
Braunschweig, Vieweg, 1914. 8vo. 12-212 pp. M. 8.00 

Coss (C. WA a development for a certain integral function of 


zero o University of Michigan.) Norwood, Mass., 
Norwood I Press, 41913. Privately printed. 12mo. 13 pp. 


Dowwe (L. E. and Torneavre (EF. E). Analytic geometry. New 
York, Holt, 1914. 12--266 pp. $1.60 
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Ecmorns (W. H.). On the roots of a monogenic function inside a closed 
contour along which the modulus is constant. Charlottesville, 1013. 


Francıosı (M.). Varietà triquadratica V4? e sua purus da una rette 
su un S;. Napoli, tip. r. Accademia delle Science fisiche e mate- 
matiche, 1814. 8vo. 22 pp. 


FuzTER (R.) Die Klassenkórper der komplexen Multiplikation und ihr 
Einfluss auf die Entwicklung der Zahlentheorie. Bericht zur Feier 
des 100. Geburtstags Eduard Kummers. Sonderabdruck aus dem 
20. Bande des Jahresberichts der Deutschen Mathematiker- Vereinigung. 
Leipzig, Teubner, 1911. 8vo. 47 pp. M. 1.50 


GaBIOROWBEI (L.). Ueber die Be en der endlichen 
kontinuierlichen Gruppen von ES EE in der 
Ebene. (Diss. Giessen, 1914. 

GOODENOUGH (Q. À.). See TowNsEN» (E. J.). 


Haag (J.). Cours complet de mathématiques spéciales. Tome I: 
Algébre et analyse. Paris, 1013. 

` HARNACK (A.). See SERRET (J. A.). 

Hero ALEXANDRINUS. See Sass (C.). 

E (C. G. P.) The abelian equations of the 10th degree irreducible 


given domain of rationality. (Diss. Berkeley (Umi. PA 
Publ. a 1914. Royal 8vo. 48 pp. $0.50 


Luson (E.). Savants du jour: Emile Picard. Biographie, bibliographie 
analytique des écrits. 2me édition, entièrement refondue, Paris, 
Gauthier-Villars, cn 8vo. 8--80 pp. Fr. 7.00 


MaNGorDpT (H. von). in die höhere Mathematik für Studier- 
ende und zum Ee and III. Leipzig, Hirzel, 1914. 8vo. 
10+485 pp. Geb. M. 14.60 


REH Ueber die Dirichletsche Theorie der Fourierschen Reihen. 

die Dirichletsche Theorie so umzugestalten, dass sie Auskunft 

= nicht nur uber die Gleichwertigkeit zwischen der gegebenen 

ion und der ihr entsprechenden F'ourierschen Reihe, sowie uber 

die Konvergenz der Reihe, sondern auch uber die Gleichmässigkeit 

dieser Konvergenz. Leipzig (Abh. Ges. Wiss.), 1914. 86 pp. T 
8. 


PAPELrER (G.). See AUBERT (P.). 
PonmgTT: (L.). Risultati teorico-pratici di una radicale modificazione del 
crivello di Eratostene. Parma, 1914. 4to. 47 pp. 


Sass (C.). De Heronis Alexandrini quae feruntur definitionibus geometri- 
cis. (Diss) Gryphiswaldensis, 1913. 


Scuxrrmns (G.). See SERRET (J. A.). 


Smarur (J. A.). Lehrbuch der Differential- und Integralrechnung. Nach 
Axel Harnacks Uebersetzung. 3ter Band: Differentialgleichungen 
und Variationsrechnung. 4te und bie Auflage, bearbeitet von G. 
Scheffers, Leipzig, Teubner, 1914. 8vo. 144-735 pp. M. 14.00 


'TARNUTZER (G.). Ueber die kubischen Nullkurven des linearen Kom- 
plexes. Zürich, 1913. 8vo. 651 pp. 


TowNsEND (E. J.) and GoopEnoucH (G. A.). Calculus. New York 
Holt, 1914. $2.50 


—., Essentials of calculus. New York, Holt, 1914. $2.00 
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TunNEAURE (F. E.). See DowriNa (L. E.). 


Waaam (E.). Zur Tschebyschefschen Primzahlentheorie. Mitteilungen 
1-2. Wien (Sitzb. Akad.), 1913-1914. Gr. 8vo. 19-+18 pp. 


Wourr (H. C.). Mathematics for agricultural students. New York, 
McGraw-Hill, 1914. 8vo. 310 pp. $1. 50 


U. ELEMENTARY MATHEMATICS. 


BÖCHER m and GavLonp (H. D.). Trigonometry with the theory and 
use of logarithms. New York, Holt, 1914. 12mo. 9+142 pp. 
Cloth. $1.00 


BREWSTER (G. W.). See SawpznsoN (F. W.). 


` un au H.) and Copy (C, C.). Plane and solid geometry. Nashville, 
., Southern Publ. Assn., 1913. $1.25. "Teacher's edition, TE 
1.25 


Busca (F.). See Faux (B.). 


CHapspy (C. E.) and SxixNER (H. M.). Advanced arithmetic. Boston, 
Atkinson, Mentzer & Co., 1914. $0.55. 


—. Elementary arithmetic. Boston, Atkinson,. Mentzer & Co., 1914. 

14--220 pp. $0.35 
——. Intermediate arithmetic. Boston, Atkinson, Mentzer & Co., 1914. 
Copy (C. C). See Bruca (W. H.). $0.45 


Faux (B). Ebene Trigonometrie und elementare Stereometrie. Ote 
E von F. Busch. Paderborn, Schöningh, 1914. 196 pp. 
eb. 


M. 2.20 
—. Lehrbuch der elementaren Planimetrie. lite Auflage, von F. 
Busch. Paderborn, Schoningh, 1914. 223 pp. Geb. M. 3.00 


FELDMAN (D. D.). See Hart (C. A.). 
Frin: (F. H.). See Haun (A. G.). 
GaArYLorD (H. D.). See Böcomer (M.). 


GRENVILLE (L. W.). Key to Hall’s School algebra. Parts I, f, III. 
London, Macmillan, 1914. Cloth 10s. 


GurzMER (A.). Die Tatigkeit des dettsthen Ausschusses für den vule: 
matischen und naturwissenschaftlichen Unterricht in den Jahren noue 
bis 1913. Leipzig, Teubner, 1914. Gr. 8vo. 8+482 n up T 
Haut (A. G.) and Fame (F. H.). Plane trigonometry with ME ois 
and logarithmio tables. New York, Holt, 1014. $1.25. 


HarL (H.8.). See GRENVILLE (L. W.). 


Hart (C. A.) and Feıpman (D. DI Plane and solid geometry. New 
York, American Book Co., 1912. 12mo. 8+488 pp. Cloth. $1.25 


Deosno (J. L.). See Haro. 


HENEKLER (P. und Körner (K.). Arithmetik und Geometrie für die 
oberen Klassen. 2ter Teil lter Band von P. Henklers Mathe- 
matischem Lehr- und Uebungsbuch fur die Lehrerbildungsanstalten. 
Berlin, Union Deutsche Verlagsgosellschaft, 1914. 398 pp. 


HERO ALEXANDRINUS. Opera deg supersunt omnia. Volume V: 
Stereometrica et de mesuris. lis G. Schmidt usus edidit J. L. 
Heiberg. (Graece et N Leipzig, Teubner, 1914. 8vo. 
126 -+275 pp M. 10.00 
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Körner (K.). See Henker (P.). 


Kraus (K.). Grundriss der Geometrie und des geometrischen Zeichnens 
fur Lehrerbildungsanstalten. 4te Auflage. ien, A. Pichlers Witwe, 
1914. 245 pp. Geb. Kr. 2.70 


Krımpoorr (W.). See Schwaring (K.). 


LawsoN (G). A new geometry for schools. Book I: Triangles and. 
parallelograms. Edinburgh, Chambers, 1914. 8vo. 28. 


Luaraer (H.). Pendlebury’s new concrete arithmetic. First to fifth 
years. London, Bell, 1914. 4--44-44-6 4-0d. 


Lusser (O.). See Scawas (K.). 
Lëpp sp (E.. See LÖRcHER (O.). 


LononzR (O.) und Lorrie (E.). Methodischer Leitfaden der Geometrie 
nebst einer Vorschule der Trigonometrie für hohere Lehranstalten. 
Stuttgart, Grub, 1914. 201 pp. M 2.80 


Maus (J. F.). SeeSmrowz (J. C.). 


MrirNz (R. a Mathematical papers for admission into the Royal 
et N and the Royal milıtary college, July, 1914. London, 
an, en 1s. 


Manm (W. J.). New York state arithmetic. Books 1-2. New York,. 
American Book Co., 1914. $0.40 +0.40 


Minn (C. H.). See Scmwas (K.). 


Parner (F.). Rechenbuch für hohere Lehranstelten.  1tes Heft: für 
Sexta; 2tes Heft: fur Quinta; 3tes Heft: für Quarta. Frankfurt 
a. M., Kesselbring, 1914. 91-87 4-156 pp. 


PArERSON (W. E.). Five-figure logarithmic and trigonometrical tables. 
Oxford, Clarendon Press, 1914. Cr. 8vo. 28 pp. Is, 


Ranaut (C.). Nouvelle table pour le calcul des dixiémes, des neuviémes, 
des huitiémes, des septie mes, échus sur contributions, pour tous les 
nombres dep. 0 jusqu'à 1019. Paris, 1913. Fr. 4.00 


Sanpprson (F. W.) and Brewster (G. W.). A geometry for schools. 
Cambridge, University Press, 1914. Cr. 8vo. ıth answers, 
104-330 pp.;' also without answers. Cloth. 23. 6d. 


ScmwxnHnL (C.). Rechenbuch für hohere Lehranstalten. 12te Auflage. 
2 Teile. Giessen, E. Roth, 1914. 236+267 pp. Geb. M. 3.70 


Schar (G.). See Hero. 


Schugert (H.). Niedere Analysis. 2ter Teil: Funktionen, Reihen, 
Gleichungen. (Sammlung Schubert, Band XLV.) 2te Auflage. 
Leipzig, Goschen, 1911. 12mo. 44216 pp. Cloth. M. 3.80 


N .) und Lesser (O.. Mathematisches Unterrichtswerk. Leip- 

ytag, 1914. Lehr- und Uebungsbuch fur den Unterricht in der 

Ar!thmetik und Algebra von O. Lesser; Lier Teil, Ausgabe a für 
Gymnasien, besorgt von C. H. Muller. Ite Auflage. 162 p 

und Uebungsbuch der Geometrie von K. Schwab; iter Teil ee 

für Renlanstalten. 4te Auflage. 281 pp. Geb. Dasselbe, 2ter Teil, 

Ausgabe A fur Realanstalten. 3te Auflage. 138 Geb. 

M. 2.00-13.50--1.90 


Schwering (K.) und Knrwrgorr (W.). Ebene Geometrie. Ste Auflage. 
Freiburg i. Br., Herder, 1914. 143 pp. Geb. M. 2.50 
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SEINNER (H. M.). See Cnapszx (C. Pi 
SraucHet (H. E.). See Wrinozwsxri (E. J.). 
SMITH (D. E.). See Wenrworrts (G.). 


ronm (J. C.) and Mus (J. F.). Arithmeties, complete. 2d edition. 
Boston, born, 1914. $0.60 


TRENARD (H.). Arithmétique et“algébre, ler année. 3e édition. Paris 
1913. Fr. 1.60 


Wantworta (G.) and SwrrH (D. E.). Vocational algebra. Boston 
Ginn, 1911. 12mo. 6--88 pp. Cloth. $0.50 


WinczyNsKi (E. J.). Logarithmic and trigonometric tables. Edited by 
H. E. Slaught. Boston, Allyn and Bacon, 1914. 8vo. 20-97 pp. 
Cloth. 81:00 

———. Plane trigonometry and applications. Edited be H. E. Slaught. 
Boston, Allyn and Bacon, 1914. 8vo. 114-265 pp. Cloth. $1.25 


Youna (J. W. A.) and Jackson (L. L.). High school algebra. New York, 
Appleton, 1913. $1.15 


III. APPLIED MATHEMATICS. 


AMERICAN SCHOOL OF CORRESPONDENCE. Practical mathematics, parta 
1-3: instruction paper. 3 volumes. Chicago, Armour Institute, 1911. 
$1.50 


APPELL (P.). See Corrin (J. G.). S 


Auwers (A.). Bearbeitung der Bradley'schen Beobachtungen an den 
alten Meridianinstrumenten dei Greenwicher Sternwarte. Band III: 
Der Sternkatalog. Leipzig, 1914. Gr. 4to. 90 pp. M. 30.00 


BATARDON (L.). Compatibilité commerciale, lea Be modernes, la 
méthode centralisatrice. 2e édition. Paris, Dunod et Pinat, 1914. 
8vo. 8+188 pp. Fr. 3.50 


BorzaNo (B.). B. Bolzanos Wissenschaftslehre, neu herausgegeben 
A. Höfler. Iter Band. Leipzig, Meiner, 1914. 16--571 pp. 


BoNNAR (W.) Mathematical laws of psychic phenomena. E e 


N. Y. Bonnar, 1912. 220 pp. $5.0 
Brit (A). Das Relativitatsprinzip. Eine Einführung in die Theorie. 
2te Auflage. Leipzig, Teubner, 1014. 8vo. 34 pp. M. 1.20 


Cuowf (F.) Géométrie descriptive de l'école militaire. Livre II à 
. l'usage des élèves de l'enseignement supérieur. 3e édition revue, 
corrigée et augmentée. Paris, Gauthier-Villars, 1914. d pp. 

. 15.00 


Cuow ison (O. Di Traité de physique. Traduit sur les éditions russe 
et allemande par E. Davaux, avec notes sur la Sa be théorique 
par E. et F. &t (b volumes). Volume V, fascicule 1: Champ 
magnétique variable. Paris, 1914. Pp. 1-266. Fr. 9.50 


Corrin (J. G.). Calcul vectoriel avec application aux mathématiques et 
à la physique. Traduction et notation française par Alex. Véronnet. 
Lettre &u traducteur par Paul Appell Paris, Gauthier-Villars, 1914. 
Svo. 18-F212 pp. Fr. 7.50 


CosszRAT (E. et F.). See Cuowıson (O. D.). 
Davaux (E.). See Cmowrson (O. Di, 
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De Vuran (R.). Motion of liquids. London, Spon, 1914. 8vo. 
144-210 pp. 78. 6d. 


Dopp (E. L). „Error-risk of the median compared with that of the 
arithmetic mean. (Bull. Univ. Texas, no. 323; Scientific Series, no. 27.) 
Austin, 1014. 11 pp. 


Eppinetor (A. S.). Stellar movements and the structure of the universe 


London, Macmillan, 1014. 8vo. 124-266 pp. 6. 
FOERSTER (W.). Kalenderwesen und Kalenderrefoim. Braunschweig, 
1914. 8vo. 49 pp. M. 1.60 


GALLE (A.). Das Geoid im Harz. deel des k. Preussischen 
Geodatischen Institutes. Neue Folge, Nr. 61.) Berlin, Reichs- 
druckerei, 1914. 4to. 102 pp. 


GRIMSEHL (E.). Lehrbuch der Physik. 3te vermehrte Auflage. Band I: 
Mechanik, Akustik und Optik. Leipzig, Teubner, 1914. Gr. 8vo. 
12+966 pp. M. 16.00 


Hanse (A.). See Trost (W.). 


Hermmourz (H. von). Vorlesungen über theoretische Physik. Heraus- 
gegeben von A. Konig, O. Krigar-Menzel und C. Runge. Band V: 
Vorlesungen uber elektromagnetische Theorie des Lichts (1897). 2ter 
unveranderter Abdruck. Leipzig, 1914, 8vo. 12-370 PP ge 

. 14. 


Hörer (A.). See Bouzano (B.). 

Kram (F.). See Schouren (J. A.). 

K6nte (A.). See Hmummortz (H. von). 
Krıgar-Menzeu (0.). See HuruHorrz (H. von). 


Lanni (D.) Disegno di projesioni ortogonali. 2a edizione. Milano, 
1914. 12mo. 84-152 pp. L. 2.00 
MANAIRA (A.). Intorno alla identità fra il problema della composizione 


delle forze applicate ad un corpo e Fer della composizione delle 
rotazioni: nota. Caltanisetta, 1,1914. 8vo. 5pp. 


Marsu (H. W.). Constructive text-book of practical mathematics. 
Volume III: Technical geometry. New Yor Wiley, 1914. 12mo. 
144-244 pp. Cloth. $1.25 

Meng (H.) See Somme (C.). 


MicHaeuis (L.). The dynamics of surfaces. An introduction to the 
study of biologieal surface phenomena. Translated by W. H. Perkins. 
London, Spon, 1914. 8vo. 118 pp. 48. 


NEUBECKER (W.). Mensuration for sheet metal workers. New York, 


Williams, 1914. 51 pp. $0.75 
Pascuoup (M.). Sur lapplieation de la méthode de Walther Ritz A 
l'étude de l'équilibrium élastique d'une plaque carrée mince. èso.) 
-Paris, Gauthier-Villars, 1914. 4to. 4+54 pp. . 4.00 


PrRKINS (W. H.). See Mıcmamus (L.). 


PrRANI (M. von). Graphische Darstellung in Wissenschaft und Technik. 
| Leipzig Göschen, 1914. 12mo. 126 pp. M. 0.90 


POLARA (V.). L’elettrodinamica di Maxwell e la moderna elettronica. 
Catania, Operaia, Nicolos e Giuffrida, 1914. 8vo. 2+112 pp. 
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PrzysYLLox (E.). Polhohen-Schwankungen. Braunschweig, 1914. 8vo. 
41 pp. M. 1.60 

Rarur (H.). The practice of navigation and nautical astronomy. 20th 
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IHE TWENTY-FIRST ANNUAL MEETING OF THE 
AMERICAN MATIIEMATICAL SOCIETY. 


Ink twenty-first annual meeting of the Society was held in 
New York City on Friday and Saturday, January 1-2, 1915. 
lhe attendance at the four sessions included the following 
ninety-five members: 

Mr. J. W. Alexander, II, Dr. E. S. Allen, Professor G. N. 
Armstrong, Professor C. S. Atchison, Professor Clara L. 
Bacon, Mr. A. A. Bennett, Professor G. D. Birkhoff, Professor 
Joseph Bowden, Professor J. W. Bradshaw, Professor E. W. 
Brown, Dr. T. H. Brown, Dr. R. W. Burgess, Professor B. IH. 
Camp, Professor C. W. Cobb, Professor A. B. Coble, Dr. 
Emily Coddington, Professor A. Cohen, Professor F. N. Cole, 
Dr. G. M. Conwell, Professor J. L. Coolidge, Professor Eliza- 
beth D. Cowley, Professor G. H. Cresse, Professor L. D. 
Eisenhart, Professor G. C. Evans, Mr. G. W. Evans, Professor 
F. C. Ferry, Professor II. B. Fine, Dr. C. A. Fischer, Professor 
W. B. Fite, Professor T. M. Focke, Professor A. B. Frizell, 
Professor O. E. Glenn, Professor J. W. Glover, Dr. G. M. Green, 
Professor T. H. Gronwall, Professor C. C. Grove, Professor 
J. G. Hardy, Professor C. N. Haskins, Professor H. E. Hawkes, 
Professor E. R. Hedrick, Dr. A. A. Himowich, Professor T. F. 
Holgate, Professor L. A. Howland, Professor E. V. Hunting- 
ton, Dr. Dunham Jackson, Mr. S. A. Joffe, Professor Edward 
Kasner, Professor C. J. Keyser, Dr. J. K. Lamond, Professor 
O. C. Lester, Professor Florence D Lewis, Mr. P. H. Linehan, 
Professor W. R. Longley, Professor A. C. Lunn, Professor 
James Maclay, Professor Mansfield Merriman, Dr. E. J. 
Miles, Professor H. H. Mitchell, Dr. R. L. Moore, Dr. F. M. 
Morgan, Professor Frank Morley, Professor F. R. Moulton, 
Mr. G. W. Mullins, Professor G. D. Olds, Professor W. F. 
Osgood, Dr. Alexander Pell, Professor Anna J. Pell, Dr. G. A. 
Pfeiffer, Professor A. D. Pitcher, Professor Arthur Ranum, 
Dr. H. W. Reddick, Professor R.G.D. Richardson, Professor 
H. L. Rietz, Dr. R. B. Robbins, Professor E. D. Roe, Jr., 
Dr. Joseph Rosenbaum, Dr. Caroline E. Seely, Professor L. P. 
Siceloff, Dr. L. L. Silverman, Professor H. E, Slaught, Pro- 
fessor P. F. Smith, Professor Virgil Snyder, Professor K. D. 
Swartzel, Professor Elijah Swift, Professor Evan Thomas, 
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Professor H. W. Tyler, Mr. H. S. Vandiver, Professor E. D. 
Van Vleck, Professor Oswald Veblen, Mr. J. N. Vedder, Mr. 
H. E. Webb, Professor C. J. West, Professor H. S. White, 
Professor E. E. Whitford, Professor J. W. Young. 

The President of the Society, Professor E. B. Van Vleck, 
occupied the chair at the opening session, being relieved by 
Vice-President L. P. Eisenhart and after the annual election 
by the President-elect, Professor E. W. Brown, and Vice- 
President Oswald Veblen. The council announced the election 
of the following persons to membership in the Society: Dr. 
Florence E. Allen, University of Wisconsin; Dr. Nathan Alt- 
shiller, University of Washington; Dr. D. F. Barrow, Univer- 
sity of Texas; Dr. R. B. Robbins, Sheffield Scientific School; 
Mr. C. H. Yeaton, University of Chicago. Fifteen applica- 
tions for membership in the Society were received. 

The total membership of the Society is now 709, including 
69 life members. The total attendance of members at all 
meetings of the past year was 428; the number of papers read 
was 192. The number of members attending at least one 
meeting during the year was 255. At the annual election 210 
votes were cast. The Treasurer's report shows a balance of 
89,461.75, including the life membership fund of $5,198.85. 
Gales of the Society's publications during the year amounted 
to $1,843.07. The Library now contains about 5,100 bound 
volumes. , 

The annual meeting this year was especially marked as the 
occasion of the delivery of President Van Vleck's retiring 
address, the subject of which was “ 'The róle of the point set 
theory in geometry and dynamics." 'The address was given 
on Friday afternoon before an audience of nearly one hundred, 
a considerable number having come on from the West and 
from the American Association meeting at Philadelphia. 

Another special feature of the meeting, on the social side, 
was the annual dinner and smoker held at the Yale Club on 
Friday evening with an attendance of seventy members. 

At the annual eleetion, which closed on Saturday morning, 
the following officers and other members of the Council were 
chosen: 


President, Professor E. W. BROWN. 


Vice-Presidents, Professor F. R. MOULTON, 
Professor OSWALD VEBLEN. 
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Secretary, Professor F. N. Cors. 
Treasurer, Professor J. H. TANNER. 
Librarian, Professor D. E. SmiTH. 


Committee of Publication, 
Professor F. N. Cots, 
Professor VIRGIL SNYDER, 
Professor J. W. Youna. 


Members of the Council to Serve until December, 1917, 


Professor G. D. BIRKHOFF, Professor R. G. D. RICHARDSON, 
Professor O. E. GLENN, Professor W. H. RoEvEr. 


Committees were appointed to consider the question of 
holding a colloquium in connection with the summer meeting 
at San Francisco, and tlie possible relations of the Soclety to 
the field now covered by the American Mathematical M. onthly. 
A committee is also considering matters relating to the teaching 
of mathematics in the schools. 


The following papers were read at this meeting: 

(1) Professor L. P. ErsENHART: “Transformations of sur- 
faces Q.” 

(2) Dr. L. L. Sirverman: “On the notion of summability 
for the limit of a function of a continuous variable.” 

(3) Professor A. B. Coste: “A configuration in finite 
geometry." 

(4) Professor A. B. Conrz: “The elliptic norm curve in 84." 

(5) Professor J. E. Rowe: “The symbolic and actual form 
of certain combinants of two binary n-ics.” 

(6) Professor ARTHUR Ranum: “On the differential geom- 
etry of the cyclic (circled) surfaces." 

(7) Professor A. B. FRizELL: “An enumeration of integral 
algebraic polynomials." l 

(8) Dr. Dunnam Jackson: “Expansion problems with ir- 
regular boundary conditions." 

(9) Dr. G. M. Green: “Hypersurfaces and families of 
curves defined by solutions of a partial differential equation of 
the second order." 

(10) Dr. CanoniNE E. SEELY: “Certain non-linear integral 
equations." 7 

(11) President E. B. Van VLECK, Presidential address: 
“ The rôle of the point set theory in geometry and dynamics.” 

(12) Professor W. F. Osaoop: “On the division of space of 
n dimensions by a simple closed manifold.” 
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(13) Professor G. D. Brrxuorr: “The functions of several 
variables defined by linear difference and differential equa- 
tions." 

(14) Professor G. D. Brrxuorr: “Note on the reducibility 
of maps." 

(15) Professors VIRGIL Snyper and F. R., SHARPE: “ Certain . 
quartic surfaces belonging to infinite discontinuous cremonian 
groups.” 

(16) Mr. H. S. Vanprver: “A property of cyclotomic in- 
tegers and its relation to Fermat’s last theorem." 

(17) Professor J. L. CoorrpaE: “Circular transformations 
and complex space." i 

(18) Professor G. A. Men: “Note on several theorems 
due to A. Capelli.” 

(19) Professor Epwarp Kasner: “The generalized concept 

_ of differential element.” 

(20) Professor F. N. Core: “Note on solvable quinties." 

(21) Professor G. C. Evans: “Note on the variation of a 
function depending on all the values of another function." 

(22) Professor E. V. HUNTINGTON: “A set of postulates for 
elementary dynamics” (preliminary communication). 

(23) Professor F. R. MourroN: “The solution of an infinite 
system of implieit functions, with an application to Hill’s 

; lunar theory.” 

(24) Professor C. N. Haskıns: “On the roots of the incom- 
plete gamma function.” 

(25) Dr. W. C. GRAUSTEIN: “On the geodesics and geodesic 
circles on a developable surface.” ' 

(26) Dr. D. F. Barrow: “Oriented circles in space." 

(27) Professor James Mactay: “A transformation of poly- 
nomials relative to the exponents.” ` 

(28) Mr. J. W. ALEXANDER, II: “A method for resolving the 
singularities of algebraic manifolds.” 

(29) Professor T. H. GRONWALL: “On the summation 
. method of de la Vallée-Poussin." | i 

(30) Professor T. H. GRONWALL: “ An integral equation of 
the Volterra type.” 

(31) Professor T. H. GRONWALL: “On the distortion in 
conformal representation." 

The papers of Professor Rowe, Dr. Seely, Mr. Vandiver, 
Professor Miller, Professor Cole, Dr. Graustein, Dr. Barrow, 
and the last two papers of Professor Gronwall were read by 
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‚title. Abstracts of the papers follow below. The abstracts 
are numbered to correspond to the titles in the list above. 


1. In the October number of the Transactions Professor 
Eisenhart showed that by an adaptation of the theorem of 
Moutard for differential equations of the Laplace type with 
equal invariants it is possible to transform a surface S, referred 
to a conjugate system with equal point invariants, into a 
surface $1 upon which the parametric curves are of the same 
sort. This transformation, which he called a transformation 
K, is such that for the congruence of lines joining corresponding 
points on S and H the developables cut these surfaces in the 
parametric system and the focal points on any line are har- 
monic with respect to the points of S and Sı on the line. In 
the present memoir he considers the particular case where 
this congruence is normal. Surfaces orthogonal to such a 
congruence have been considered by Demoulin, who called 
them surfaces Q. A surface S which admits’a transform S; 
such that the congruence is normal is characterized by the 
property that the conjugate system with equal invariants is 
2, 0, to use the notation of Guichard. When such & surface 
is given, the determination of the normal congruence is a 
question of quadratures. With the aid of the theorem of 
permutability of transformations K applied to these surfaces 
S, it is possible to establish transformations A of surfaces Q 
into surfaces Q such that a surface and a transform are the 
envelope of a two-parameter family of spheres with the lines 
of curvature corresponding on the two surfaces. These 
transformations also admit a theorem of permutability. 

Isothermic surfaces are surfaces Q, and the transformations 
A which give rise to new isothermic surfaces are the trans- 
formations Dm, discovered by Darboux and studied at length 
by Bianchi. Surfaces with isothermal spherical representa- 
tion of their lines of curvature are surfaces Q with one of the 
surfaces S at infinity, and consequently require special study. 
When the surfaces resulting from such a surface by trans- 
formations A are surfaces of the same sort, the transformations 
are the same as those established by the author some years 
ago from a different point of view. 


2. A sequence of numbers may be regarded as a function 
u(n) of a discrete variable n. Toeplitz has defined a related 
sequence 
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o(n) = I kn, Qu), 


where k(n, i) is a function of two discrete variables, and has 
obtained conditions on k(n,4) which are necessary and sufh- 
cient that the existence of the limit of u(n) imply the existence 
of the limit of v(n) and the equality of the two limits. Re- 
placing the discrete variables by continuous variables and 
the sign of summation by an integral sign, Dr. Silverman 
considers the related functions u(z) and 


ve) = | Ae, »)uy)dy 


and obtains conditions on k(x, y) which are necessary and 
sufficient that the existence of the limit of u(x) imply the 
existence of the limit of v(x) and the equality of the two limits. 
The theorem obtained applies in particular to improper 
integrals. 


3. For p — 1, 2, 3 there are sets of even theta functions in 
p variables which are related to a set of 2p + 2 points in a 
projective space S,. The purpose of Professor Coble's first 
paper is to show that, in the finite geometry associated with 
the functions, there exist for any value of p configurations 
which are in tactical correspondence with such a set of points. 


4. Among all the elliptic norm curves, that of order five 
in Sq is peculiar in that the quadrics which contain the 
curve serve to define projectively a Cremona transformation. 
This transformation is studied in Professor Coble's second 
paper as an aid to the location of the point sets mentioned in 
the first paper. 


, 5. The important róle played by the combinants of two 
binary forms in the theory of rational plane curves is de- 
pendent upon the fact that if they are expressed in combinant 
form (i. e., in terms of the two-rowed determinants of the 
matrix of coefficients of the two binary forms) an easy transla- 
tion scheme makes it possible to transform these combinants 
into the equations of covariant curves of rational plane 
curves. The purpose of Professor Rowe's paper is to derive 
à series of combinants of two binary n-ies which are not only 
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in combinant form, but which may be expressed as deter- 
minants of comparatively low order whose constituents are 
functions of the two-rowed determinants of the matrix of 
coefficients of the two binary forms; also, it is shown how 
these may be represented symbolically in such a way that 
the actual expression for & combinant of any two particular 
n-ics may be written out with facility. Possibly the simplest 
combinant of this type is the one whose vanishing is the 
necessary and sufficient condition that two binary n-ics have 
polar cubies with two common factors. 


6. In the study of cyclic surfaces much attention has been 
given in the past to certain very special kinds, for instance to 
anallagmatic surfaces, including cyclides. In the theory of 
the general cyclic surface, very little progress has been made, 
and the few results obtained have been confined almost 
exclusively to metrical and conformal properties. The more 
fundamental descriptive properties, which are invariant under 
the 24-parameter group of sphere transformations, have 
hardly been touched. "They form the subject of the present 
paper by Professor Ranum, which is based on two earlier 
papers on the projective differential geometry of n-space, one 
published in the Annali in 1912 and the other soon to appear 
in the American Journal. The results are obtained by em- 
ploying the well-known correspondence between the projective 
line geometry of 4-space and the descriptive circle geometry 
of 3-space. It is shown that from this viewpoint cyclie 
surfaces naturally fall into eleven classes, of which four are 
annular and seven non-annular. Among the striking results 
is the fact that there exists on every non-annular surface 
(excepting only those which are anallagmatic) a certain funda- 
mental pair of curves, whose importance for the surface is 
somewhat similar to that of the edge of regression for a 
developable surface. 


1. By arranging the natural numbers as products of powers 
of primes, Professor Frizell makes an actual enumeration of 
the algebraic equations in which all coefficients are positive 
integers. Sinularly the equations in which negative integers 
occur as coefficients are put into one-to-one correspondence 
with the set of positive fractions in their lowest terms. Then 
the two sets of equations may be assigned to the even and odd 
numbers respectively. 
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8. In most of the expansion problems which have been 
studied in detail, in connection with ordinary linear differential 
equations, the boundary conditions are of the sort which 
Birkhoff calls regular. A notable exception occurs in the case 
of certain series obtained by Liouville (Journal de Mathé- 
matiques, volume 3) from differential equations of order higher 
than the second, with boundary conditions of a particular 
type. It is readily seen that these conditions are irregular, 
and consequently the question of the convergence of the series, 
which was left open by Liouville, also falls outside the scope of 
Birkhoff's general treatment. Dr. Jackson shows that the 
difference between this case and those usually studied is an 
essential one; expansions which would be uniformly convergent, 
if the analogy of the ordinary theory were sustained, are 
found actually to diverge with great rapidity. The difference 
is explained by the fact that the characteristic functions, 
instead of being essentially of the nature of trigonometric 
funetions, as in the familiar cases, involve real exponential 
factors which fundamentally affect their properties. The 
analysis is applicable not only to Liouville’s boundary con- 
ditions, but also to & considerably more general class of 
conditions in which these are included. 


9. Segre has pointed out that on a surface (two-spread) 
defined by solutions of & partial differential equation of the 
second order in any space of higher dimensionality than three, 
there exists one and only one conjugate net of curves, in the 
sense that the tangents to curves of one family of the net, at 
the points where these curves meet a fixed curve of the other 
family, form a developable surface. It is well known also that 
with every one-parameter family of curves on & surface in 
three-space may be associated a unique conjugate family. 
Dr. Green's paper has two purposes in view: first, to study a 
surface in a space of n dimensions referred to a conjugate net 
of parameter curves; and second, to provide a substitute for . 
conjugacy on a surface when n > 3, in order to be able to 
associate with a one-parameter family of curves on such a 
surface a second family uniquely determined by the first. 
The quasi-conjugacy defined in the paper is a reciprocal re- 
lation, and Segre's unique conjugate net plays the same róle 
as does the asyniptotie net on a surface in ordinary space, in 
the sense that each family of the conjugate net is quasi- 
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conjugate to itself. The analysis of the paper consists in a 
study not of a single partial differential equation of the form 


Ayuu + Byuy + Cy ve + Dys + Ey + Fy = 0, 


but of a completely integrable system,of two equations of 
which the above is one. Wilezynski's methods are used in 
obtaining the invariants and covariants of the configurations 
considered. 


10. The non-linear integral equations discussed in Miss 
Seely's paper are of the type susceptible of treatment by 
Volterra’s algebra of permutable and non-permutable func- 
tions. Volterra has proved that the binomial quadratic 


Tex, DET, Dar + 266,0 + M, 0 = 0 


is satisfied by a certain power series in À within its circle of con- 
vergence, the coefficients being symbolic powers of the known 
kernel k(st) except for constant factors. Miss Seely proves 
that the equation is also satisfied by the analytic prolongation 
of this series at every non-singular point in the À plane, and 
shows that the singular points are identical with the character- 
istic constants of the kernel k(st) as given by the Fredholm 
theory. If X, is a pole of order m > 1 of the Fredholm re- 
solvent kernel k(st, X), it is an infinity of order (2m — 3)/2 of 
the solution of the binomial quadratic; if m = 1, it is a branch 
point of first order. An expression is given for the solution 
valid at every point in its star. Extension is made to binomial 
integral equations of nth degree, and to the general quadratic 
. and cubic, and some discussion is given of the question of the 
existence of solutions at the singular points. 


11. President Van Vleck's retiring address will appear in 
full in the BULLETIN for April. 


12. Let a simple closed surface in space of three dimensions, 
which is made up of a finite number of pieces of analytic sur- 
faces meeting one another along a finite number of analytic 
curves, be denoted as an analytic polyhedron. The corre- 
sponding (n — 1)-dimensional manifold in space of n dimensions 
shall be called an analytic hyperpolyhedron. Professor 
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Osgood proves the theorem that such a manifold divides the 
space in which it lies into an interior and an exterior region. 
The method consists in slicing by a family of parallel planes or 
hyperplanes and considering the regions into which one of 


them is divided. 


13. Professor Birkhoff's first paper contains an extension of 
the methods of an earlier paper* to the treatment of certain 
classes of functions of several complex variables, and will 
appear in the Acta Mathematica. 


14. In this paper Professor Birkhoff carries further the 
principle of “reducibility of maps" employed earlier by him,T 
and thus limits still further the form of “completely reduced" 
maps. The importance of the notion of reducibility is that 
it appears probably to afford an adequate although extremely 
complex method for the solution of the four-color problem. 

This paper will be offered to the American Journal of 
Mathematics. 


15. The paper of Professors Snyder and Sharpe has for its 
purpose the establishment of two theorems: 

Theorem I. The quartic subjected to the single condition 
of passing through a non-hyperelliptie sextic curve of genus 
three is invariant under an infinite discontinuous group of 
birational transformations. 

Theorem II. The transformations of the infinite discon- 
tinuous group under which the most general quartic surface 
passing through a sextic curve of genus two remains invariant 
can be expressed in terms of cremonian transformations. 

In connection with the first theorem the equation of the 
surface is derived and the equations of the transformations are 
determined; it 1s shown that the transformations are cremo- 
nian &nd non-involutorial and that no transformations exist 
other than those obtained. It is believed that this surface is 
. the first illustration of one which possesses an infinite dis- 
continuous group, but contains neither a pencil of elliptie 
curves nor a net of hyperelliptic curves of genus two. The 








*‘ The generalized Riemann problem for linear differential equations 
and the allied problems for linear difference and q-difference equations," 
Proceedings of the American Academy of Aris and Sciences, vol. 49 (1913), 
pp. 521-568. 

+ American Journal of ‚Mathematics, vol. 35 (1913), pp. 115-128. 


\ 
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equation of the surface (Fano surface) mentioned in the 
second theorem is found, and also the equations of two 
involutorial space transformations, which generate the in- 
finite group. 


16. By extending some methods due to Kummer (Berlin 
Süzungsberichte, 1857) Mr. Vandiver is enabled to set up a 
relation from which the criteria of Kummer (Mirimanofi, 
Crelle, volume 128), Legendre, and Furtwängler (Wiener 
Sttzungsberichte, 1912, page 589) in reference to Fermat’s last 
theorem may be immediately deduced. 


17. In the Mathematische Annalen, volume 22 (1883), 
Stéphanos establishes a one-to-one correspondence between 
the projectivities of the binary domain and the points of a 
projective Ha, In Professor Coolidge's paper these formulas 
are adapted to establishing & one-to-one correspondence be- 
tween the points of a complex projective 8; and the real 
circular transformations of the Gauss plane. The corre- 
spondence is used on the one hand to give real representation 
of various loci in complex space, and on the other to dis- 
cover new theorems concerning circular transformations. 


18. The useful theorem that every subgroup of a group of 
order p", p being any prime number, is invariant under 
operators of the group which are not contained in this sub- 
group is commonly supposed to be due to G. Frobenius and 
to W. Burnside. Cf. "Encyclopédie des Sciences mathé- 
matiques” tome I, volume 1, page 608; W. Burnside, “Theory 
of Groups of Finite Order," 1911, page 122. As a matter of 
fact, this theorem is evidently & special case of a theorem 
which was proved eleven years earlier by À. Capelli, and which 
may be stated as follows: A necessary and sufficient condition 
that every subgroup of & group G is transformed into itself 
by at least one operator which is not contained in this sub- 
group is that G contains no more than one Sylow subgroup 
of any given order.* 

This theorem is clearly equivalent to the theorem that a 
necessary and sufficient condition that every subgroup of a 
group G appears in at least one of its possible series of com- 


RES Capelli, Att R. Accademia dei Lance, Memorie, (3), vol. 19 (1884), 
p. 272. 
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position is that G is the direct product of its Sylow subgroups; 
which the second edition of Pascal’s Repertorium der höheren 
Mathematik, volume 1, 1910; page 199, accredits to W. 
Burnside. The object of Professor Miller's paper is to direct 
attention to this and to other theorems proved by A. Capelli, 
and to extend one of these theorems. In particular, the 
operators of any composite group G are arranged in the usua] 
rectangular form with respect to an invariant subgroup H as 
the first row, and tbe operators of the first column are so 
selected as to generate the smallest possible group. The 
cross-cut of this group and H cannot contain more than one 
operator, or more than one subgroup, in any complete set of 
conjugates when this is also a complete set of conjugates 
under G. In particular, this cross-cut is the direct product 
of its Sylow subgroups. "The smallest group above mentioned 
must be @ itself whenever @ is cyclic and H does not include 
any Sylow subgroup of G. 


19. An ordinary differential element in the plane may be 
represented by a point and a parabolic curve of the nth 
order passing through it. An infinite power series in z, 
convergent or divergent, Professor Kasner regards as defining 
a differential element of infinite order. This may be pictured 
most concretely, in general, by the broken line running from 
the given point to the successive centers of curvature. If 
further we allow series with fractional exponents, we obtain, 
in addition to regular elements, new types of irregular elements. 
According to the nature of the coefficients in the series, the 
element may be real or imaginary. In earlier papers the 
author has classified elements with respect to the conformal 
group. The present paper gives the classification of all 
elements (real or imaginary, regular or irregular, convergent 

or divergent) in metric geometry. 


20. Professor Cole obtains a set of very simple resolvent 
equations for the algebraie solution of quintics of the form 
z5 + az + 8 = 0 when such solution is possible. This paper 
will appear 1n a later number of the BULLETIN. 


21. In order to express the variation of a function depending 
continuously on all the values of another function between 
a and b, in terms of the integral of the derivative of the de- 
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pendent function with respect to the functional argument 
multiplied by the variation of that argument, Volterra finds it 
necessary to make use of four postulates, two of which are 
statements of uniforme conditions. In the present paper 
Professor Evans seeks to reduce the number of these assump- 
tions. He proves that if the functional derivative exists for 
every point of a continuous curve (x) between x = £i and 
t = &, and takes the values «a at E and ß at £ then 
between £ and & it takes all the values between o and B. 
If the functional derivative of the function F exists for all 
values of £ between z = a and x = b, and for all functions"e 
in & certain region, being continuous with respect to œ in that 
region, and if F vanishes for e and qs, qs — e being every- 
where & positive quantity, then the derivative of F vanishes 
at some point of one of the curves of the pencil (ees), If the 
derivative is continuous in regard to its functional argument 
in the neighborhood of (x), and finite, and integrable along 
(x) in regard to its other argument E from a to b, then the 
first variation may be written in the desired form. Moreover 
if in addition, the derivative is continuous in regard to E so 
that two of Volterra's postulates are established, the other 
two follow. 


22. Professor Huntington’s paper contains a tentative set 
of postulates for the composition and resolution of forces, 
expressed in terms of the following fundamental concepts: 
(1) a class of elements a, b, c, ---, to be called forces, or 
vectors; (2) a relation a 4 b, to be called like-directedness; a 
relation a = b, to be called congruence; and a rule of com- 
bination a 6 b = c, to be called vector addition. 


23. The infinite system of equations considered by Professor 
Moulton may be written in the form 


£i = fifty, Z2, 7193 m) = BIL fP ++ tty 
T2 = fa(21 Za, 5m) = fP + SEH + tty 


where m is an arbitrary parameter, 21, zs, -- - an infinite system 
of dependent variables, f?) the totality of terms of f; which 


are homogeneous of degree j in 21, 23, ---. Une set of hypoth- 
eses under which the conclusion follows is: 
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(a) The fO vanish for m = 0. 

(b) The fP and the coefficients of the f? are regular analytic 
functions of m for |m| X p. 

(c) There exists a finite constant M, and a series cıXı+ cez 

- = 8, where the c, are regular functions of m for 

|m| < p, such that s converges if |m| < p, |z,| < r: and 
M,s dominates f”. 

(d M; Sr: if |m] Sp’ Sp, |zd Sr, Sri 

Under these conditions there exist series of the form 


a, = am + afm? + --- 


which satisfy the original equations identically in m and con- 
verge if |m| < c > 0. 

Dy an application of these results suitably modified, the 
expansions as power series in m of the Fourier coefficients of 
the expressions for the coordinates in Hill's variational orbit 
can be shown to converge for |m| sufficiently small. This 
ocmpletes the proof of the convergence, in sufficiently restricted 
domains, of all the series Hill employed in his lunar theory. 


24. The location of the real roots of the function Pfx) 
defined by 
Z(—1)» 1 
sl ates 


has been studied by Bouquet who found that in each of the 
intervals — 2n < z < — 2n + 4, — 2n--$ « r< —2n 4-1 
there lies at least one root, while outside these intervals there 
are no real roots. Professor Haskins shows by an application 
of the theorem of Budan-Fourier that in each of these in- 
tervals there is exacily one root. 





P(x) = 


25. If z; = 2,(s), (4 — 1, 2, 3), is the parametric repre- 
sentation (in terms of the arc) of an arbitrary but fixed geodesic 
of a developable surface y, then, as is well known, 


R E 
y= uam v) (2 = 1, 2, 3), 


where o and y are the directions of the tangent and binormal 
at the general point of the curve x, Rand T are the radii of 
curvature and torsion at this point, and a is & parameter. Dr. 
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Graustein finds as the finite equation of the geodesics on y 


R 
(a+ Ze Je — (ce, + eas) = 0, 


where cı, Ca, cz are arbitrary constants; and as the finite equa- 
tion of the geodesic circles on y 


REES 


where r is the radius of geodesic curvature of the general circle 
and kı, kz are arbitrary constants. These equations afford 
simple deductions of facts already known and lead to a 
number of results which seem to be new. 


26. Dr. Barrow considers the subject of oriented circles in 
three dimensions. He makes use of the Plücker coordinates 
of a circle which are formed from the pentaspherical coordi- 
nates of any two spheres intersecting in the circle; and accom- 
plishes the orientation by means of & redundant coordinate 
defined by a quadratic relation as a two-valued function of the 
Plücker coordinates. A geometric interpretation for a certain 
invariant function of the coordinates of two oriented circles is 
given; and a few theorems are proved about systems of oriented 
circles whose coordinates satisfy one or more linear relations. 


27. The transformation considered by Professor Maclay 
consists in replacing the exponents of a polynomial by their 
positive residues, in particular their least positive residues, 
relative to an arbitrary modulus, and forming the difference of 
the two polynomials. The effect of successive applications 
of the transformation and the relations of the resultant 
polynomials are studied. 


28. Mr. Alexander's paper contains & simple method for 
transforming any algebraic surface birationally into a surface 
without singularities lying in a space of sufficiently many 
dimensions. By a direct generalization, the device may be 
used to resolve the singularities of any n dimensional manifold. 

Let f(xo, 21, 3, z3) = 0 be an algebraic surface. The 
transformation 
of : 


(1) dn = 27 (2 = Q, 1, 2, 3) 
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transforms f into its dual F(a, 21, ze, v3) = 0.° The trans- 
formation 


(2) Eu = UU, 


together with (1), transforms f into a surface ¢ in 15-dimension- 
al space. It will be found that every singular point p of f 
which is not a uniplanar point is transformed into a curve 
l of & and that the multiplicity of each point of [is lower than 
that of p. A uniplanar point may be simplified by a trans- 
formation (2’) analogous to (2). By means of a finite number 
of transformations (2) or (2’) followed in each case by a pro- 
jection of the surface back into 3-space, all the singularities 
may be resolved. 


29. Letting ug + ui + E unt. Foe any series, de la ' 
Vallée-Poussin (Bulletin di P Académie Ee 1908) intro- 
duced the expressions 


= nie 
lak Feen. 
and the original series is summable when IM, p=» n exists. 
In the present paper, Professor Gronwall forms the generating 
identity of these sums, viz., writing £ = 4z/(1 + x}, 


en UNE (2n) | 
E i+ Zan | 





From this identity, a generalization of Abel’s theorem for 
power series is obtained; it is shown that any series summable. 
by Cesäro’s method is also summable by the present method 
with the same sum; and ,various other properties of the sums 
V, are proved. The theory may be generalized to the sums 
obtained from the fundamental identity by making 


Ee 2m 
=1-(7 d 
Ica 


30. Professor Gronwall gives & direct proof of the existence 
and uniqueness of a bounded solution of the integral equation 





e(z, 9) = fle, y) + f "A, y, )olsy)da 
+ [ Be, y, to(a, tdt + Tal C(x, y, 8, Hels, t)dt, 
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when f, 4, B and C are bounded and have their discontinuities 
regularly distributed in the rectangle 0 Sz <a,0 <y<b. 
This proof avoids the usual decomposition of the rectangle 
(a, b) into smaller rectangles. An application to partial dif- 
ferential equations of the hyperbolic type is given. 


91. lIfthepowerserlesf(z) = x + ax + --- + apart... 
is such that z = f(x) defines the conformal representation of 
the unit circle in the z-plane on a simple region in the z-plane, 
then, as Koebe has shown, there exist upper and lower bound- 
aries for | f(x)! and | f'(z)| when |z| = r < 1, these boundaries 
being independent of the coefficients of f(z). 

Professor Gronwall obtains the following approximations 
to these boundaries: 


2 à I 1- ler 
ar Wil rn Erna POS G7 hy 


These approximations are of the correct order of magnitude, as 
is shown by the example f(x) = 2x/(1 — z}. 
F. N. Core, 
Secretary. 


IHE WINTER MEETING OF THE SOCIETY AT 
CHICAGO. 


Tue thirty-fourth regular meeting of the Chicago Section 
of the American Mathematical Society was held at the 
University of Chicago on Monday and Tuesday, December 
28-29, 1914, it being the third regular meeting of the Society 
at Chicago. Eighty persons were in attendance upon the 
sessions, including the following sixty-four members of the 
Soclety: 

Professor R. P. Daker, Professor W. H. Bates, Mr. William 
Betz, Professor G. A. Bliss, Professor Henry Blumberg, Pro- 
fessor Daniel Buchanan, Professor H. E. Buchanan, Dr. Jose- 
phine Burns, Professor W. H. Bussey, Professor W. D. Cairns, 
Professor R. D. Carmichael, Professor A. F. Carpenter, Dr. 
E. H. Clarke, Professor H. E. Cobb, Professor D. R. Curtiss, 
Dr. W. W. Denton, Professor L. E. Dickson, Mr. C. R. Dines, 
Professor L. W. Dowling, Professor Arnold Dresden, Professor 
Arnold Emch, Professor A. B. Frizell, Dr. M. G. Gaba, 
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Professor E. R. Hedrick, Professor T. H. Hildebrandt, Mr. 
L. A. Hopkins, Professor A. M. Kenyon, Dr. H. R. King- 
ston, Professor Malcolm McNeill, Professor W. D. MacMillan, 
Professor H. W. March, Professor J. L. Markley, Dr. T. 
E. Mason, Professor G. A. Miller, Professor U. G. Mitchell, 
Professor E. H. Moore, Professor E. J. Moulton, Professor 
L. C. Plant, Mr. V. C. Poor, Professor S. W. Reaves, Professor 
W. J. Risley, Miss Ida M. Schottenfels, Mr. A. R. Schweitzer, 
Professor J. B. Shaw, Dr. H. M. Sheffer, Mr. T. M. Simpson, 
Professor C. H. Sisam, Professor E. B. Skinner, Professor 
H. E. Slaught, Professor C. S. Sliehter, Professor R. B. Stone, 
Professor E. B. Stouffer, Professor A. L. Underhill, Professor E. 
B. Van Vleck, Dr. G. E. Wahlin, Professor Mary E. Wells, 
Professor Marion B. White, Professor E. J. Wilezynski, Pro- 
fessor K. P. Williams, Professor R. E. Wilson, Mr. C. H. 
Yeaton, Professor J. W. A. Young, Professor W. A. Zehring, 
Professor Alexander Ziwet. 

Professor E. B. Van Vleck, President of the Society, presided 
at the session'on Monday afternoon. Professor E. J. Wil- 
czynski, chairman of the Section and Vice-President of the 
Society, presided at all the other sessions, except when relieved 
by Professor C. S. Slichter during part of the session on 
Monday morning. 

At the business meeting of the Chicago Section the report of 
the committee of the Section appointed last April to consider 
the relation of the Society to the field now covered by the 
American Mathematical Monthly was received and ordered 
spread upon the minutes. In accordance with the recom- 
mendation of this committee, it was then voted that the 
Chicago Section request the Council of the Society to appoint 
& committee to consider and report concerning possible rela- 
tions of the Soclety to the field now covered by the American 
Mathematical Monthly. In transmitting this request to the 
Council the Secretary of the Section was instructed to send 
with it a copy of the report of the committee of the Section. 

The following officers of the Chicago Section were elected: 
Chairman, Professor E. J. Wilezynski; Secretary, Professor 
H. E. Slaught; and third member of the program committee, 
Professor R. D. Carmichael. Professor Wilezynski was 
requested by the Section to deliver an address upon the 
completion of his second term of office as chairman. 

The usual social gathering and dinner on Monday evening 
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was attended by sixty members, this being an unusually large 
number. 

The following papers were presented at this meeting: 

(1) Professor ARNoLD EMcng: “On some general theorems 
concerning analytic curves.” 

(2) Professor A. F. CARPENTER: “Ruled surfaces with plane 
flecnode curves.” . 

(8) Professor E. J. Wiuczynsxr: “The general theory of 
congruences.” 

(4) Professor A. B. FRIZELL: “A non-enumerable well- 
ordered set of infinite permutations.” 

(b) Professor Henry BLUMBERG: “On a generalization of 
certain theorems relating to discontinuous functions.” 

(6) Professor DANrEL BUCHANAN: “A new isosceles triangle 
solution of the three-body problem.” 

(7) Professor Danie, BucHANAN: “Oscillations near an 
isosceles triangle solution as the finite bodies become unequal.” 

(8) Mr. L. L. STEMLEY: “On the general solution and so- 
called special solutions of linear homogeneous partial differ- 
ential equations." 

(9) Mr. W. L. Hanr: "A method of successive approxima- 
tions for the determination of implicit functions." 

(10) Professor ARNOLD DRESDEN: “On the second derivative 
of the extremal integral for a general class. of problems." 

(11) Professor G. A. Briss: “A note on functions of lines.” 

(12) Professors G. A. Briss and A. L. UNpEREILL: “Shortest 
lines between curves and surfaces." 

(13) Dr. G. R. CLements: “Singular point transformations 
in two complex variables. Supplementary note.” 

(14) Professor Henry BLUMBEReG: “On the factorization of 
certain polynomials and certain linear homogeneous differential 
expressions. Second communication.” 

(15) Dr. G. R. Crements: “The resultant of a system of 
polynomials." 

(16) Mr. A. R. Schweitzer: “On the formal properties of 
functional equations." 

(17) Professor L. E. Dickson: “On modular cubic surfaces." 

(18) Professor G. A. MILLER: “A new proof of Sylow's 
theorem." 

(19) Professor G. A. Mrs: "Note on the potential and 
the antipotential group of a given group.” 

(20) Professor J. B. SHaw: “On parastrophic algebras." 


t 
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(21) Mr. C. H. Forsyra: “A general formula for the valu- 
ation of bonds." 

(22) Dr. H. R. KiNasroN: “ Metric differential properties of 
nets of plane curves." 

Mr. Steimley was introduced by Professor R. D. Car- 
michael, Mr. Hart by Professor F. R. Moulton, and Mr. 
Forsyth by Professor J. W. Glover. The papers of Dr. 
Clements and Mr. Schweitzer were read by title. 

Abstracts of the papers follow, the numbers corresponding 
to those of the titles above. 


1. In an article which will appear in the Rendiconti del 
Circolo Matematico di Palermo it is proved analytically that 
every closed analytic curve without cusps and multiple 
points has an even number of points of inflexion and admits 
of an even number of tangents parallel to any given direction. . 
The proofs of these theorems are based upon the co-periodicity 
of the parametric representation of such curves and of their 
derivatives. 

These results may be extended to any closed analytic curve 
by properly extending the definition of inflexions and tangents 
and by taking proper care of multiplicities. Among such 
closed curves may be included those that result from tbe 
former by projective transformations. 

A purely intuitive proof of the theorem on inflexions was 
given by von Staudt in his Geometrie der Lage. In the present 
paper Professor Emch extends his former proofs to the general 
cases and discusses von Staudt’s method. 


2. In the general theory of ruled surfaces as developed by 
Wilezynski, many important theorems are obtained by 
taking for directrix curves the two branches of the flecnode 
curve. In Professor Carpenter's paper the condition that 
these curves be plane leads to the theorem: If the two branches 
of the flecnode curve of a ruled surface are distinct plane 
curves, then the two branches of the complex curve are plane 
and the four planes of these curves form a harmonic pencil 
of planes in which the planes of the two branches of the 
flecnode curve are separated by the planes of the two branches 
of the complex curve. 


3. Professor" Wilezynski's paper is concerned with the 
projective differential properties of congruences of rays. 


M 
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By introducing a number of new congruences covariantly 
related to the given one, many new theorems present them- 
selves and most of the familiar ones appear in a new light. 
Incidentally a new geometric interpretation is found for the 
condition that the Laplace-Darboux invariants of a conjugate 
system be equal. ‘There is also found the geometrical sig- 
nificance of the systems which Bianchi calls isothermally 
conjugate. 


\ 

4. In a previous paper (Chicago, April, 1914) Professor 
Frizell has called attention to a non-denumerable well-ordered 
set of finite permutations. The present note applies this 
result to obtain a non-enumerable well-ordered set of infinite 
permutations of the series of natural numbers. This is done 
by arranging the natural numbers in series higher than w. 


5. In his first paper, Professor Blumberg shows that almost 
all of the known general theorems on real, discontinuous func- 
tions involving the oscillation function (which is associated with 
every given function, whether discontinuous or continuous) 
hold for the case where the range of the independent variable 
is an abstract aggregate © subject to two simple conditions. 
The first demands for every element s of © the existence of a 
sub-aggregate M of © having the relation R to s, R being an 
undefined relation. The second says that if 9t; and N, are 
two “neighborhoods” (the term “neighborhood” having been 
defined in terms of the undefined relation R) of an element s 
of ©, there exists a common sub-aggregate N of Nt, and of N, ` 
that is a "neighborhood" of s. In particular, for example, 
the Sierpinski theorem holds. Certain general theorems on 
discontinuous functions communicated by the author in 
former papers are similarly generalized. 


6. The isosceles-triangle solutions of the three body problem 
are the periodic solutions in which two of the bodies have 
equal mass, and the third body moves so that its distances. 
from the other two bodies are always equal. "The third body, 
then, moves in a straight line which passes through the 
center of gravity of the system and is perpendicular to the 
plane of the initial motion of the equal masses. In a paper 
presented to the Society at Chicago, April, 1911, Professor 
Buchanan discussed the periodic solutions in which the two 
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equal masses move in ellipses and the third body is infinitesi- 
mal. Two periodic solutions were shown to exist. They 
are expansible as power series in a certain parameter A, whieh 
is introduced through the factor representing the mass of the 
finite bodies, and the coefficients are power series in e, the 
eccentricity of the ellipses. The period T is a function of A 
but not of e. In the present paper two periodic solutions, 
having period 7, are shown to exist when the third body 
becomes finite. They are expansible as power series in a 
parameter representing the mass of the third body, and the 
coefficients are power series in À and e similar to those appear- 
ing in the previous paper. 


7. Starting with the simplest case of the isosceles-triangle 
solutions in which the third body is infinitesimal and the 
finite bodies move in circles, Professor Buchanan in his 
second paper deals with the oscillations near this solution as 
the finite masses become unequal. If the finite bodies have 
masses m + u and m — p, where the unit of mass is chosen 
so that m = $, then the solutions are expansible as power 
series in u. The coefficients are power series in another 
parameter which represents the initial projection of the 
infinitesimal body from the plane of motion of tbe finite 
bodies where u = 0. Two solutions are shown to exist and 
they are expansible as power series in u? or u according as the 
purely imaginary characteristic exponents arising from the 
equations of variation are imaginary integers or not. 


8. It is known that the customary classification of the 
integrals of linear partial differential equations is incomplete 
even in the case where the coefficients are single valued and 
analytic in a given domain. For this latter case Mr. Steimley 
gives a complete classification of all possible integrals and 
exhibits a solution which is general in the sense that it includes 
all possible solutions (even the so-called special solutions). 


9. Let there be given the system of equations 


(1) f; DN = 0) (4 J me T n), 


in the field of reals, with the solution point (u,; uo) at which 
the Jacobian, db, Bläi, zn), is different from 
zero. The current methods by which the fundamental 
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theorem of implicit function theory is proved for system (1), 
all possess the fault that no practical scheme 1s given for the 
computation of the values of the x,(u) except for u sufficiently 
near to uo. In Mr. Hart’s paper there is given a method of 
successive approximations which furnishes & practical scheme 
for computing the values of the z,(u) over a range in general 
much more extended than that obtained in the usual proofs. 


10. In a paper published in volume 9 of the Transactions 
of the Society, Professor Dresden treated problems of the 
calculus of variations by reducing them to problems in ordi- 
nary maxima and minima by means of the “extremal integral." 
This necessitated securing formulas for the second derivatives 
of this integral; these were obtained in the paper mentioned 
“above and they are quoted on page 312 of Bolza’s Vorlesungen. 

It is the purpose of the present paper to secure similar 
formulas for more general problems of the calculus of vari- 
ations, viz., such as involve integrals whose integrand contains 
n unknown functions and their first derivatives, in non- 
parametric form as well as in parametric form. In the former 
case these formulas are obtained without great difficulty. 
In the latter case, however, it has seemed to the author that a 
reduction of the second variation was necessary. This is 
done by means of a reduction of differential forms discussed 
in a paper presented to the Society some time ago and pub- 
lished in the Annals of Mathematics for March, 1912. 

It is intended to use these formulas for the treatment of the 
maxima and minima of integrals of the type referred to above 
when one or both end points are variable, as well as when 
broken extremals are admitted. Furthermore the cases are 
to be taken up in which the unknown functions are also to 
satisfy a system of differentia] equations. 


11. One of the most important applieations of the theory 
of functions of lines is in the calculus of variations, where 
the integrals considered are all either functions of this sort or 
else quite natural generalizations of them. Unfortunately 
the usual definitions of continuity and the derivative of a 
function of a line do not apply to such integrals. In the 
paper of Professor Bliss the character of the continuity of an 
integral of the calculus of variations is discussed and the 
inadequacy of the definition of the derivative is shown. 
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Attention is called to the' modifications which make these 
notions applicable at once to such line functions. 


12. If an arc E in space joins two surfaces S and S’ and is 
shorter than any other arc in its neighborhood joining S 
with S’, then E must in the first place be a straight line, and 
in the second place it must cut the two surfaces orthogonally. 
These conditions are necessary but not sufficient to insure the . 
minimizing property. The further relations which must be 
satished involve the curvatures of the surfaces at their inter- 
sections with the line E. In the paper of Professors Underhill 
and Bliss these relations are deduced, and analogous ones 
are found for the cases where the end points of E lie upon two 
curves, or on & surface and a curve. The results are of 
interest because of the preliminary information which they 
give with respect to the more general problem of determining 
the minimizing arcs, with end points variable on curves or 
surfaces, for an integral of the form 


dy dz 
fi (= y, 8, 2 T ) de. 


13. In the Annals of Mathematics for September, 1918, 
Dr. Clements discussed the transformation 


T: z = f(u, 0), y= plu, v) 


in the following cases: 

(a) f(u, v) and (u, v) denote functions of the complex 
variables u and v, single-valued and analytie throughout a 
neighborhood R of u = 0, » = 0; 


(b) f(0,0)— 0, (0, 0) = 0; 
(c) J (u, ai = futs WS Jopu = 0, J (0, 0) = 0. 


In that paper the discussion was not complete for the case 
in which f(u,v) and (u,v) have a common factor in the 
point (0, 0) but neither is a factor of the other in this point. 
In the present note it is shown that for this case the inverse of 
T exists and 1s finitely multiple-valued and continuous through- 
out a complete neighborhood of the point xz = 0, y = 0, 
with the exception of that point itself, which explodes into a 
locus in the ur-region. This establishes the existence of 
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functions of two complex variables, finitely multiple valued 
and continuous except in isolated points. 

Any transformation T can always be replaced either by a 
transformation of the form z — u, y — w^ (n a positive 
integer), a finite number of the form z — u, y — ur, and of 
those one-to-one and analytic both ways; or by the preceding 
combined with a transformation T for which f(u, v) and 
(u, v) have no common factor. 


14. In his second paper, Professor Blumberg gives criteria 
for the resolvability and, in particular, the irreducibility of 
certain polynomials, linear homogeneous differential expres- 
sions, and other expressions. 'The methods used are the 
simplest heretofore employed in similar investigations; the 
results are the most general heretofore obtained and, largely 
on account of the simplicity of the methods, generalization is 
made easy. The most general theorem communicated by the 
author at the November, 1914, meeting of the Southwestern 
Section is a special ease of a special case of one of the 
theorems in the present paper. To indicate the character 
of the results one of the theorems obtained and several special 
cases of it are given below. Let 


d? d? 
P = alx) P + az) an "hb Ap(a)y 


be a linear homogeneous differential expression belonging to 
(1. e., whose coefficients belong to) the domain 9t of rational 
functions; let d, (v = 0, 1, --- , p) represent the degree of a,; 
and let P be decomposable into the symbolic product RS, 
where R and S are linear homogeneous differential expressions 
belonging to R and of the rth and sth orders respectively. 
The following theorem holds: If for a fixed x (> 0) 


d, — do > d, — do 
K H 
and 
d, Y do 2 0, 
at least one of the following n — x -+ 1 congruences holds: 


de — do 0 (mod z K 
[x, p] 
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where p takes the successive values n — rnn—r--l,-:-x—r 
(or n— s, n— 8-- 1l, --:, k — 8), and Ík, pl = G.C.D. of x 
and p. A special case of this theorem is the following: If 

d, — do > d, — d (» — 1,2, P), 


kK Z y 

d, — do 2 0 and [d, — do, xk] = 1 (i. e, d, — dy and x are 
relatively prime), either r = x or s 2 x. From this special 
case follows the theorem: If 


d, = do d, — do 
— > — = ene 
p LI y (v 1, 2, 3 p) 


d, — dy 2 0 and [dp — do, p] = 1, P is irreducible. 

The above theorems and nearly all others obtained hold for 
polynomials whose coefficients are rational functions of one 
or more variables, for linear difference equations, and also for 
certain cases where the domain of rationality is more genera! 
than R, the only changes required in the formulation of the 
theorems being the substitution, for example, of “ difference” 

"for “differential” in passing to “difference equations," etc. 

One of the theorems generalizes the most general criterion 

for the irreducibility of polynomials heretofore known, & 


criterion due to Perron. 


15. It is well known that in any numerical case there exist 
N — 1 rational integral functions of the coefficients of a 
system of polynomials 


fal) = A + >>: + Anm, (n= Lee N) 


whose simultaneous vanishing is the necessary and sufficient 
condition that these N polynomials sball have a common 
factor of the first or higher degree in x Further, if N = 2, 
this resultant can be written formally in terms of the coef- 
ficients. ‚Dr. Clements points out that when N > 2, if the 
coefficients are real, there exist N — 1 rational integral 
| functions, expressible as formulas in the coefficients and 
hence in their definition independent of the numerical value 
of these coefficients, whose simultaneous vanishing is the 
necessary and sufficient condition that fi, >+, fy shall have a 
common factor containing x. Further, infinitely many such 
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sets of resultants can be found. A very simple set of result- 
ants is exhibited for the case N = 3, ms = 2. 


16. In the first part of Mr. Schweitzer’s paper & set of 
postulates is given for a field in which the explicit assumption 
of existential properties is avoided. These postulates are 
stated in terms of four indefinables, f(z, y); plz, y), bile, y), 
filz, y), and are obtained essentially by giving abstract inter- 


pretations to functional relations discussed in a previous , 


paper.* 
In the second part of the paper the following theorems are 
proved: 


I. E f(Bf(z, ai, f(x, y)) = a8f(y, 2), then there exists x(z) 
such that xf(z, y) = cox(x) — cox(y), xa(z) = cox(z), and 
xB(zx) = x(x) + cı, where co and c; are constants. 


Fife, 2), FY all = of, y) 


fitafi(2, z), fi, z)} = ofi(z, y), 


then there exists x(x) such that xf(z, y) = cox (x) — cox(y), 
xalx) E cox (x) and xfıle, y) cS exx (2) x (9), that i 15, & oZz y) 
and fi(z, y) are quasi-transitive. 


UL It fifle, z), AY, 2)} -— Az, y) and fılf, 2), FY, 2)} 
= f(x, y), then f(z, y) and fi(z, y) are identical. 


an 


17. The method employed in the paper by Professor Dickson 
for the investigation of surfaces of any order in modular space 
is based upon the projective classification of all sets of real 
points (i. e., points with integral coordinates). For the case 
of modulus 2, there are exactly n — 1 projectively distinct 
types of sets of n real points when 1 < n < 8. Since there are 
just 15 real points, the number of types of sets of n points is 
the same as the number of types of sets of 15 — n points. 
Hence a case n Z 8 reduces to a case n < 8. To investigate 
the projectively distinct types of surfaces of a given order with 
integral coefficients taken modulo 2, we treat as a separate 
case those surfaces the only real points on which are those of a 
given canonical set of n real points (n = 0, 1, ---, 15), so that 

we have 15 linear relations between the coefficients of the 


* Cf. BULLETIN, October, 1914, p. 25, (6); p. 26, (11); p. 28, the relation 
following (22). 
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equation of the surface. The transformations available for 
the further specialization of the coefficients are the automorphs 
of the set of n points. 

For a cubie surface modulo 2, it is shown that the number 
of real points n on the surface is always odd.- For n = 15, 
the surface is equivalent to zy(æ + y) = 0 or to zyl + y) 
= gw(z + w), the latter having no singular point and having 
27 straight lines, of which 15 are real. For n = 1, there is a 
single type of surface; it has no singular point and no real 
line. For n = 18, one of the two types has a singular pone 
while the other is equivalent to 


ry + y) = ww + z)(y + 2), 


9 of whose 27 lines are real. On one of the five types for 
n = 3, just one of the 27 lines is real. For n = 11, there is a 
type 5 of whose 27 lines are real. Thus there are types of 
cubic surfaces modulo 2 having exactly 0, 1, 5, 9 or 15 real 
lines. In the algebraic theory, the only possible numbers 
for non-singular cubic surfaces are 3, 7, 15, 27. The paper 
will appear in the Annals of Mathematics. 


18. Professor Miller bases his new proof of Sylow’s theorem 
on the following theorem: The number of the substitutions 
of degree p® and of order-p in the symmetric group of degree 
n is prime to p whenever af is the highest power of p which 
does not exceed n. By means of this elementary theorem 
Sylow's theorem may be proved as follows: Suppose that 
the order g of any group G is divisible by p* but not by oi, 
Now represent G as a regular substitution group, and construct 
all the substitutions on the g letters of G such that these 
substitutions are of order p and of degree p*, p? being the 
‚highest power of p which is less than n. 

These substitutions are transformed under G into complete 
sets of conjugates, each set involving more than one. At 
least one of these sets must involve & number m of substi- 
tutions such that m is prime to p, since the total number of 
these substitutions is prime to p. Hence G contains a sub- 
group whose order is divisible by o If the order of this 
subgroup exceeds p^ the given operations may be repeated, 
and hence we can always reach a subgroup of order p*, by 
the given process, provided the order of G is divisible by” p^, 
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19. Professor Miller's second paper was published in full in 
the February BULLETIN. 


20. The parastrophic algebra is defined with regard to a 
given algebra by the relation between the multiplication 
constants 

Yuk = Yaj (2, 3, k= 1; ttt 1), 
where r is the order of the algebra. "The parastrophic algebra 
is usually not associative when the original algebra is associ- 
ative. In the case of algebras defined by finite groups the 
parastrophic algebra takes a very simple form. Professor 
Shaw’s paper discusses the relations between these algebras. 


21. In Mr. Forsyth’s paper a general formula is derived 
for the valuation of bonds where the principal of S dollars 
is to be repaid in ri, rs, +*+, Tn Installments, of which the first 
ri, the next 7, etc., are equal, there being n different install- 
ments. All other similar formulas apply only to cases in- 
volving equal installments. 

The first installment is to be paid at the end of fı years, the 
next ri — 1 at intervals of &4 years, etc., and in general if we 
designate as “ major intervals" those intervals wherein all the 
installments are equal, there will ber, installments at intervals 
of &, years in the nth major interval, the first installment to 
be paid at the end of f, years. 

The rate of interest offered 1s g and the rate to be realized 1, 
both to be paid m times a year. 

The premium or discount becomes 


3 on T 
(1) K=|1i— SE (==). 
where 


a:n = Anlam fn + fala) — amfa} An = Infam, 


and J, represents the value of each of the installments in the 
nth major interval. The a's with subscripts refer to the 
ordinary annuity certain. 

If all the minor intervals are equal (= t), formula (1) re- 
duces to 


H 


>; (In = In+ı)a(n) - g 
e o 2 g— 1 
Q) | K-|1 = (== ) 
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& 


where 


a(n) — as (i tS) 


Io = Inui = 0. 


' and 


22. In a memoir entitled '" One-parameter families of 
nets of plane curves" Professor Wilezynski has studied the 
projective differential properties of nets of plane curves, by 
means of & completely integrable system of three linear partial 
differential equations of the second order. . In Dr. Kingston's 
paper some of the metric differential properties of these nets 
are discussed. If the two linearly independent, non-constant 

solutions of the partial differential equations 


Yuu = Aut by, Yuv = ay. zs D’y, ye aut by 


be taken as the cartesian coordinates of the moving point, 
it is shown that for a given set of coefficients a, b, ---, b”, 
which are functions of the independent variables u and v and 
are subject to certain integrability conditions, these equations 
. determine a net uniquely except for an affine transformation. 
If, moreover, we consider the fundamental quantities E, F, 
and G, which are connected with the length of arc by the 
relation ds? = Edw? + 2Fdudo + Gd, and satisfy certain 
_conditions, and if we add the condition that these shall have 
given values, then our original equations along with the given 
E, F, and G, determine a net uniquely except for a motion and. 
a reflection. ‘The application to orthogonal and isothermal 
nets gives rise to interesting results. In this paper is laid 
also the foundation for a detailed study of the metric proper- 
ties of those nets which are composed of two families of conics. 


H. E. SLAUGHT, 
Secretary of the Chicago Section. 
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THE STRUCTURE OF THE ATHER. 
BY DR. H. BATEMAN. 
(Read before the American Mathematical Society, February 28, 1914.) 


$ 1. Introduction. 


IN Maxwell’s electromagnetic theory of light the broad 
view is taken that waves of light are manifestations of certain 
electromagnetic phenomena in the ether which are included 
in the general class of processes capable of being described 
by means of the partial differential equations 

70M 

(1) rot M — geg 
In these equations M denotes the complex vector H + iE, 
the vectors E and H represent the electric and magnetic 
intensities respectively, c is a constant which is usually called 
the velocity of light, and rot M denotes the complex vector 
whose components are of type 

OM, oM, 

Oy 02 
when right-handed rectangular axes are used. 

In the extensions of the theory which have been made by 
H. A. Lorentz* and Sir Joseph Larmor,f it is recognized that 
the fundamental equations (1) must not be regarded as 
holding for all real values of the variables z, y, z, t; the 
exceptional domains or singular points are, moreover, regarded 
as instrumental in the production of waves or disturbances 
in the sether. 

The hypothesis generally adopted by Lorentz is that there 
are exceptional domains, which, when viewed at any instant, 
consist of an enormous aggregate of small closed regions. 
These domains are supposed to be occupied by electricity 


div M — 0. 


ud néerlandaises, vol. 25 (1892); Amsterdam Proceedings (1902), 

p. : 

i J Phil. Trans. A, vol. 185 (1894), p. 719; vol 186 (1895), p. 695; 
Æther and Matter, Cambridge (1900). ` 
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whose volume density p is generally & function of z, y, z, t. 
The motion of the electricity is supposed to be specified by a 
vector function v. 

The vector functions E and H are defined for all real 
values of z, y z, t with the aid of the retarded potentials of 
L. Lorenz. These potentials A and ® are expressed as triple 
integrals involving p and v and the vectors E, H are derived 
from them with the aid of the relations 


(2) E=—--— — — H = rot A. 


When E and H are defined in this way they are found to 
satisfy equations (1) when the space-time point (x, y, 2, 0 
does not belong to the exceptional domains: for points in the 
regions occupied by electricity, the modified equations 


(8) rot M = m POR div M — ip 
are satisfied. 

Starting from these equations Lorentz and Larmor have 
obtained, by a process of averaging, a set of equations capable 
of describing the principal optical and electromagnetic proper- 
ties of a material medium. These more complicated equations 
are usually called the macroscopic equations, and equations 
(3) the microscopic equations or fundamental equations of 
the theory of electrons. 

Sir Joseph Larmor has used a more fundamental theory* in 
which the simple equations (1) are assumed to be the whole 
scheme and electricity is regarded as consisting of so-called 
isolated point singularities in the ether, that is, points at 
which E and H become infinite in a certain manner. A 
solution of equations (1) which can be regarded as giving an 
exact specifieation of an elementary electromagnetie field 
with a single isolated point singularity of the required type 
has been obtained by A. Liénardf for the case in which the 
velocity of the singularity is always less than that of light. 
It turns out that the electric charge associated with the 
singularity does not vary with the time. With the aid of this 
solution, which was originally derived from the retarded 





— — —————À e, A — d 88 — nn ——— —— — —À 


* Aither and Matter, p. 77. 
T L/ Eclairage électrique, V. 16 (1808), pp. 5, 53, 100. 
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potentials for & volume distribution of electricity, it 1s possible 
to reverse matters and effect a transition from equations (1) 
to equations (3) by & process of averaging or superposition. 
The exceptional domains within which o and pv are different 
from zero are now supposed to be occupied by a closely 
packed aggregate of the point singularities of the superposed 
elementary electromagnetic fields. 

One advantage of this more fundamental theory is that it 
emphasizes two properties of electricity, namely the invari- 
ance of the electric charge and the limitation to which its 
velocity of motion is subject.* The mathematical discussion 
of the theory is at present incomplete, partly because some 
hypothesis is needed which will reveal the structure of the 
ether and show clearly that electric charges are indeed point 
singularities in the medium. In this note an hypothesis is 
considered which fulfils some of the requirements; the mathe- 
matical analysis is, however, still incomplete. 


$ 2. Vector Fields with Moving Singular Curves. 


I have shown elsewhere] that there are vector fields satis- 
fying equations (1) 1n which the vector functions E, H become 
infinite at points lying on certain moving curves. "There is, 
moreover, at present no evidence that these fields can be 
built up by superposition from elementary electromagnetic 
fields of Liénard's type. I propose, therefore, to call them 
&thereal fields so as to distinguish them.from the electromagnetic 
fields which possess the property just mentioned. Whether 
sethereal fields have a physical existence or not is an open 
question, but I propose to consider the hypothesis that when 
a large number of ethereal fields are superposed their singular 
curves indicate the structure of an “sether”” which is capable 
of supporting a certain type of electromagnetic field which is 
mathematically determined by the properties of the super- 
posed sethereal fields. 

According to this view the structure of the ether depends 


*This limitation was first clearly pointed out e d Thomson, 
Recent Researches (1803), p. 21. See also O. Heaviside, P Mag., vol. 
27 T p. 824. 

hical Magazine, Oct., 1918, Jan., 1014; Annals of Mathe- 
s 1014; The Mathernatical Analysis of Electrical and Optical 
Wave Motion on the Basis of Maxwell’s Equations, Cambr. Univ. Press, 
1914, Ch. 8. This will be denoted hereafter by E. 
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to some extent upon the type of electromagnetic field which 
it supports, and vice versa. There must consequently be 
some definite mathematical relation between the electro- , 
magnetic field and the superposed ethereal fields whose 
singular curves indicate the structure of the wether. We 
shall now consider a relation which is suitable for the case in 
which the electromagnetic field is an elementary field of 
Liénard's type. 


$3. Conjugate Fields. 


Two vector fields in which the complex vectors are M, W 
respectively are said to be conjugate when the scalar product 
(MM”) is zero. A field which is conjugate to itself is said to 
be self-conjugate and in this case (1?) = 0. 

If the direction of the flow of energy in two fields is the 
same at each point and both fields are self-conjugate they 
are also conjugate to one another. To prove this we remark 
that since the direction of the flow of energy is at right angles 
to both the electric and magnetic intensities, the vectors 
E, H, E’, H’ associated with any point must lie in one plane. 
Moreover, since both fields are self-conjugate the electric 
and magnetic intensities in each field are perpendicular, 
hence we must have M’ = EM, where k is a complex quantity. 
It is now clear that the relation (M M^) = 0 is a consequence 


of the two relations (M?) = 0, (M^) = 0. It should be 
noticed that the present argument fails if the flow of energy 
takes place in opposite directions in the two fields, because 
then the correct conclusion is that Af’ = kM* where 


M* = H — «E. 


Let us now consider an electromagnetic field ard a large 
number of mutually conjugate self-conjugate sethereal fields 
each of which is conjugate to the electromagnetic field. We 
shall regard the singular curves of these æthereal fields as 
forming an element of the ether and shall suppose that it is 
this element which supports the particular electromagnetic 
field in question. In the example of an element which will 
be given presently the singular curves meet in & point which 
is the point singularity of the electromagnetic field u 
by the element. , 

It should be remarked that the condition of conjugacy is 
invariant when a transformation of variables is made which 
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leaves equations (1) unaltered in form. Our hypothesis is 
thus compatible with the modern ideas of relativity. It 
should also be noticed that when a number of mutually 
conjugate fields are superposed the term of type (E5 — (B®) 
in the Lagrangian function of the total field is the sum of 
the terms of this type belonging to the different constituent 
fields. It is possible then that the condition of conjugacy 
has a dynamical significance. The fields used in forming an 
element of the ether can be regarded as analogous to the terms 
of a Fourier series or the elements-of a Fourier integral; 
each constituent field is supposed to be multiplied by a factor 
or coefficient, and by giving different values to these coef- 
ficients different states of vibration of the fibers of the element 
may be represented mathematically. With regard to the 
nature of this vibration or disturbance which can run along a 
singular curve or fiber the only certain information we are 
able to give at present is that its orientation may vary with 
the time and be different for different fibers. 

ılt is by no means certain that the fibers of an element 
should be regarded as filing the whole of space. If we 
consider only those sthereal fields whose singular curves lie 
within & kind of tube or cone having its vertex at the point 
singularity of the electromagnetic field, it appears likely, 
judging from some simple cases which have been considered, * 
that it is possible to choose the coefficients so that. when 
both the electromagnetic and ethereal fields are superposed 
the vectors E, H in the total field are zero outside the tube. 
This corresponds to the type of element which has been 
considered by Sir Joseph Thomson in his theory of the struc- 
ture of the electric field. t 


§ 4. A Solution of the Fundamental Equations. 


The components of a vector M which satisfies the equations 
(1) are known to be solutions of the wave equation 


Fu Fu Mu 1 du 
4) dat ay ag ar 
The type of singular curve which is typical of an ethereal 


* See for instance E, p. 121. 
T Recent Researches, Ch. I; Phil. Mag., vol. 19 (1910), p. 301; Ibid., 
Oct., 1913, Dec., 1913. See also N. R. Campbell, The New Quarterly, 
1909; D. N. Mallik, Phil. Mag., vol. 26 (1913), p. 144. 
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field is obtained by considering the case in which the com- 
ponents of M are all wave functions of type u = 7f(6), 
where the function f is different for each component but the 
functions B and y are the same. The quantities 8 and y are 
supposed to be functions of x, y, z, t; an essential property 
of B is that it must be complex so that the equation 1/f = 0 
may be equivalent to two real relations connecting 2, y, z, t 
and so generally represent a moving curve. It has been shown 
that the velocity of this singular curve in & direction at 
right angles to the tangent at any point is never greater than 
the velocity of light.* 

The problem of finding all solutions of the wave equation 
having the general form 7f(8) has not been solved completely, 
but in the particular case in which this expression can be 
regarded as included in a more general expression of type 
u = yflæ, 8), where f is an arbitrary function and u satisfies 
the wave equation, the problem can be solved as follows: 

It is easily seen that the function f must satisfy the differ- 
‚ential equation 


OCH EE 


which gives rise to three equations connecting a and B when 
the coefficients of 


ay US, ma (LY 
Eat Jaag? DD Lag 
are equated to zero. 


Now let z, y, a, 8 be taken as new independent variables; 
the preceding equation then takes the form 








(6) KAX — 2TXY + BY*| = 0, 
where 
Qt \? Qt M r dz V? Oz M . 
a= (5) *(S)-9 B= (Se) + (S) 
_ ds dt | ds at EDI 
IP oa Oa Oy dy’ K = 3o, B)’ 
_ (f, 2) 28050 
4 — St, B)" Y= 3(a, BY 








* E, p. 123. 
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Equating to zero the coefficients of 


GE 
da)’ dadf’ \08)J.’ 
we obtain three linear equations connecting 4, B, H. The 
determinant of the coefficients is easily found to be K, and 
this is zero only when there is a relation between a, 6, T, y. 
Ignoring this trivial case, we may conclude from (6) that 
4=0,B=0, H=0. Now in virtue of the last equation 
we may write 

ot ` X95 ðt 02, 

dr Oy’ Oy ` 0%, 
where A is some function of z, y, a, B. Substituting in the 
equation A = 0, we find that A? + 1 = 0, hence 


These equations imply that 
-4 aieo F(a + 23), a+ c= Ga — iy), 


where F and G are functions which depend also on o and p. 
Substituting these expressions in the equation B — 0, we 


hind that 
F'(z + 2)G'(x — à) + 1 = 0. 


Hence we may put 


GËT Kd) sto — iG i), 


where 6, $, Y are arbitrary functions of a and 8. These equa- 
tions may be used to define o and B as functions of £, y, 2, t. 
It has already been shown* that when o and ß are defined by 
equations of this type & solution of the wave equation (4) 
may be obtained by writing u = f(a, 8) where y is one of 
the Jacobians of type 0(a, 8)/0(y, 2). The preceding analysis . 
indicates that all the wave functions of this type may be 
obtained by the method just described; to complete the 
proof we must show that the ratio of two suitable values of y 
depends only on a and f. 


* Messenger of Mathematics, March, 1914, p. 164; E, p. 134. 
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Let us suppose that. f(a, 8) and Y’F(«, B) satisfy the 
wave equation, where f and F are arbitrary; then it is easy 
to deduce that 


dw da , Zu äer, Zu de 1 dw da 
dr Oz | Oy Oy ` Oz Oz ci Ot Ot’ 
dun dë ,O0wOB , 0woB8 1dwoß 


—— ` zm — `  mmeg — a M 


ax är | Oy Oy | Oz dz Add’ 
. where w = y’/y. These equations imply that 


ow Qa op 
a, = Part ta eee a , etc.; 


for w = o and w = 8 are evidently particular solutions of 
the preceding equations. We now have dw = Pda + QdB, 
whence it follows that w is,a function of o and £. 
I have shown elsewhere* that if a and 8 are defined by the 
equations 
(z— + (y— nt e- = c — TY, 
Kæ — £) + mly — 9) + anl- 0 = ept — 7), 
where £, 7, t, 7, I, m, n, p are functions of a and B subject to 
the relation 2 + m? + n? = p*, then wave functions of type 
yf(a, B) exist. It is easily seen that equations (8) are equiva- 
lent to (7) if 


1 
p=t—er— +i), V — tert 3-1 
l— im s—t-—c(— 7) 
n+p z-E+iy-mM 
An ethereal field may be specified with the aid of the func- 
tions a, B by defining the.components of M by equations 


of typet : l : 
mm — M. - fe D Li epu. 


(8) 





9 = — 





8 5. Model of an Element of the Æther. 


Let us now consider the case when r = « and &, 7, $ are 
functions of a only; then as Liénard has shown, the first of 
e uo e P IUE LLL Zn 


* E, Ch. 8. 
t E, pp. 12, 122. ; 
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equations (8) will define just one real value of o if the in- 
equalities i 
TSi Etat (E = dido, 


are added. If, moreover, l, m, n, p are linear functions of ĝ 
the second of equations (8) will define just one value of 8 and 
this will generally be a complex function of z, y, z, t. Let us 
choose the function f(«, 8) in formulas (9) so that f! = 8 — Bo, 
where fy is an arbitrarily chosen complex quantity;* the 
components of M will then generally be infinite at points on 
the moving curve B = Én, 
Now when 8 = fy and o is kept fixed, 6 has a definite 
complex value and so it follows that the line joining the 
points (x, y, z, t), (É, 7, ¢, T) is fixed in direction. Taking 
into &ccount the first of equations (8) we see that the possible 
positions of (z, y, 3, t) are those of a point which starts at 
(£, n, $, 7) and travels along a straight line with the velocity 
of light. By giving different real values to o we obtain a 
series of such points which form at any instant a singular 
curve of the sthereal field specified by (9). This singular 
curve is attached to the moving point (£, n, t, r). If we give 
different complex values to fo, a series of such curves is 
obtained, there being one for each value of 8o. j 
` Let us now see if it is possible to choose the arbitrary 
functions at our disposal in such & way that the singular 
curve of an sethereal field of the type just considered is always 
a line of electric force in an electromagnetic field having the 
moving point (£, 7, {, 7) as simple singularity. 
Liénard has shown that an electromagnetic field’ with 
(£, 7, f T) as a moving point charge may be derived from the 
potentials 


(100 — A4; — Ein Ay — wlv, A,— Hin, B= cp, 
where ; 
w= El Etnu n HH ee O elt 7. 
Writing : 
t—E=ch(t—7), y-n= emt — 7), 
& — f = ent — 7), 
c — lE — mon’ — mf — X, P m af p uy, 


* It may be a function of o but not of 8. 
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we find on calculating the components of E by means of (2) 
that 


10 
Kascht — el) + e(t — DÉI 


+ (E — elo) (lo£" + mon” + not”) yl. 


Now let Jo, mo, no be regarded as functions of r and let us 
suppose that particles are projected from the different positions 
of the singularity (£, 7, ¢, 7) in directions specified by the 
direction cosines (Jo, Mo, no), and that they travel along 
straight lines with the velocity of light. If (x, y, 2), (e+ dz, 
y + dy, 3 + dz) are the coordinates at time ¢ of two particles 
that were projected at times 7, r + dr, we find that 


Compering this with the expression for Ez, we see that the 
line joining two consecutive particles coincides in direction 
with a portion of a line of electric intensity at each time 1, 
if the derivatives of Ip, mu, n; are given by equations of type 


K = A£" + (E — elg) (lo£" + mon" + nf”). 


If this condition is satisfied, the series of projected particles 
will form at each instant f a line of electric force in the electro- 
magnetic field with the singularity (£, n, t5, T). By taking 
different initial directions for (lo, mo, no) we may obtain in 
this way all the lines of electric force. 

Since the functions l, m, n, p are arbitrary as far as their 
dependence on œ is concerned, we may evidently choose 
them so that the direction given by the equation B = Go 
coincides at each instant + with the direction specified by 
the functions (lo, mo, nj). This means that we can choose a 
system of sthereal fields in such a way that their singular 
curves coincide at each instant with the lines of electric 
force in an electromagnetic field having (£, n, {, 7) as simple 
singularity. 

As regards the conditions of conjugacy, we have already 
proved that the electromagnetic field specified by the poten- 
tials (10) is conjugate to any field of type (9) in which a, B 
are the special functions considered in this paragraph.* We 

* E, pp. 126, 183. 
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have also proved that a field of type (9) is self-conjugate* and is 
such that the flow of energy (Poynting’s vector) is along the 
radius from (E a 6, 7) to: (a, y, z, 0, hence it follows that 
the different sethereal fields given by (9) form a mutually 
conjugate system. 

‚ There are still many questions to be answered before the 
present theory can be accepted. If the ether is regarded as 
built up of elements & law describing the mutual action of 
two elements is needed. The nature of the macroscopic 
equations satisfied by the vectors (E, H) in & region occupied 
by an enormous aggregate of singular curves of sthereal 
-fields has not been ascertained. The field obtained by 
superposing all the swthereal fields is probably different in 
character from an ordinary electromagnetic field; it may 
possibly have some connection with the phenomena of gravi- 
tation. 


JOHNS HOPKINS UNIVERSITY, 
BALTIMORE, 
October 27, 1914. 


SHORTER NOTICES. 


Handbuch des mathematischen Unterrichts. Von W. KILLING 
und H Hovestapt. Band II. Leipzig and Berlin, 
Teubner, 1913. x + 472 pp. 


Tax general character of this work was discussed by the 
reviewer in the BULLETIN, volume 17, No. 5. The vigor which 
characterized the first volume is unabated in the present one, 
which is devoted to trigonometry. One third of the volume 
is devoted to plane trigonometry, an equal amount to solid 
geometry or stereometry in which plane trigonometry is used 
freely in dealing with space problems, and the remainder to 
spherical trigonometry. There is sharp criticism of the 
ordinary text-books on trigonometry, in which the authors 
deplore the tendency to limit the field to goniometry and the 
solution of triangles with and without logarithms. Nor are 
they satisfied with a criticism of the content, for the methods 
of proof come under fire as well. As an illustration of the 
carefulness of their investigation, four proofs of the addition 


' E, p. 12, Phil. Mag., Jan., 1914. 
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theorem for the sine as given in different texts are stated, and 
thoroughly discussed as to their value, not merely in proving 
the immediate theorem, but in suggestiveness and applicability 
to further problems. The author of an ordinary American 
text-book would not feel flattered d he measured his product 
by the criteria of this volume. To show the value of trigo- 
nometry as & weapon in geometry, various well-known the- 
orems such as the Feuerbach theorem are proved and an 
entire chapter of 50 pages is given to the application of trigo- 
nometry to construction problems. The chapter on teaching 
the applications of plane trigonometry is rich in suggestions, 
and could be read with profit by any teacher of the subject. 

The section on stereometry covers a wider range than the 
usual elementary solid geometry. Among the applications is 
an interesting chapter on the geography of the sky and map 
making, including mercator and stereographic projection. 
Some chapters in fine print, such as the calculation of the 
surface of a curved solid by integratio 1, and the bisection of a 
tetraedron by a hyperbolic paraboloid, are obviously of more 
interest to the teacher than to the immature student. The 
chapter on Euler’s theorems giving the relations between the 
number of edges, faces, vertices, and face triangles of a convex 
polyedron is valuable, and shows forcibly how closely the 
authors have scrutinized supposed proofs. In talking about 
Riemann surfaces they again go beyond the depth of the 
ordinary student of solid geometry. The deficiency or 
redundaney of the numerous definitions of a regular polygon 
seems to be an object of keen attack. The chapter on regular 
spherical polygons in connection with regular polyedra is 
excellent and might well be incorporated into elementary 
texts. 

The closing section on spherical trigonometry is no less 
critical than the earlier parts of the work, although in content 
it more nearly approximates a text-book on the subject. 
The proofs of Gauss's formulas and Napier's analogies are 
carefully considered, and the authors conclude their criticism 
of existing proofs by a new one of their own. They see no 
use in developing & mass of formulas which have historical 
interest only, so special theorems and formulas which play 
no róle in the applications are reserved for the last chapter. 
'The deduction of the theorems on the geometry of the sphere 
from the formulas of spherical trigonometry is a point which 
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teachers might well note. The applications considered are 
the ordinary ones,—measurement of the earth, astronomical 
problems, determining one’s position at sea, and the like. 
The last chapter is a discussion of the work of Möbius on 
spherical triangles whose sides or angles may be greater than 
180°, and of the still further extensions of Study. Any reader 
of this volume will be impressed with the possibilities of a 
course in trigonometry. 


D. D. Lem. 


Théorie des Nombres. Par E. Canen. Tome premier: Le 
premier Dégré. Paris, A. Hermann et Fils, 1914. xi + 408 
pp. 

THe first ei~ht chapters contain an exposition, mainly 
. following the ideas of Helmholtz, of the definition and proper- 
ties of integers, the four fundamental operations, divisibility, 
greatest common divisor and least common multiple, and the 
theory of fractions. Chapter 9 deals with diophantine equa- 
tions in one and two unknown quantities, and the euclidean 
algorithm. Chapters 10 to 12 contain an exhaustive treatment 
of diophantine equations in any number of unknown quantities, 
and systems of such equations, preceded by an exposition of 
the corresponding algebraic theories (determinants and sys- 
tems of linear equations). Chapters 13 to 16 give the theory 
of linear substitutions and linear and bilinear forms, the 
number theoretic case, where the coefficients are integers, 
being always preceded by an exposition of the corresponding 
algebraic case, where the coefficients are arbitrary. Chapter 
17 is concerned with linear congruences, and chapters 18 to 
20 contain the fundamentals of the algebra of matrices, fol- 
lowed by the corresponding number theoretic propositions for 
matrices with integers as elements. The three last chapters 
give the decomposition of an integer into prime factors, the 
properties of Euler’s function ein) and some other numher 
theoretic functions, and some remarks on linear congruences 
with prime modulus. 

Misprints are rather numerous, though seldom misleading, 
and it is difficult to see why the name of Frobenius should be 
persistently misspelled; one may also well take exception to 
the narrow and unusual definition of number theory proposed 
in the introduction. But these are minor criticisms, and the 
volume should prove of great value as a text-book, since the 
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exposition is remarkably clear and easy to follow, and illus- 
trated by numerous and well-chosen numerical examples and 
exercises. Several topics, for instance the arithmetical 
reduction of bilinear forms, are presented here in a more 
lucid and accessible form than in any other work known to 
the reviewer. 


T. H. GRONWALL. 


Lecons sur la Théorie générale des Surfaces et les Applications 
géométriques du Calcul infinitösimal. Par Gaston DAR- 
BOUX. Premiere partie: Généralités. Coordonnées curvi- 
lignes. Surfaces minima. Deuxième édition, revue et 
augmentée. Paris, Gauthier-Villars, 1914. viu + 618 pp. 
AFTER having been out of print for some time, the first 

volume of Darboux's classical treatise now appears in a second 
edition. Since the general features of this admirable work 
are undoubtedly familiar to the majority of the BULLETIN’s 
readers, 1t will be sufficient to mention, in this review, the 
new matter added in the second edition and taken mostly 
from Darboux's own papers in the Bulletin des Sciences mathé- 
matiques and the Comptes rendus. 

In Book I, Chapters 5 and 6 deal with the kinematies of 
motions dependent on any number of parameters, and the 
integration of the corresponding total differential equations 
for the direction cosines. Chapter 7, dealing with the special 
case of two parameters, brings some new developments regard- 
ing the Plücker conoid. Chapter 10 gives a new solution, 
which is both elementary and elegant, of & problem first pro- 
posed and solved by Sophus Lie: to determine all surfaces 
which can be generated in more than one way by the trans- 
lation of a rigid curve. It seems, however, to have escaped 
the notice of the distinguished author that a similar solution 
has been previously given by Scheffers (“Das Abelsche The- 
orém und das Liesche Theorem über Translationsflichen,” 
Acta Mathematica, volume 28 (1904), pages 65-91). 

In Book II, there has been added to Chapter 1 a study of a 
special conjugate system formed by plane curves, which 
leads to a class of surfaces applicable on quadric surfaces and 
discovered by Peterson. Chapter 4 contains an exposition of 
Gauss's method for the conformal representation of the ter- 
restrial ellipsoid on a sphere, as well as a solution of a problem 


wf 
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proposed by Lagrange: to determine all geographical maps 
such that the meridians and parallels are represented by 
circles. l i 

In Book IH, Chapter 3 gives the determination of, all 
minimal surfaces capable of being generated by translation 
in more than one way, and in Chapter 8 a special minimal 
surface is considered which was discovered by Riemann and 
is generated by ‚the motion of a circle of variable radius. 
Finally, Chapter 9 gives an investigation of Ribaucour's 
isotropic congruences, with applications to Bertrand’s curves. 


T. H. GRONWALL. 


NOTES. 


Top opening (January) number of volume. sixteen of the 
Transactions of ihe American Mathematical Society contains 
the following papers: “On the theory of curved surfaces, and 
canonical systems in projective differential geometry," by - 
G. M. GREEN; “The multitude of triad systems on 31 
letters," by H. S. Wurrg; “The e-subgroup of a group," by 
G. A. MLER; “On a set of postulates which suffice to define 
a number-plane," by R. L. Moore; “The equivalence of 
complex points, planes, lines with respect to real motions and 
certain other groups of real transformations," by W. C. 
GnAUSTEIN; “Invariants of the rational plane quintic curve 
and of any rational curve of odd order," by J. E. ROWE; 
“A set of postulates for general projective geometry," by 
M. G. GaBA; “Certain quartic surfaces belonging to infinite 
discontinuous cremonian groups," by V. SNYDER and EF. R. 
SHARPE; “The functions of a complex variable defined by an 
ordinary differential equation of the first order and the first 
degree," by J. Suerian; “On the differential geometry of 
ruled surfaces in 4-space and cyclic surfaces in 3-space,” by 
A. RANUM. 


THE opening (January) number of volume 37 of the Amer- 
ican Journal of Mathematics contains the following papers: 
“Generalizations of geodesic curvature and a theorem of 
Gauss concerning geodesic triangles," by G. A. Briss; “On 
the medians of a closed convex polygon,” by A. Emca; “The 
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rational sextic curve, and the Cayley symmetroid," by J. R. 
CONNER; “Limited and illimited linear difference equations 
of the second order with periodic coefficients," by T. Fort; 
“ Finite groups of plane birational transformations with eight 
fundamental points,” by F. R. SHARPE; “Conics through 
inflections of self-projective quarties," by F. R. SHARPE; 
"Concerning an analogy between formal modular invariants 
and the class of algebraical invariants called Booleans," by 
O. E. GLENN; “Periodic orbits on a smooth surface," by 
D. BucHANAN; "On Foucault’s pendulum," by W. D. 
MAcMILLAN. 

The frontispiece of the volume is a portrait of JOHN NAPIER. 


Tse first number (January 15, 1915) of the Proceedings of 
the National Academy of Sciences contains the following 
mathematical papers: “Recent progress in the theories of 
modular and formal invariants and in modular geometry,” 
by L. E. Dickson; “The synthesis of triad systems A; in 
t elements, in particular for t = 31," by H. S. Warre; “The 
g-subgroup of a group of finite order," by G. A. MILLER. 

The second number (February 15) contains: “ Transforma- 
tions of surfaces Q,” by L. P. EIsENHART; “Conjugate systems 
of space curves with equal Laplace-Darboux invariants," by 
E. J. WILCZYNSKI. 


Tse following papers on mathematics or mathematical 
physics have recently appeared in the Proceedings of the 
American Academy of Arts and Sciences: “The generalized 
Riemann problem for linear differential equations, and the 
allied problems for linear difference, and g-difference equa- 
tions," by G. D. BIRKHOFF, volume 49, pages 519-568; “On 
the theory of the rectilinear oscillator," by E. B. WirsoNw, 
volume 50, pages 105-128; “Planck’s radiation formula and 
the classical electrodynamics,” by D. L. WEBSTER, volume 50, 
pages 128-145. 


AT the meeting of the London mathematical society held 
December 10 the following papers were read: "Simultaneous 
equations, linear or functional," by E. H. Nerve: “Cyclo- 
tomic quinquisection," by W. BURNSIDE; “Oscillations near 
the isosceles triangle solution of the three body problem," by 
D. BucHANAN; "Lamé's differential equation and ellipsoidal 
harmonics,” by E. T. WHITTAKER. 
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THe Mathematical association held its annual meeting 
January 9 at the London day college. The following papers 
were read: “Mathematics in artillery science,” by G. GREEN- 
HILL; “Teaching of modern analysis," by W. P. Mirne; “The 
circle of curvature," by A. Lopes; “Practical work in connec- 
tion with mathematics,” by R. C. FAwpRy. 


A NOTICE has recently been sent out by Professor Fehr, 
secretary of the International commission on the teaching of 
mathematics, announcing that, on account of the war, it has 
been decided not only to abandon the idea of & meeting in 
August 1915, but also to postpone the preparation of such 
projected reports as relate to the European countries. 


THE University of Chicago Press announces the following 
volumes in preparation for early publication in its Science 
Series: Finite collineation groups, by H. F. BLICHFELDT; 
Linear integral equations in general analysis, by E. H. Moore. 


Ar Harvard University two Benjamin Peirce instructorships 
in mathematies have been established, the holders of which 
will devote à part of their time to teaching, including some 
advanced instruction, but will be given facilities and en- 
couragement to prosecute scholarly research. Appointments 
are made, under open competition, for a term of one year, 
and may be renewed for not more than three years. Further 
information may be obtained from the chairman of the division 
of mathematics, PROFESSOR BÖCHER. 


Ar Cornell University provision has been made for giving 
two cycles of advanced courses in analysis and in geometry 
in the summer session, each cycle to run through four years. 
For 1915 these courses will begin with Advanced calculus 
and infinite series, by Professor W. A. Hurwrrz, five hours, 
and Algebraic plane curves, by Professor Vimar. SNYDER, 
five hours. 


PROFESSOR DE LA VALLEE Poussin, of the University of 
Louvain, will give a course of lectures in French at Harvard 
University on Lebesgue integrals, beginning February 16 and 
extending through the remainder of the academic year. 


Dr. M. Borrasso has been appointed docent in analytic 
geometry at the University of Pavia. 


H 
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Dr. T. H. Havetock has been appointed professor of 
applied mathematics and mathematical physies at Armstrong 
College, Newcastle-on-Tyne. 


Proressorn A. W. Dora, formerly dean of the Yale 
University graduate school, died January 20, at the age of 70 
years. He became a tutor at Yale in 1877 and retired from 
his professorship in 1911. He was a member of the American 
Mathematical Society since 1896. 


PROFESSOR A. VENTURI, of the University of Palermo, died 
December 29 at the age of 62 years. 


Book catalogues: Deighton, Bell and Company, 13 Trinity 
Street, Cambridge, England, catalogue 27, some 300 mathe- 
matical pamphlets, theses, ete.— Gustav Fock, Schlossgasse 7, 
Leipzig, Handapparate of Amthor, Lüroth, Schubert, and 
others.—Julius Springer, Linkstrasse 23, Berlin, technical 
works, applied mathematics. 


NEW PUBLICATIONS. 


I HIGHER MATHEMATICS. 
Bayuiss (R. W.). A first school calculus. New York, Longmans, 1914. 
Cr.8vo. 12-+288 pp. $1.20 


BnuEL (E.). Leçons de mathématiques spéciales. Volume 1: Algèbre, 
ligne droite et plan, trigonométrie, analyse, applications géométriques. 


Paris, 1914. 8vo. Fr. 15.00 
——. Leçons de mathématiques spéciale. Volume 2: Géométrie 
analytique, courbes et surfaces. Paris, 1914. 8vo. Fr. 15.00 


BócueR (M.). Charles Sturm et les mathématiques modernes. Paris, 
Alcan, 1914. 8vo. 19 pp. 

—— Mathématiques et mathématiciens français. Paris, Champion, 
1014. 8vo. 16 pp. 

Borex (E.). Leçons sur la théorie des fonctions. Eléments et principes 


de la théorie des ensembles; applications à la théorie des fonctions. 
2e édition. Paris, Gauthier-Villars, 1914. 8vo. 12+260pp. Fr. 7.50 


Cremona (L.) Elements of projective geometry. Translated by Charles 
Leudesdorf. 3d edition. Oxford, Clarendon Press, 1914. 8vo. 322 


12s. 6d. 

Pp. 

CzusER (E.). Wahrscheinlichkeitsrechnung und ihre Anwendung auf 
Fehlerausgleich Statistik und Lebensversich . Ste erweiterte 


Auflage. (2 Bände.) Band I: Wahrscheinlichkeitstheorie, Fehleraus- 
gleichung, Kollektivmasslehre. Leipzig, Teubner, 1914. Gr. 8vo. 
124-462 pp. Cloth. M. 14.00 
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Brasse (J.). Grundlag ior flaudernes geometrie. Kjdbenhavn, Vid. 
Belsk. Skrift., 1914. Svo. 52 pp. 

Horr (W.). Die Differentialgleichungen des Ingenieurs. Berlin, PEE? 
1914. 8vo. 9--540 pp. Cloth. ; . 14.00 

KOMMERELL (V.). Raumgeometrie (Stereometrie und darstellende Ge- 


ometrie). 2te Auflage. Tubingen, H. Lauppsche Buchhandlung, 
1914. 213 pp. M. 2.80 


LEUDESDORF (C.). See CREMONA (L.). 


Lomwx (À.). Lehrbuch der Algebra 2 Theile. Theil I: Grundlagen der 
Arithmetik. Leipzig, 1914. Gr. 8vo. M. 12.00 


Lour (W. M.). Bijdrage tot de theorie der cyclische. oppervlakken en 
congruenties. Utrecht, 1914. 8vo. 88 pp. 


. MATHEMATISCHE ABHANDLUNGEN Hermann Amandus Schwarz zu seinem 
funfzigjahrigen Doktorjubildum am 6. August 1014 gewidmet von 
Freunden und Schülern. Berlin, Springer, 1914. 8vo. 8+461 Pp. 
53 figures. M. 24. 

MarHEWS (G. B.). Projective geometry. (Longmans Modern Mathe- 
matical Series). London, Longmans, 1914. 8vo. 14-349 pp. 6s. 

Patm (R.). Zur Invariantentheorie eines Pfaffschen Ausdrucks. (Diss, 

s Greifswald.) Leipzig, Teubner, 1914. 

Ross (A. A.). A theory of time and space. Cambridge, Kee 
Press, 1914. Royal 8vo. 6--373 pp. Cloth. , 10s. 6d} 

SCHATUNOVSEY (J.). Der grösste gemeinschaftliche Teiler von alge- 
braischen Záhlen zweiter Ordnung mit negativer Diskriminante und 
= Zerlegung dieser Zahlen in Primfaktoren. Strassburg, 1912. 

0. pp. 


Scumwanz (H. A.). See MATHEMATISCHE ABHANDLUNGEN. 


IL ELEMENTARY MATHEMATICS. 


Barnard (8. and Con (J. M.). Elements of geometry. Parts 1-6, 
London, Macmillan, 1914. 8vo. 9+465+38 pp.--answers. 4s. 6d. 


CERVENKA (L.). See Vonovxa (K.). 

Cm (J. M). See BanNwan» (S.). 

Coox (F. W.). See WıLkmson (P.). 

Craw ey (E. 8.). One thousand exercises in plane and spherical trigono- 
metry. Philadelphia, E. 8. Crawley, 1914. 8vo. 70 pp. 

Danzer (O.). Die darstellende Geometrie am Realgymnasium. Wien, 
1912. 8vo. 63 pp. 

Doumskı (M.). Politische Arithmetik. Zinseszinsenrechn und Ver- 
sicherungsmathematik nebst zwei Logarithmentafelm len, 1914. 
Gr. 8vo. 292-+57 pp. | M. 


Dupuis (J.). Tables de logarithmes à 7 décimales, contenant les logarith- 
meg des nombres de 1 à 100,000 et des sinus et tangentes dea angles 
caleulés de seconde à seconde pour les 5 premiers degrés et de 10 
secondes à 10 secondes pour tous les degrés du quart cercle. 46e 
tirage. Paris, 19014. 8vo. 11-581 pp. S Fr. 9.00 


Ersson (E. V.). Om sectio EE och om de af detta problem beti e 
algebraiska ekvationera. teborg, 1914. 8vo. 41 pp.+3 les. 
M. 1.50 
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Gruuesrim (F. C.) Worked exercises in elementary geometry. Oxford, 
Blackwell, 1914. $8vo. 4-+136 pp. i 3s. 6d. 


GuzzouNI (C.). The trisection of lines and angles, London, Internation- 
al Scientific Association, 1914. 1s. 


HowzLL (H. B.). A foundation study in the pedagogy of arithmetic. 
London, Macmillan, 1914. 58. 6d. 


-JipmnrN (E.). Tables abrégées pour le calcul des logarithmes à 12 déci- 
males. Stockholm, 1914. 4to. 21 pp. 


Lonamans explicit arithmetics. London, Longmans, 1914. 8vo. Pupil’s 
Book IV, 3d. "Teacher's Book IV, 1s. 


PosmiPon (V.). See Vonovka (K.). 
RicguíARpDSON (S. F.). Solid geometry. Boston, Ginn, 1914. 8vo. 
54-209 $0.90 


DI, 
SamsonorFr (J.). The trisection of an angle. New York, Publishers 
Printing Co., 1914. 8vo. 12 pp. $0.25 


SANJANA (K. J.). First year course in mathematics. Geometry and . 
trigonometry. Bombay, K. & J. Cooper, 1914. 240 pp. E tables. 
1.12 


SanKEY (E.). Examples in easy practical drawing for the second year  / 
preliminary technical course. Books 1-2 with answers. GE pP. / 
.+8d. 


, Sure (D. E.). See WentTwoRTE (G.). } 
Suzzaro (H.). See WarsH (J. H.). 


VoRovxA (K.), CERVENKA .) und Poszsron (V.). Die Lehrbücher fur 
Mathematik, darstellende Geometrie und Physik an den Mittelschulen 
mit bohmischer Unterrichtssprache. (Bericht uber den math. 
Unterricht in Oesterreich.) Wien, Holder, 1914. 89 pp. 


WALKER (W. J.). Examples and test papers in algebra. Parts 2-3. 
London, Mills and Boon, 1914. 8vo. 8+ 163-338 pp. Is. 6d. 


Warsa (J. H.) and Suzzaro (H.). Three-book series of arithmetics. 
Boston, Heath, 1914. 12mo. Cloth. Fundamental processes. 6+ 
240 pp. 30.35. Essentials. 6+290 pp. $0.40. Business and in- 
dustrial practice. 904-360 pp. $0.45. 


——, Two-book series of arithmeties. Boston, Heath, 1914. 19m. 
Cloth. Fundamental processes. 6-1-246 pp. $0.85. Practical ap- 
plications. 6+502 pp. $0.65. 


WuawNTwogTH (G.) and Swrrg (D. E.). Plane trigonometry and tables. 
Boston, Ginn, 1914. Royal 8vo. 6+1884+6-+104 pp. $1.10 


WinkrNBON (P.) and Coor (F. W.). Macmillan’s reform arithmetic for 
ruralschools. (Stan V to VID. London, Macmillan, 1914. 6d. 


YATE-LEB (F. S.). An introductory geometry. Part 1 (for teachers only). 
19 pp. Part 2. 32 pp. Ripon, Thirlway, 1914. 


III. APPLIED MATHEMATICS. 


BAUERMANN (E). Untersuch über die Ausführbarkeit einer 
Methode, Kontaktpotentialdifferenzen durch ein trennendes Dielek- ~ 
trikum hindurch su messen. Rostock, 1912. 8vo. 37pp. M.1.50 


A 
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Bovasse (H.). Cours dep re 2e édition, complétement transformée 
et augmentée. Tome agnétisme et électricité (3 parties). Par- 
tie2: Applications. Paris, Delagrave, 1914. 8vo. pp. Fr. 22.00 


BowiN (H.). Experimentelle Bestimmung des Kee 


(Forschungsarbeiten auf dem Gebiete des Ingenieurwesens, herausge- 
er vom Verein Deutscher Ingenieure, Heft 165). Bern, RS 


8vo. 35 pp. 
BRUNNER (J. B.). Lehrbuch der Physik. Zürich, 1914. 8vo. 420 pp. 
+4 tables. Geb. M. 7.30 


Bingo (J.). Genauigkeitsuntersuchungen über die Bestimmung der In- 
tensität der Schwerkraft durch relative Pendelmessungen auf 9 Sta- 
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Carrs photographique du ciel (Observatoire de Toulouse). Coordonnées 
rec es. Tome IV: Zone +6° à +8°. Fascicule 2. Paris, 1913. 
Ato. : 53-220. Fr. 23.00 


CRABTREE (H.). An elementary treatment of the theory of spinning tops. 
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THE ROLE OF THE POINT-SET THEORY IN 
GEOMETRY AND DYNAMICS. 


PRESIDENTIAL ADDRESS DELIVERED BEFORE THE AMER- 
ICAN MATHEMATICAL SOCIETY, JANUARY 1, 1916. 


BY PRESIDENT E. B. VAN VLECK. 


In his " Child's Garden of Verses” Robert Louis Stevenson 
says simply but poetically: 


“ The world is so full of a number of things, 
I'm sure we should all be as happy as kings.” 


This catches the spirit of the Mengenlehre, and may well be 
taken asits motto. In more homely phrase the mathematician 
and physicist declare that the world is made up of an infinite 
number of things. Hence in thought and nature we have to 
consider numbers which are infinite. Even though they be 
not actually infinite, they are so enormously, unthinkably 
large that they can be most advantageously handled by 
regarding them as infinite. Such a mode of treatment was, 
of course, foreign to Greek thought. But, as you all know, 
the classic Greek mathematics was straitened by its failure 
to admit the infinitesimally small and the infinitely great 
magnitudes of the calculus. In somewhat similar fashion 
modern mathematics was long hampered by the lack of a 
mathematical theory, not of the potentially infinite quantity 
of the calculus, but of actually infinite aggregates. It was the 
incalculable and distinctive service of Georg Cantor to have 
perceived the urgent need of such a theory. Minerva-like 
and full panoplied it sprang from his teeming brain. Already 
its achievements have been very great, but it is far from 
maturity and its full powers are still to be revealed. 

The influence of this new theory of infinite aggregates was 
first decisively felt in the theory of functions of the real and 
complex variables, where infinite sets of points, often irregular 
in character, frequently present themselves ; for example, the 
discontinuities of an integrable function or the singularities 
of an analytic function, either of which may occur in infinite 
number. Here also, in the function-theory, its richest fruition 
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has been attained. Three stages imthe history of the Mengen- 
lehre have been distinguished by Borel.* At first an offshoot 
or branch of the function theory, it soon reached a stage of 
independent existence where it was studied by and for itself. 
But its methods and ideas so rapidly permeated the function- 
theory that a third period is distinguished by Borel, in which 
its essentials have been re-absorbed into the function-theory. 
The time would appear to be opportune for a general view of 
their mutual interaction, but inasmuch as this 1s so well-known 
in many of its aspects, I have preferred to consider other 
bearings of Cantor's theory. 

Quite in contrast with the definitive effects in the function- 
theories is the plastic and vitalizing action of the Mengenlehre 
upon logic and philosophy. This may well be considered as 
beginning a fourth period, formally inaugurated at Paris 
last April in the first international congress for mathematical 
philosophy. Considered abstractly, Cantor's theory led in- 
evitably to questions regarding the modes and soundness of 
reasoning upon infinite aggregates. Certain well-known anti- 
nomies resulted, demanding imperatively a solution. This 
has been generally sought by abandoning Cantor's definition 
of a sett as any collection of definite and well-separated 
objects of perception or thought. For how otherwise can we 
make sure, as we certainly must, that there is no contradiction 
lurking in the set of objects brought together? By what, 
then, shall Cantor's definition be replaced? Must we confine 
ourselves to sets of objects each of which has been clearly 
defined in a finite number of words? The child begins to 
think on the world around him, undeterred by the considera- 
tion that the number of objects is limitless while he can reason 
in only a finite number of words. Numberless errors are made 
by him, the discovery and correction of which enhance his 
knowledge and power. Likewise in the early renaissance 
Cavalieri, Kepler, and others argued most imperfectly on 
indivisibles and infinites. But out of their thinking sprang 
ultimately the most powerful branch of mathematics. Un- 
doubtedly great dangers lie hidden in reasoning on infinite 
classes of distinct objects whose elements have not all been 


* Cf. Revue générale des Sciences, vol. 20 n p. 315. 

t Various aspects nre well presented by Borel; loc. cit. 

f “ Unter einer Menge verstehen wir jede Zusammenfassung von be- 
stimmten wohlunterschiedenen Objekten unserer Anschauung oder unseres 
Denkens zu einem Ganzen. Math. Ann., vol. 46 (1805), p. 481. 
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defined and separated from one another by & finite number of 
words—for example, the points of a continuum. Principles 
may be used which subsequently will be discovered to be 
false, or at least more restrietedly true than had been 
imagined. But is this:& sufficient cause for abandoning the 
so-called idealistic reasoning? Is it not rather a true mode 
of discovery? By boldly plunging forward in idealistic reason- 
ing shall we not avoid the danger of falling into sterile rules 
of thought? Or, to the contrary, shall we thereby merely 
stumble into the pit we are trying to avoid? Is the Princip 
der Auswahl sound, or mere sound? Does mathematical 
reasoning involve principles which cannot be embraced in 
the syllogism, as claimed by Poincaré and denied by Russell; 
for instance, the principle of mathematical induction? Such 
questions as these, and many others, are merely an indication 
of the fermentation started by the Mengenlehre which has 
resulted in the re-creation of a department of mathematical 
logic and philosophy. 

Into the consideration of this new and potent, but most 
abstract influence of the theory of aggregates I also do not 
propose to enter. My interest today lies neither in its best 
nor least formulated influence. It was the expectation of 
both Cantor and du Bois-Reymond that the theory of point- 
sets would become very useful in the field of mathematical 
physics. This expectation has been so little realized that 
even to the present time it is commonly said that no applica- 
tions are there to be found. Though, indeed, as yet the 
applications to astronomy and physics are but few, they seem 
to me of great significance and promise. In fact, dynamics 
must always be deeply dependent for its development upon 
geometry, since dynamical trajectories are special cases of 
geometric curves. It seems to me, therefore, fitting to 
consider simultaneously: The service of the point-set theory 
to geometry and dynamics. 

The réle of any great branch of mathematics may be due 
to one or more of three causes,—its fundamental concepts, 
its distinctive methods, or its principal results. In the case of 
the point-set theory the róle has been determined chiefly by 
its concepts and methods, which are intimately related. The 
greatness of a mathematical method or concept—for example, 
the notion of a group or of a differential coefficient—may be 
tested by its simplicity and universality. As has been so 
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often said, the human intellect demands economy &nd con- 
venience of thought. The scientist selects such principles as 
fulfil this demand and calls them true and fundamental. Not 
less imperative is 1t in mathematics to search for those con- 
cepts, methods, and theorems which are simple and widely 
applicable. This, let me urge parenthetically, is a lesson 
we may well ponder if our ambition for the greatness of 
American mathematics is to be attained. Judged by the same 
standard, the point-set theory is strong in both its methods 
and concepts, but preeminently in the latter. 

To Georg Cantor was granted the rare fortune and mert 
to have uncovered more than one great concept. Some of 
his notions, as for instance the “power” of a set and the trans- 
finite ordinal number of the first class, have as yet found their 
application almost wholly within the function-theory, and 
these I shall have no occasion to introduce. The concepts 
which I shall need are only five in number. Two of these are 
the familiar notions "limit point" and "everywhere dense," 
which antedate the work of Cantor. It was Cantor, however, 
who focused the search light upon the totality of the limit 
points of a given set, and called this totality the "derivative" 
or “first derived set” of the given set. The fourth concept is 
that of a “perfect set,” which results when a set coincides 
with its derivative, so that it contains all its limit points and 
nothing but these. The fifth and last notion is perhaps 
Cantor’s greatest concept, that of a “countable” or “enumer- 
able" set, with which every one is familiar.* In particular, 
he showed the set of algebraic numbets to be countable. 

On this concept of countability is based the modern analysis 
of the continuous interval, which lies at the bottom of ordinary 
geometry, be it euclidean or non-euclidean, two-dimensional 
or n-dimensional. Every well-informed mathematician knows 
how at last a satisfactory foundation for a continuous number 
system was discovered by Dedekind. His memoir of 1872 
in which this was published is contemporary with Cantor's 
earliest publieations relating to the Mengenlehre and may 
worthily be regarded with Cantor’s work as the chief 
spring of our point-set theory. Starting with the system 
of rational numbers arranged in natural order of magni- 





* A get is said to be countable when by proper selection we can count 
ita elements, “ one, two, three,” ete., ad 3ntimitum, omitting no element and 
reaching each element at some time in our count. 
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tude, Dedekind considered the cuts through the system 
which divide it into two parts, lying to the right and left of 
the cut respectively. "Wherever there was a “gap” caused by 
the cut—i. e., neither a last element before the cut nor a first 
element after the cut—he filled in the gap with an irrational 
number. A definite type of order (the “order-type” 6) is 
thus obtained for the continuous number system created. 
In accordance with this analysis a continuous interval becomes 
merely an ordered aggregate of separate points, non-countable 
in number because the gaps in the system of rational points 
in their natural order were shown by Cantor to be non- 
countable. Hence the mathematical continuum or matrix— 
and, if you so will, the physical ether to correspond—is 
resolved into separate but ordered constituents with a reality 
and discreteness comparable to that of a row of marbles 
extending infinitely far to right and left. 

It is worthy of remark that this “arithmetization” of the 
continuous interval is in everyway parallel to the recent 
progress of physics, which tends more and more to become a 
theory of discrete molecules, atoms, and electrons. Even the 
existence of the matrix or ether in which these are imbedded 
has become problematical and open to suspicion. To the 
atomic structure of a continuous region, if I may call it that, 
the mathematician also has been driven by the necessity for 
clear thinking. The question whether anything can be 
gained for physical theory by supposing our continuous space 
or ether to be characterized by a higher and more complex 
order-type has, so for as I know, not been even broached. 
Within our present continuous space the point-set theory 
enables us increasingly to consider different groupings of 
points. In his Houston Lectures Borel has remarked how 
different physical theories require and engender different 
mathematical theories. Thus the differential calculus tallies 
with a physical theory of continuous matter. It seems by no 
means a wild fancy that because of its essentially atomic 
structure the point-set theory may develop into an indispen- 
sable tool of an atomic physics. 

The analysis of the continuum is closely connected with 
one of the characteristics of modern geometrical development, 
the search for an axiomatic basis. While too much should 
certainly not be claimed for the point-set theory in this regard, 
it is probably not too much to say that it has given, in a 
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general rather than a specific way, a strong impulse to this 
search, though, of course, one entirely secondary to the 
impulse imparted by the non-euclidean geometry. Yet even 
more than the latter, it involves a most careful critique of 
geometrical relations. Historically considered, it is difficult 
to believe that Hilbert’s Foundations of Geometry could 
have been written before a considerable development of 
point-set theory. Be this as it may, the róle of the theory 
becomes clear and explicit in one of Hilbert’s later communica- 
tions* on the Foundations of ‘Geometry which lays the 
foundation for geometrical motion. 

In this memoir Hilbert achieved the solution of & problem 
of non-euclidean geometry proposed long before by Riemann, 
who (with Helmholtz) was the first to attack this subject 
upon the analytical side. Taking space as the "Zahlen- 
mannigfaltigkeit" of analytical geometry, Riemann asked 
what properties must be imposed upon this number-spread to 
give it the character of an ordinary geometry, though not 
necessarily a euclidean one. His fundamental concept and 
tool was the element of arc, to which his axioms relate. But 
to build a finite geometry upon the element of arc, integration 
js necessary.| Now neither the notion of integration nor of 
an element of arc is fundamentally simple. Hence his solution, 
as also for other reasons, cannot be regarded as satisfactory. 
Later the problem was attacked by Lie, whose attention had 
been called by Klein to the fact that the notion of a continuous 
group was involved in both Riemann’s and Helmholtz’s work 
on non-euclidean geometry.  Lie's axiomatic handling of the 
problem by the use of the continuous group is also very far ` 
from elementary, since in defining the group he employs only 
transformations which are represented by differentiable func- 
tions. Also for the same reason his results are restricted in 
generality. 

Such was the condition of the problem when it was attacked 
in 1902 by Hilbert. His communication is in his best style 
and has the elegance always characteristic of his geometrical 
work. He lays down just three axioms of motion, which I 
shall not stop to explain but which may be expressed tersely 


1915. ] THE RÖLE OF THE POINT-SET THEORY. 327 


2. Every (“wahre”) circle contains infinitely many points. 

3. The movements form a closed system. 

À geometry based on these axioms 1s then proved to possess 
the character of either the euclidean geometry or the hyper- 
bolie geometry of Bolyai and Lobachevsky. In the proof 
Hilbert sloughs off entirely such ‘unnecessary elements as 
differentiability and even the employment of functions. 

The memoir ıs a splendid interweaving of the basal con- 
cepts of two great subjects, the group and point-set theories. 
From almost the first line to the last it 1s saturated with the 
notions and methods of the point-set theory. I know of no 
more beautiful application of the theory to be found anywhere. 
I have chosen it therefore as a ^ peg on which to hang some of 
my remarks. 

First of all, I wish you to notice that the point-set theory 
must enter indispensably into problems like this, which deal 
with the foundations of geometry and seek the most general 
conditions under which our space theorems and assumptions 
are to hold. For when the axiomatization of geometry 
passes beyond its simpler stages, we must begin to consider 
infinite aggregates of points, duly grouped and arranged. 
Hence point-set theory implicitly or explicitly begins to enter. 
We have not merely to decompose a theorem or assumption 
into simpler fundamental elements and relationships, but in 
the synthesis which follows we have also to combine into sets 
all points or curves which fulfil certain conditions. Thus 
when Hilbert considers all possible motions of & plane into 
itself which leave a particular point unaltered, he must show 
that the different positions taken by any other point form a 
set of points infinitely dense in themselves and closed, in 
other words, a perfect set; that this perfect set has the order 
type of the linear continuum, consisting of an ordered count- 
able set of points dense in itself and their limit points; that 
this linearly ordered set is a closed Jordan curve containing 
in its interior the fixed point of the motion; that these Jordan 
curves of motion enclose one another like the set of concentric 
circles; and so on. In this manner he demonstrates that in 
any motion of the plane which leaves a fixed point invariant, 
the path described by any point possesses all the essential 
characteristics of a circle viewed in the light of analysis situs. 

Furthermore, Hilbert's problem is typieal of an ever 
increasing number of problems in which we have to settle the 
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exact geometrical character of & set of points, the locus being 
often constructed point by point through some analytic process 
with & final combination of them into & whole. Frequently 
the condensation method is applied, of which I shall speak 
later. The problems may differ widely in character, ranging 
from the consideration of such abstract loci as Hilbert here 
obtains to the determination of the nature of a dynamical 
trajectory or of the set of singularities of an analytic function. 

A third aspect of Hilbert's work which I wish to emphasize 
is that it belongs to the province of analysis situs. The plane 
with which he is dealing is defined as a system of points or 
“ Dingen” which can be referred by a one-one correspondence 
to the finite number plane or a portion (Teilsystem) of the 
same. Some of you have doubtless been already asking what 
is to be understood by the term “movement of a plane" into 
itself which I have been using. By Hilbert's definition this is 
any continuous 1-1 transformation of the number image of 
the plane into itself which leaves unaltered the sense of a 
circuit around any Jordan curve of this image-plane. Hence 
by very definition the problem is one of analysis situs. The 
increasing importance of this branch of mathematics need 
scarcely be argued here. Ever since Riemann revealed the 
importance of the "genus" or “class” for a Riemann surface 
and for the corresponding functions, the qualitative distinc- 
tions of analysis situs have proved to be fundamental for the 
detection of differences in analytic or geometric theories and 
for their differentiation one from another. Now it is this 
province of mathematics which 1s today being invaded by the 
two allies, the function-theory and the theory of point-sets, 
and so successfully has it been invaded that its independence 
has been almost lost.^ It remains only to determine which 
of the two allies will annex it or how they will divide the spoils. 
In his report at the Zurich International Congress (1897) on 
the “Development of the general theory of analytic func- 
tions in recent time" Hurwitz stated “die Aufgabe der 
Analysıs Situs” to be this, “die Invarianten der einzelnen 
Klassen von Punktmengen auszusuchen." I wish to preserve 
my neutrality, but I venture nevertheless to interpret this as 
an early prediction of the annexation of analysis situs by 
the theory of point-sets. As examples of invariants of analysis 


~ However, one Mrge division of the subject has been scarcely affected 
by the methods or ideas of point-set theory. 
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situs which are unaltered by any continuous 1-1 point trans- 
formation, I may cite such concepts as limit-point, a perfect 
point-set, the power of a point-set, and the accessibility or 
inaccessibility of a specified point of the boundary of a region 
by means of a path from any interior point which, save for 
its terminal boundary point, lies wholly in the interior of the 
region. Examples of invariantive properties are expressed 
in the familiar theorem that & Jordan curve divides the plane 
into two regions, also the theorem of Brouwer that the number 
of dimensions of a space is unaltered by a continuous 1-1 
transformation; and so on. 

The enrichment of geometry by the theory of point-sets 1s 
by no means confined to the department of analysis situs. 
The new theory has shown itself strong—I might almost say 
unexpectedly strong—on the quantitative as well as on the 
qualitative side. As early as 1882 an effort was made by 
Hankel to attribute content to a discrete set of points. This 
concept contributed a new element to the growth of the theory. 
. In the more comprehensive form of “measure” devised by 
Borel and Lebesgue it becomes a powerful agent for quantita- 
tive discrimination between sets of points. ‘Thus the rational 
points in an interval are given a measure 0 and in consequence 
become negligible in comparison with the irrational points, 
whose total measure is equal to the length of the interval. 
With this keen-cutting instrument, measure, Lebesgue has 
sharpened Riemann’s definition of an integral op, more 
exactly stated, has fashioned a new integral to take its place, 
far more comprehensive and for theoretical purposes much 
more powerful. It is true that the new integral has been 
httle applied as yet in geometry, but its usefulness in analysis 
leaves little doubt that it must ev entually become important in 
geometry also. Such intuitive ideas as the length of a curve or 
the area of a surface involve much difficulty as soon as we leave 
the simpler cases, and require the use of measure or other 
point-set analysis for their development. By point-set means 
various species of curves have been distinguished, such as Jor- 
dan curves, rectifiable and non-rectifiable curves, space-filling 
curves, the Lebesgue-Osgood curves with areal content, and so 
on. Imay also mention Lebesgue's developable surfaces which 
are not applicable to a plane, and applicable surfaces which are 
non-developable. These specifications will suffiee to indicate 
the enrichment of geometry through new ideas. A large num- 
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ber of the familiar geometrical concepts, such as the instan- 
taneous curvature of a curve or a surface, were brought in 
through the differential caleulus and begot a differential 
geometry. Is it too much to expect that new ideas of a 
totallv different import will cause the creation of a corre- 
sponding geometry? 

Taken as a whole, the point-set theory is conspicuously 
and characteristicallv free from formulas. It strikes beneath 
the formula, which usually limits by its concreteness and 
definiteness. This absence of equations and formulas is an 
indication both of strength and of weakness. ‘The sword cuts 
both ways. The point-set theory becomes less useful as the 
problem becomes more restricted and regular, in particular 
when the domain is & continuum and the problem falls under 
the differential calculus in which the functions are so highly 
civilized as to be both continuous and differentiable. At 
first thought there might be some surprise at the almost 
complete absence of point-set considerations 1n the differential 
geometry. I was much interested to find that one of my 
well-informed colleagues had thought of point-set theory as a 
tool especially adapted for use “im Kleinen"—to use a sig- 
nificant term of Osgood. To me, on the other hand, it had 
appealed because of its power “im Grossen.” In its essential 
nature it seems to me more allied to integration than to dif- 
ferentiation. It is, of course, true that such concepts as limit 
point or point of condensation in the Lindelöf sense* apply 
not merely im Kleinen but im infinitesimalen Kleinen; that 
is to say, when the region or interval containing the point must 
be indefinitely contracted. The most characteristic point-set 
methods also involve an analysis im Kleinen. On the other 
hand, the greatest concepts of the theory, such as count- 
ability, derived set, perfect set, are concepts im Grossen. 
Thus while in the two latter we consider the limit points of the 
set, our attention is turned to the totality of such points. 
Similarly, the most common point-set method is one by 
which a property im Kleinen is first established over a dense 
sub-set of points and then extended to all points of the set. 
I doubt not that much of the characteristic strength of the 
point-set theory lies precisely in this union of consideration 
im Kleinen and im Grossen. But the latter is the dominant 
factor conspicuously evinced in | the applications. We are, 


* A point in whose vicinity there i is an uncountable number of points of 
the set. 
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in fact, no longer content with study im Kleinen and to see 
in part. Modern mathematics demands, and demands with 
increasing insistence, methods which give control over the 
whole of the object under consideration, whether it be function 
or geometrical figure. The point-set theory complies with 
this demand. We have passed through a differential period 
in the development of mathematics. To what extent this 
wil be succeeded by & point-set period it remains for the 
future to disclose. 

I have said that the theory has had little or no application 
in, the differential geometry of curves and surfaces. I must 
not, however, omit to mention one great application to geo- 
desics upon surfaces of negative curvature made by Hadamard 
in a memoir* wonderful for the extensive qualitative results. 
obtained with most sparing use of formulas. His attention is 
not confined in the usual manner to a single geodesic curve but 
he considers these curves in theirtotality. Asin Poincaré’s work 
on differential equations, so here success is obtained because 
he dares the whole. The surface of negative curvature may 
have any number of nappes stretching out to infinity, and 
may be pierced, somewhat like an anchor ring, with any 
number of holes. Four kinds of geodesics are distinguished: 
(1) closed geodesics and (2) those which are asymptotic to 
these, (3) geodesics which lie in finite space but are neither 
closed nor asymptotic to closed geodesics, and (4) geodesics 
which run off to infinity. If the connection of the surface 
is greater than 2, there is a countably infinite number of 
closed geodesics, and they form a set “condensed in itself,” 
to apply a term of Hadamard which is not quite self-explana- 
tory.[ But the most interesting result relates to the set of 
geodesics which pass through any point of what 1s termed the 
“finite part" of the surface. The directions of those geodesics 
through the point which do not go to infinity form & perfect 
set of directions nowhere dense, the interior of the intervening 
sectors being filed with geodesies which run to infinity. 
Thus the notion of & perfect set nowhere dense has here its 
analogue in the set of directions at & point which belong 
to geodesics of the first three species. 

~ Liouville's Journal, ger. 5, vol. 4 (1898), p. 27. 

+ The exact meaning is explained on p. 55 of his memoir. 

I Point-set considerations of other character enter into the investiga- 
tions of geodesics upon closed polyedral surfaces by Stackel and Rodenberg; 


Rendiconti del Circolo matematico di Palermo, vol. 22 (1906), p. 141, and 
vol. 23, pp. 107, 111. 


332 THE RÓLE OF THE POINT-SET TIIEORY. [ April, 


This work of Hadamard is the last specific example which 
I shall cite of the influence of point-set concepts upon geo- 
metrical theory, and in some ways it is the most remarkable 
one because the notion of a perfect set nowhere dense is not 
only carried over without modification from a set of points to 
a set of curves but is actually and unexpectedly realized, 
not through some artificially constructed example but in 
practical study. The example emphasizes the importance of 
the extension of point-set theory to sets of curves. For this 
a further development is necessary. Fréchet has done pioneer 
work in laying foundations for a theory of infinite sets of 
objects other than points, and I may also refer to the investi- 
gations of Arzela, Moore, and others. The incipient geometry 
. of infinitely many variables is also closely related and seems 
destined to have a very considerable importance. But what 
seems particularly desirable is concrete application and con- 
crete study of sets of curves because of the broad field of 
application in geometry and dynamics. In this connection I 
should not forget to refer to Volterra’s work on differentia- 
tion with respect to a curve, which involves point-set con- 
siderations to a much greater degree than does the ordinary 
differential calculus. But while reference to it here as an 
outcome of point-set theory should not be omitted, I regard it, 
more strictly considered, as forming a distinct branch of 
mathematics, lying like the differential calculus, just without 
or within the point-set theory according to one’s point of view. 

The service of the point-set theory to geometry has not 
by any means consisted solely in its fertilization of geometry 
through new ideas, but almost equally in its introduction of new 
methods. Time altogether fails me to enter adequately into 
this aspect of the subject, and it is less necessary because the 
methods have been in some slight degree implied in preceding 
considerations and are involved still more in those which 
follow. I should like, however, to note incidentally that the 
nature of a point-set entering into a problem often prescribes 
the method to be employed. I shall content myself with a 
single explicit example of one of the most typical methods, 
which I have already termed the condensation method. This 
is taken from Hilbert's* proof of the existence of geodesics 
upon surfaces of analytical character. 


* Jahresbericht der’ Deutschen Mathematker-Vereinrgung, vol. 8 (1899), 
p. 185. Cf. also Noble’s Dissertation, Gottingen, 1901. 
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The length of a geodesic line upon the surface is presented 
under the form of an integral between the two given but 
arbitrary points A and B and is to be minunized by proper 
choice of the surface curve between the two points. The 
problem is therefore also one of the calculus of variations. 
The crucial point is to demonstrate, under the conditions given, 
the actual realization of the lower limit of this integral by 
some curve on the surface between the two points. To 
establish this Hilbert selects & sequence of curves between 
4 and B whose lengths approach indefinitely this lower limit. 
On each of these curves the middle point is taken. A limit 
point of these middle points gives then a first point Py of the 
desired geodesic. The curves between A and Py and between 
Py and B are then considered in exactly the same way, and 
two new limit points Py and Ps are obtained which are points 
of the final geodesic. By continuing in this manner an 
ordered, dense, and countable set of points Py. is obtained 
whose derived set is shown to be a curve between A and B, 
the length of which 1s equal to the lower limit of the lengths of 
all possible curves on the surface between the two points. 
It is therefore the required minimum line or geodesic. By the 
same general method the fundamental and well-known 
existence theorem of Hilbert in the calculus of variations has 
been established.* These are but samples of geometrical 
problems in whieh the condensation method would appear 
to be almost the only resort. The method is easy and strong 
because it grips the problem beneath the formula close to 
the roots and seems especialy adapted to the caleulus of 
variations, in which the point-set theory has already played 
a considerable part. 

From the calculus of variations and the study of geodesics 
it is not far to the applications in dynamics. Geodesics are 
indeed a special case of dynamical trajectories. In these 
applications the methods of point-set theory have, I think, 
. exerted a greater influence than its concepts, but it 1s not 
always possible to separate them. The first noteworthy 
dynamical application of which I am aware was made by 


* Hilbert illustrated “ the gist of his method by the example of the short- 
est line upon a surface,” and a further development of the method was given 
by Noble (loc. cit ) and by Hilbert in his lectures. Important extensions 
are due to Bolza, Leb e, and Carathéodory. For a general resume see 
Bolza’s Lectures on the Ges of Variations, p. 245 ff.; also Carathéodory, 
Math. Ann., vol. 62 (1906), p. 403. 
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Poincare in his study of dynamical stability.* The motion of 
a particle or system was said by him to be stable à la Poisson 
when it returns an infinity of times within any prescribed dis- 
tance of its initial position, however small. This is the case 
if the motion is periodic but can also be true when the motion 
is not closed and the system never returns exactly to the 
initial position. In celestial mechanics, the motion or trans- 
formation of space is often one which preserves volumes, 
thus resembling the motion of an incompressible fluid in 
hydrodynamics. This is presupposed by Poincaré. If the 
motion is continuous, we may obtain a discrete transformation 
by considering the change which takes place in some fixed 
but arbitrary time interval T. Suppose now the volume 
to be limited and consider the result of applying the trans- 
formation repeatedly to any initial part U, of the volume. 
Since the transformation by hypothesis preserves volume 
and the total volume is limited, the iteration of the trans- 
formation must bring this part into some position overlapping 
its original position Us. Suppose this to occur after o 
iterations, i. e., at the timeo; T. Let Up™ be the part common 
to the two overlapping volumes and apply the transformation 
in similar manner to this part. By the same argument it 
must come to overlap itself, say after a time interval &T. 
Let U,® be the common part, and apply the transformation 
again to this part. Continuing in this manner, we obtain a 
sequence of volumes Up™ (n = 0, 1, 2, ---), contained each 
in the preceding. Now by the well-known theorem of point- 
sets which is the basis of the familiar method of the “ Ein- 
schachtelung der Intervalle oder Bereiche," there must be at 
least one point common to a sequence of closed sets contained 
each in the preceding. If the successive pieces U, do not 
grow indefinitely small with increasing n, we may confine our 
attention at each successive stage of the reasoning to as small 
a portion of the overlapping volume as we please and thus 
obtain a series of volumes contracting to a single limiting 
point. Take this common point, and beginning de novo, 
apply to it the inverse transformation, thereby reversing the 
direction of motion of the point along its path. Since the 
point lies in U", it is easy to see by the reversal of the 
preceding considerations that it must lie in U,” after the 
lapse of any time interval of the form 


* Les Méthodes nouvelles de la Mécanique céleste, vol. 3, chaps. 26 and 
27; in particular, sec. 201-6. 


1915. ] THE RÓLE OF THE POINT-SET THEORY. 335 


—T Joo Le + € m—10n-m—1 SC? SES + Con 13 + enyi], 


where each e, &, :::, ex is either 0 or 1. As U,” may 
be taken as small as we wish by choosing a sufficiently large 
n, it follows therefore that the point returns an infinity of 
times to the vicinity of its initial position, and hence its 
motion is stable à la Poisson.* Hence in any volume there 
is one, and consequently an infinite number of points whose 
motion is stable in the inverse transformation; also for like 
reason an infinite number in the direct transformation (or in 
both). 

The question next arises whether these points of stable 
motion should be considered as the rule or the exception. 
Poincaré therefore goes on to prove that the probability of 
unstable motion for a particle is infinitely small. The term 
probability, of course, requires definition. It suffices here to 
say that the probability that a molecule taken at random in 
volume H will lie at a given instant in a given portion U of 
that volume is U/V. In terms of Lebesgue's measure Poin- 
caré’s conclusion can be reformulated as follows: The set of 
points whose trajectories are not stable has a measure 0, 
and accordingly the probability that a point will not return 
infinitely often to the vicinity of the initial position is 0. 

This conclusion can be extended from particles to systems 
with a degrees of freedom, provided that in the corresponding 
n-dimensional parameter-space there is a volume or other 
invariant integral with positive integrand. Upon this result 
&s & foundation rest other theorems of Poincaré which lie 
without my subject. Thus, though point-set considerations 
have entered but little into his work on celestial mechanies, 
they serve to establish a most pivotal result. Their intro- 
duction was, I believe, inevitable and necessitated by the 
very nature of the conclusion. But before discussing this, 
I wish to place beside Poincaré’s result another illustration 
taken also from celestial mechanics. 

One of the fundamental problems of secular variations is 
that of the existence of a so-called “mean motion" for the 
perihelion or node. Much has been writen upon the subject 
since the time of Lagrange, but as it now turns out, prac- 


* * Poincaré fails to contract the regions UC?) and er does not 
- strictly prove the stability. “ Plus exactement," he states, “il y aura des 
molécules qui traverseront une infinité de fois ce volume." 
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tically all subsequent deductions haye been erroneous. 
Mathematically, the problem is as follows: Given two real 
series 


r sin (git + hj) + m sin (gt + ha) + -+ ra sin (gat + ha), 
1; cos (git + Ay) + r2 cos (got + ha)+ ++- + ta eos (gnt + An); 


or the equivalent complex series, 


F rpg onthe (ra > 0); 
-*—1 
to determine when it is possible to express their sums in the 
form r sin w, f cos w, and re” respectively, in which the angle w 
is expressible under the form ct + X(t) where c is a constant 
and X(t) is a lamıted function oft. Lagrange gave two suffi- 
cient conditions for this,* and remarked that “outside of 
these two cases it was very difficult and perhaps impossible 
to pronounce in general on the nature of the angle." Recently 
the problem has been completely treated for n = 3 by Bohl,f 
who shows that when the condition of Lagrange fails to hold, 
the determination depends upon two quantities, 
f — 1 
ST and £ = = (ws + pex), 
in which wı, x, ws denote the angles of a triangle with sides 
1, Ta, Ta. Now from Lagrange's work it was known that the 
mean motion exists when p is rational. Bohl shows further 
that for every pair of values (p, {), the ratio w/t has for‘ 
i= + œ a limit c, but that, on the other hand, there is a 
set of values everywhere dense in the region | p | < 1,1 t| < 1, 
for which the remainder X(t) is not limited and for which 
accordingly there is no mean motion. Since also the points 
(p, ¢) with commensurable p are everywhere dense, Bohl con- 
cludes that it will be impossible ever to ascertain by experi- 
mental data whether or not the mean motion exists. So far 
as I have noticed, Bohl does not actually use point-set theory 
in his proof, though sets of number-points frequently appear. 
More recently F. Bernsteinf has shown by point-set methods 
* Namely, that some one of the r, should be greater than the sum of all 
the others, or n 


t Crelle’s ouod vol. 185 (1909), p. 189. 
t Math. Ann., vol. 71 (1911-12), p. 417. 
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that the total set of points (p, t) for which the mean 
motion exists has a Lebesgue measure 0. Bernstein then 
advances a philosophical or physical principle in which he 
asserts that in physical measurement we can never take 
account of a set of points of measure 0; consequently, for us - 
there can be no mean motion except in the Lagrangian cases. 

Into a discussion of this interesting but questionable prin- 
ciple I shall not enter. What I do wish to do, however, is to 
point out that both this result and that of Poincaré are with- 
out doubt typical of the exceeding complications of physieal 
nature which must increasingly engage the mathematician's 
attention. Thus, for example, orbits possessing a specified 
character and those which do not, may be tangled densely 
together in the space of the parameters on which these orbits 
depend. It is to the point-set theory that one must turn to 
control the two sets of parameters both quantitatively and 
qualitatively. Already groups of exceptional points of meas- 
ure 0 have been discovered with considerable frequence in the 
theory of functions. By allowing now for such a set of 
exceptional points in an interval or field we can often obtain 
the necessary or sufficient condition for a desired result, for 
instance in the case of Fourier’s series. Prior to the introduc- 
tion of the Lebesgue measure no general theorems were 
visible because when the cases pro and the cases con were both 
infinite in number, there was no means of overcoming the 
difficulty and reaching a definite result. Undoubtedly, also, 
we must expect to control many phenomena in astronomy 
and dynamics only by admitting a set of exceptions of measure 
0. 

The introduction of measure also broadens the scope of the 
theory of probability, which is so fundamental to a large part 
of physical speculation. For by its use account can be taken 
of infinite sets of discrete points, dense and complicated; 
and more generally, exceptional cases, infinite in number, can be 
brought under the theory of probability by attributing to them 
& probability proportional to the measure of the corresponding 
points in the space of the parameters upon which they depend, 
though care must be taken inasmuch as measure is not an 
invariant of analysis situs and hence may be dependent on the 
parameters introduced. This application of measure is as 
yet prospective rather than actual. In this “connection I 
should mention also Borel's treatment of probability for a 
countably infinite number of cases. 
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Two other aspects of the above discussed work of Poincaré 
seem to me to be also worthy of attention. In the first place, 
to get a grip upon dynamical stability Poincaré abandons the 
infinitesimal transformation and considers instead the result 
of iterating a finite transformation arising in time T. Froma 
single point or an arc'traversed in time T there arises by 
iteration of the transformation & whole set of points or arcs, 
which are capable of point-set treatment. A wide field 1s 
opened in this manner for the future application of point-set 
methods, especially in dynamics and the theory of geometric 
transformations: As an instance of application to the latter 
subject I may cite my determination* of the form of a one- 
parameter group of projective transformations when a single 
finite substitution is given instead of the generating infinites- 
‘mal substitution of Lie. I need not plead the prospective 
usefulness and importance of this iterative point-set method 
with those of you who heard Professor Birkhof’s paper at 
our last summer meeting. But I should also add that in his 
memoir on the movement of dynamical systems] he has ob- 
tained some notable results on dynamical stability by what is 
essentially direct point-set treatment of the infinitesimal 
transformation. 

The remaining aspect of Poincaré's transformation which 
I wish to recall is its assumed property of conserving volume. 
Later, in his last published memoir,1 Poincar& put before the 
mathematical world an unproved theorem based on a similar 
restriction. If, namely, a circular ring is changed into itself 
by & continuous 1-1 transformation with preservation of areas 
and in such a way that the points of the one boundary are 
"moved clockwise and those of the other boundary anti-clock- 
wise, there must be at least two invariant points within the 
ring. Clearly, this is a problem of analysis situs, but with 
an accessory condition of preservation of areas which makes 
it at the same time & problem of hydrodynamies. Professor 
Birkhoff’s$ brilliant solution is, I hope, known to you all. 
His method contains a highly ingenious but, as he himself 
would recognize, somewhat artificial device. The natural 
attack seems to me to be through point-set methods, as was 


* Transactions, vol. 18 (1912), p. 353. 

t Bulletin de la Société Mathématique de France, vol. 40 (1912), p. 305. 

ad dèl Circolo matematico di Palermo, vol. 33 (1912), p. 375. 
Transactions, vol. 14 (1913), p. 14. 
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apparently the thought of Poincaré. Results of similar 
import in analysis situs, but without the restriction.of the 
preservation of volume, have been attained through point-set 
considerations by Brouwer, who shows, for example, that every 
continuous 1-1 transformation of a sphere of even dimensions 
into itself without reversal of circuit sense, or of a sphere of odd 
dimensions with such reversal, leaves at least one point in- 
variant. It may be confidently expected that many results 
in hydrodynamies wil be obtained when the requirement of 
invariability of area or volume is added. 

I turn now from celestial mechanics and hydrodynamics 
to the field of statistical mechanics. Consider a so-called 
gas-model, composed of a very large number N of molecules 
having each r degrees of freedom. The corresponding 
canonical equations of Hamilton, 

dj — Ob dp, — ðE (8 = 1, e,r), 


— Gi 


d — dp,” d og.) (k=1,---, N), 


involve r generalized coordinates g, and r moments p,® 
and the total energy E. The 2rN quantities q,9, 5,9? 
determine a “phase” of the system. For geometrical repre- 
sentation a 2rN-dimensional space is required, called the phase 
space (Phasenraum). Now it was a great discovery of Liou- 
ville, made independently a second time by Boltzmann 
and Poincaré, that in consequence of Hamilton’s equa- 
tions volume must be an invariant integral of motion in 
this 2rN-dimensional space. The given value of the energy 
E determines what is called the energy-surface within this 
space, upon which the molecules move in & one-dimensional 
path. As the foundation of their gas and statistical investiga- 
tions Boltzmann and Maxwell assumed that the system was 
“ergodic.” By an ergodic system is to be understood one 
in which a molecule so moves as to pass through every single 
point of the energy surface upon which itlies. Since, further- 
more, there is & unique motion at any point of the phase- 
space, all the particles upon the energy-surface are describing 
one after another exactly the same curve. Now the possi- 
bility of such motion was assumed but not proved by Boltz- 
mann. Mathematically considered, this is tantamount to 
the assumption of the existence of a space-filling curve without 
double points. For if there were anywhere a «double point in 
the path of a particle in the phase-space, the corresponding 
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gas-model would pass twice through the same state, and the 
particle would in consequence begin to repeat its motion 
without describing the rest of the curve. What would have 
seemed more improbable than that the freak space-filling 
curves first invented by Peano could ever have a practical 
bearing! Imagine the scorn of the average physicist for 
such impractical, crazy, mathematical pathology. Yet here 
is a master physicist Boltzmann not merely postulating the 
existence of space-filling curves upon his energy-surface but 
making an impossible assumption, and therefore an actually 
crazy one, that such curves can exist* without double points. 
The proof of their non-existence belongs to the point-set 
theory and results from Brouwer’s theorem] that it is 
impossible to build two regions of different dimensions—in 
the present casef the (2rN — 1)-dimensional space-surface 
and the one-dimensional time-axis—one upon the other by 
means of & continuous 1-1 transformation. 

The impossibility of an ergodic system has been considered 
also from another standpoint by Plancherel,§ who shows 
that the path of a particle has a surface measure 0 and hence 
cannot fill the energy-surface as desired. It follows imme- 
diately that the number of different path-curves on the surface 
must be more than countable.|| I may mention further that 
Rosenthal has replaced Boltzmann’s supposition by a quasi- 
ergodic hypothesis, according to which each path on the 
energy-surface comes within any prescribed distance of every 
point of the surface. 

In essence the statistical mechanics is a universal application 
of averages or, in other terms, of a theory of probability. 
It is therefore to be anticipated that numerous other applica- 
tions will be here made of the theory of point-sets. 

The examples which I have brought to your attention are, 
I trust, sufficient to convince you that the point-set theory 
has vital relations to the study of dynamical trajectories as 
well as to geometry. I have preferred to illustrate its róle 
with concrete examples rather than to indulge in abstract 


* Cf. Rosenthal, Annalen der Physik, vol. 42 (1913), p. 796. 
E Ann., vol. 70 (1911), P: 161. 
For this case the simple proof given by Jurgens suffices; cf. J ahreabericht 

der Deutschen Mathematiker-Vereinigung, vol. 7 (1898), p. 54. 

$ Annalen der Physık, vol. 42, P: 1061. 

i This is also shbwn by Rosenthal (l. c.) who employs for that purpose 
Baire’s concept of point-sets of the first and gecond categories. 

€ Annalen der Physik, vol. 43 (1914), p. 894. 
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discussion. In so doing we have dug down to the very roots 
of geometry and dynamics but we have also touched the 
branches where the shoots are pushing out. Too much must 
not be claimed. Yet if the point-set theory is not the sap 
of the tree, it is at least one of its most indispensable in- 
gredients. The usefulness of any mathematical theory must 
be determined not by its isolation but by its ability to combine 
with other theories. In this the point-set theory has shown 
itself most elastic. Had I more time I would attempt to 
show you that it offers many of the same advantages as analyt- 
ical geometry. While strong for analysis and decomposition, 
it is equally strong on the constructive side. Complex group- 
ings of points are made simple, and the way is thus prepared 
for new discovery. And above all, in its development the 
arithmetization of analysis is kept close to geometrical intui- 
tion. : 

In tracing the service of the theory of point-sets in geometry 
and dynamies, we have found only in part achievement, in 
part present evolution and promise. But it is precisely be- 
cause of this mocking incompleteness that I have chosen for 
my topic today the róle of the point-set theory in geometry 
and dynamics, trusting that for you also this will be its lure. 


UNIVERSITY OF WISCONBIN, 
MADISON, Wis. 


AN ENUMERATION OF INTEGRAL ALGEBRAIC 
POLYNOMIALS. 


BY PROFESSOR A. B. FRIZELL. 


(Read before the American Mathematical Society, January 1, 1915.) 


Tue proof given by Weber? that the algebraic numbers 
form a countable set orders them according to the values of a 
certain function of the coefficients in their defining equations. 
The present note suggests a more direct enumeration of these 


equations. The algebraic polynomials 3 ` a;z*— in which all 


i—0 
coefficients are natural numbers can be put into one-to-one 
correspondence with the set of natural numbers by the fol- 


* Algebra, Bd. II, p. 824. 
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lowing device. To every ka" assign the number pt, where: 
po = 2 and p, denotes the rth odd prime when r + 0. To the 
sum kurt + kax: assign the product Zh př, and so on. 
Thus the , Polynomial x9.-- 32*+2 will have the number 
fs: Ti: m = 23 X 1I? x 2? = 122,452. Conversely, the poly- 
nomial numbered 360 = 5 X 3? X 2? = p-pi-p, will be 
gt t+. 2a + 8. 

The polynomials in which negative integers occur as coef- 
ficients may be put into one-to-one correspondence with the 
set of positive fractions in their lowest terms by substituting 
division for multiplication in the above process. ‘Thus to the 
polynomial z8 — 3a*-+ 2 will be assigned the fraction 


Ps ` Po _ _92 
2 — 1831' 





These fractions can be counted off diagonally from the well- 
known rectangular array where every element in the nth 
row has the denominator n+ 1, and numbered with odd 
numbers, reserving the even numbers for the polynomials 
with positive coefficients, so that finally z8 + 3a* + 2 is to be 
numbered 244,904. For example, to identify number 605 
= 2 x 308 — 1, we first obtain the greatest value of n which 


makes 
1 
MED < 303. 


This shows that number 303 in the rectangular array is the 
third fraction in the 25th diagonal, counting.upwards. To 
avoid repetitions we will agree that the highest term in every 
polynomial shall be positive. This requires that the nu- 
merator of each fraction shall contain a prime factor greater 
than any in the denominator. Hence number 303 is 





To determine the number which belongs to x? — Zei + 2, 
we count in row 1,330 up to 92, which is the 41st. "Therefore 
92/1331 is in diagonal 1,370. The sum of the first 1,369 
diagonals is 937,765 and the required number is 1,875,611. 


MoPuznsOoN, Kans. 
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MR. PAASWELL'S APPEAL TO PRODUCING 
MATHEMATICIANS. 


BY PROFESSOR C. N. HASKINB. 


Ir is always a service to the scientific world to set before it a 
definite statement of some of its important unsolved problems. 
Such a service Mr. Paaswell has rendered,* in calling attention 
to certain outstanding mathematical problems of engineering. 
His thesis is, essentially, that the available mathematical 
analysis of these problems is, (a) exact, but impracticably 
complex; or, (b) practieably simple, but inexact; or, (c) non- 
existent, save for empirical formulas. He therefore urges 
producing mathematicians to turn their attention to bettering 
this state of affairs. 

The question naturally arises, “Why does not the engineer 
himself supply the needed remedy?" Mr. Paaswell suggests 
several answers, viz., 

(1) The mathematical curricula of the schools of applied 
science are not sufficlently intensive or extensive. 

(2) Modern mathematical treatises and dissertations are 
so written as to be incomprehensible to those not already 
familiar with the subject.T 

(3) “Hardly any treatise has attempted to discuss or analyze 
the serious problems of the applied science professions." 

Of these answers (3) is in effect merely a restatement of the 
thesis. The suggestion (1) deserves careful consideration. 
The required mathematical courses of the better schools of en- 
gineering represent very nearly the maximum, both in depth 
and extent, of what can be effectively assimilated and used by 
the average student in such schools. An increase of significant 
amount in these required courses would result either in de- 
priving the engineering profession of many useful and success- 
ful members, or in lowering the general standard of attainment 
demanded in those courses. Unquestionably the student 
engineers of real mathematical aptitude would benefit by the 
suggested increase. On the other hand & large number of 





m See ue 





* BULLETIN, vol. 21 (1014), p 127, 

t Mr. Paaswell also na that “the tone of modern works is not 
that of disseminating new ideas, but rather that of clothing ideas already 
familiar to readers in slightly different form.” This position seems hardly 
tenable. Witness, for example, the monographs of the Borel series. 
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students who have only moderate mathematical ability, but 
who nevertheless have compensating qualities which will 
permit them to develop into useful if not great engineers, 
would be actually injured by a required course of extent and 
depth seriously exceeding their powers. Furthermore the 
mathematically gifted students would not, unless some 
system of segregation were effected, receive the full benefit 
of the increased course, since they would be retarded by their 
less gifted fellows. An increase in the required courses, there- 
fore, appears to be at best an inefficient way of leading to the 
desired result. Much, however, may be expected of more 
numerous, broader, and deeper elective courses if a suitable 
type of student can be encouraged to avail himself of them. 

Suggestion (2), however, expresses the real difficulty, and 
possibly contains implicitly the key to the solution. 

The problems mentioned by Mr. Paaswell belong both to 
engineering and to mathematics. Now engineering and math- 
ematics are two autonomous but friendly professions. The 
engineer is by virtue of his profession no more a mathematician 
than is the mathematician an engineer. The engineer’s 
despair of keeping up with the trend of modern mathematical 
thought has its exact counterpart in the mathematician’s 
despair of keeping up with modern engineering thought and 
practice. To attack the problems under discussion, however, 
the despairing engineer needs must add mathematics to his 
engineering, or the despairing mathematician engineering to 
his mathematics. Mr. Paaswell suggests the latter alternative, 
the mathematician may well suggest the former. 

The situation described by Mr. Paaswell is, however, not 
unique in character. In the field of public health there exists 
an analogous state of affairs, and in that field remedial meas- 
ures are now being taken which bid fair to lead to a successful 
result,* and from which we may gather ideas applicable to the 
present situation. 

It has been recognized that, while both physicians and 
engineers have developed themselves into successful health 
officers, yet neither the physician nor the engineer is by reason 
of his own professional training alone wholly competent to 
attack with success the problems of the control of public 
health. The demand for officers fitted to cope with these 
problems has led certain institutions to establish - distinct 


— * Gf. 3t. Whipple, G. C., Science, n. 8., vol. 40 (1914), p. y. 581. 
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courses to provide both the medical and the engineering train- 
ing which such officers require. But it is not expected that 
these courses should be a part of the training of every phy- - 
sician and of every engineer, nor even that every school of 
medicine or of engineering should establish such courses. 

There already exist under university or government control 
several stations or institutions devoted to research in the 
problems of engineering. This research is naturally largely 
experimental, and these stations provide the opportunity of a 
career for the man who has the aptitude and the desire for this 
work. If such stations enter upon the field of the mathe- 
matical problems of engineering the door will be opened to a 
career in this line also. 

With a definite demand for men competent to attack the 
mathematical problems of engineering will come the induce- 
ment for men to train themselves for the work, and with this 
inducement, a demand for suitable courses. To meet this 
demand a few institutions, already strong in both mathematics 
and engineering, may well organize graduate courses analogous 
to those which now lead to the degree of Doctor of Publie 
Health. 


E FUNCTIONS OF LINES. 

Leçons sur les Fonctions des Lignes. Par Vrro VOLTERRA. 
Recueillies et rédigées par JosEepu Pfrts. Paris, Gauthier- 
Villars, 1913. 8vo. vi+230 pp. 


Tarse lectures were delivered by Volterra at the Sorbonne 

, during the months from January to March, 1912, and were 
later published as one of the Borel series of monographs on 
the theory of functions. It would be difficult to determine 
precisely the historical origin of functions of lines. Special 
cases of such functions, for example the ordinary definite 
integral or the integrals of the calculus of variations, have 
occupied & large share of the attention of mathematicians 
since the beginnings of the calculus itself. But the conscious 
formulation of the definition of & function of a line and its 
derivative, and the study of & general theory, belong to a 
recent period of investigation in which Volterra has been an 
earliest pioneer. The development of our knowledge of 
functions of lines and their applications, since Volterra/s 
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first published papers on the subject in 1887, has been due 
largely to his enthusiasm and to his confidence in the future 
importance of the theory. 

A function of a line may be conceived as a generalization 
from a function F(yi, ys, «++, Yn) of a finite number of variables 
to a function 


(1) F| fæ] 


depending upon the infinity of y-values belonging to a curve 
y = f(x) over an interval a X z <b. This process of passing 
from & conception involving & finite number to a conception 
involving an infinite number of mathematical symbols or 
operations is one of the most striking features of the mathe- 
matical thought of the present time. It is a process whose 
numerous possibilities of application Volterra repeatedly em- 
phasizes in his Lecons, and which has been a favorite instru- 

ment in the prosecution of his varied researches. l 

Perhaps the most familiar example of such a process is the 
definite integral, the limit of a sum of a finite number of terms 
as the number of terms is indefinitely increased and the mag- 
nitude of each of the terms suitably diminished. Many 
centuries elapsed while this notion was haltingly developed 
into the basis of the modern integral calculus, and two more 
were required before the full importance was realized of the 
generalization in a similar way of other processes than sums. 
Then within a period of twenty-five years came the theories 
of functions of lines, of linear integral equations as general- 
izations from a finite to an infinite number of linear equations, 
of integro-differential equations as limiting conceptions cor- 
responding to finite systems of simultaneous partial differ- 
ential equations, and of other generalizations of the same sort 
with which the reader is doubtless familiar. It is with the 
three conceptions just mentioned specifically (Dat the Lecons 
of Volterra are primarily concerned. 

In an introductory chapter of great interest he has sketched 
the historical development of the fundamental principles of 
the integral caleulus, and has shown how inevitably the tend- 
encies of modern analysis and mechanics, but especially the 
mechanies of heredity, have led to the study of functions of 
lines. The theory of these functions is as yet in its infancy, 
and no final classification or complete discussion of its various 
branches can at present be made. But Volterra indicates 
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briefly at this point the directions of the researches which have 
hitherto been made, and some of the questions which must be 
answered in the future. 


a E b 


In Chapters II, D. and IV the fundamental properties of _ 
functions of lines are developed. Let AF be the difference 
between the value of the function (1) taken along the curve 
y = f(x) + elx) with the hump shown in the figure, and the 
value of F along the curve y = f(x) without the hump; and 
let « be the area of the hump. Then Volterra defines the 
derivative of F at the value £ to be the limit 


Q rie, äi = tim E, 


g 


where / is the length of the interval over which ¢(z) is different 
from zero, and e i$ the maximum of the absolute value of ¢. 
If F satisfies suitable restrictions this derivative will exist, 
and for a family of variations y = f(z, o) containing the 
curve y = f(z) for a = 0, the formula 


i | 
ir = (FIG) ga, Oe, 


so important in the calculus of variations, can be proved. 
The differentials in this formula are taken with respect to a. 
If F has also higher derivatives of all orders 


FO |Tfe@), £1, 2 "9 Sall, 


whose definitions will be readily inferred, and satisfies other 
suitable conditions, it will have an expansion of the form 


FIE + «(I| = Fltfcoll + f PIE, loed 
1 b 
+, | [ EIO, to tipo v qnit +, 


a generalization of Taylor’s formula. 


7 
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It is not always true that two arbitrarily chosen functions of 
' æ and y will be the first partial derivatives of a third such 
function. The derivative (2) is really the partial derivative 
of F with respect to only one of the infinitely many variables 
which it involves, namely the value of y corresponding to 
x = E [Itis not to be expected, therefore, that an arbitrarily 
chosen function (2) will always be the derivative of a function 
(1). Volterra deduces the conditions under which a function 
of the form (2) will be the derivative of a line function, and 
shows how the anti-derivative may be calculated with the aid 
of a generalization of Stokes’ theorem. 

If a curve y = f(x) minimizes a line function F, the deriva- 
tive (2) of F must vanish identically along the curve. For the 
line functions of the calculus of variations this condition 
Jeads to the usual ordinary differential equations due to Euler, 
but, as Volterra shows, it is easy to give an example for which 
the equation so found is of the type of a linear integral equation, 
or an integro-differential equation. The state of the theory at 
present does not justify a complete classification of all of the 
types which may arise. 

Another interesting type of equations is met with when one 
attempts to generalize for double integrals the Jacobi-Hamilton 
theory associated with an integral of the form 


F= f. V(z, Yi tts ym Yis ts y,)d«. 


The minimizing curves for such an integral are a family con- ' 

taining 2n parameters, and the parameters may in general be 
determined so that the resulting curve passes through two 
arbitrarily selected points, (zo, y], * --, y,) and (v, yy **', Yn). 
The integral F is then a function of the coordinates of these 

, points, called the extremal integral. It satisfies a partial 
"differential equation of the form 


` OF OF oF 
(3) eed Ce ER 
For a double integral 


J [ront de> a) a 


the minimizing surfaces are solutions z = f(a, y) of a partial 
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differential equation of the second order, and are determined by 
initial values fo(s) assigned arbitrarily to f on a closed contour 
L with length of arc denoted by s. The extremal integral is 
then a function F|[fo, L]| of the contour L and the values fo, 
and the equation corresponding to (3) has the form 


; IfofA^ laa 
l F) [fo, L, s] = ;(2) — 5 Fallo L, ell, 


Equations of this type have been studied quite recently by 
Hadamard and Lévy, and are called by Volterra "équations 
aux dérivées fonctionelles." 

The problem of determining the minimizing curves for a 
function of a line suggests the generalizations of the theory of 
implicit functions which are studied in Chapter IV. "The 
equations 


Fi, fs, 5 fni Pis 923, °°", Pm) = 0 (2 xs l; 2, ttt n); 


which determine the variables f in terms of tlie ¢’s, correspond 
to a single equation of the form 


(4) F|Lfa(), pa (x), E]| = 0 


when indices ranging over discrete integers are replaced by 
the index z ranging over the two continua a < x < b, 
a’ Sx <b’. The forms of this equation studied in detail 
by Volterra are, first, one corresponding to the linear equations 
which give rise to the theory of linear integral equations with 
variable upper limits; second, the case when the function 
F in (4) is the sum of two parts, one involving f and the other 
€, and each part expansible by the generalization of Taylor’s 
formula described above; and, finally, an equation (4) whose 
first differential has a specialform. There remain, apparently, 
many cases yet to be studied, but the methods used by the 
author and the results which he has found are most interesting 
and suggestive. 

In Chapter V Volterra begins his study of integro-differ- 
ential equations with a special case. The equation considered 
18 

* [ date O^u(T 
G) sw + [| SO fe 0 e en n 


O*u(T) 
+ n |ar = 0, 
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where 
u du, Ou 
Amu = gatat ag 
and u(t, y, z, t) is to be determined, an equation which he 
designates as the simplest integro-differential equation and the 
most important from the point of view of physics. The equa- 
tion may be regarded as a generalization from a finite system 


Ge 0?u; Qu, O*u, EN e 
Au D| auger + by tes TIED (=1,2,..-,n) 


when the indices ? and 7 are replaced by continuous variables 
i and r, and the sum by the corresponding definite integral. 
The methods of treating this equation and the results found are 
analogous to those of the potential theory. There is an equa- 
tion adjoint to (5) whose solutions satisfy a law of reciprocity 
with those of (5). There is a fundamental solution corre- 
sponding to the quotient 1/r in the potential theory, which 
Volterra determines with the help of the process of passing 
from a finite to an infinite system, so often mentioned above. 
Finally, formulas analogous to those of Green &re deduced, 
expressing the values of a solution for t = 0 at an arbitrarily 
selected point in the interior of an xyz-domain, in terms of its 
values for 0 < t € 0 on the boundary of the domain. 
Chapters VI-VIII are devoted to the theory of elasticity 
and to concepts concerning functions of lines which have 
applieations in this theory. "The displacements in the interior 
of an elastic body are determined, in the classical theory of 
elasticity, as solutions of a system of partial differential equa- 
tions, with initial conditions on the bounding surface defined 
by tensions or displacements there prescribed. This is for 
the case when displacements at a given time are supposed to 
depend only upon the tensions which exist at the same instant. 
:For the hereditary theory of elasticity, when the displacements 
at a time ¢ are supposed to depend upon the tensions at all 
times preceding i, Volterra shows that the former may be 
expressed in terms of the latter by means of line functions, 
and that the differential equations for the displacements then 
become integro-differential equations. For the case when the 
body is isotropic and the line functions mentioned above 
linear, an assumption analogous to the customary neglect of 
terms of an analytic function of degree higher than the first, 
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Volterra sketches the theory with some detail. Theoretically 
the elastic problem so formulated involving heredity 1s com- 
pletely solvable when displacements on the contour are given. 
The steps in the theory are analogous to those outlined for the 
integro-differential equation of Chapter V. 

In Chapter VII a principle which Volterra calls “la sonia 
du cycle fermé” is developed at length, and the importance of 
its applications in the theory of heredity is emphasized. If 
the condition of the closed cycle is satisfied in a problem in- 
volving heredity, the so-called coefficients of heredity will be 
functions permutable with unity in the sense described in 
Chapter IX, where the theory of such functions 1s systematic- 
ally treated. "The remainder of Chapter VII is devoted to & 
diseussion of heredity in electromagnetic theory, and an 
applieation in this connection of the integro-differential equa- 
tion of Chapter V. 

In Chapter VIII a solution is given of the problem of the 
isotropic elastic sphere under the influence of heredity, when 
displacements on the contour are prescribed. Many of the 
principles involved in this special though very important 
problem are illustrations of the more general developments of 
later chapters. 

The problem of the isotropic elastic sphere under the in- 
fluence of heredity presents much greater difficulty when the 
tensions instead of the displacements on the surface of the 
sphere are the data given in advance. In order to attain a 
solution Volterra introduces a theory called the composition 
and permutability of functions, and he is led thereby to results 
which far surpass in generality the needs of this special problem. 
There are two kinds of composition, that of the first kind with 
its applications being developed in Chapters IX-XI. For 
two functions Fı and F; the result of a composition of the first 
lind is à new function 


F Falz, y) m IR £) Fo(é, y) dé. 
The two functions are said to be permutable if 
EF. = LIA 


For a given set of functions the operation of composition 
applied to elements of the set is always associative and, if 
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every pair is permutable, commutative. If the set so found 
is extended to contain all linear combinations of its fünctions 


of the form 
Gy poe as > Calin 


the properties of associativity and permutability of com- 
position in the set are still preserved, provided that com- 
position for two functions cı + Fi, ca + Fe is defined by the 
equation 


(ey + Fı)lat Fa) = aa + afı + ei + ER. 


But the set permits also a further important extension without 
disturbing these properties. For if in a convergent series the 
variables 21, Ze, - - -, Zn are replaced by functions Fy, Fa, +--+, Fn 
of the set, and multiplications replaced by compositions, the 
new serles will be convergent provided only that the moduli 
of Fi, Ree, Fn are finite. Furthermore the series function 
will be permutable with the ones previously defined. 

By means of these sets of permutable functions, whose com- 
positions obey the laws of algebra described above, a large 
varlety of integral and integro-differential equations may be 
solved. For if the equation F(zi, zs, ---, Za) = 0, where F 
is analytic at the origin, has a solution 2, = f(21, 23, * * *, 253); 
the corresponding integral equation 


FG, Fs, T er 0, 
formed by replacing the variables z by permutable functions 
as described above, has the solution 
Py = fs Bay +++, Fa) 
Furthermore an algebraic differential equation 


oF oF ) 


el £o, reen Bn, Fan Im’ e. J=() 


with a solution F(21, 2, +*+, 24) analytic at the origin, takes 
the form 


d 
D ( ai +++, n | Eo En HE ko 


when z; is replaced by £z; (= 1, 2, ---, n), and F by f/£o. 
If £y, £1, +++, En are in turn replaced by permutable functions, 
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and multiplications involving these quantities or f and its 
derivatives by compositions, then the last equation becomes 
an integro-differential equation l 


% 
ka * r 
Fm sm IPs A of DL 
whose solution is 


f= FoF (aks "tts za Fn). 


The function so defined has the remarkable property that it 1s 
convergent for all values of the variables z. Volterra shows in 
particular that the solutions of the integral or integro-differ- 
ential equations considered in the preceding chapters can be 
reduced in this way to the solutions of ordinary algebraic or . 
differential equations, the solutions of the latter being in many 
cases already known. 
Àn interesting example is the equation 


dU 
en U --1 
with the known solution 
si 
Ussrat eee, 


After substitutions of fz for z, and V/£ for U, the differential 
equation becomes 


id T £V + En, 


If & is replaced by unity, and E by a function F, as agreed 
above, the new integral equation and its solution are 


Wem, pe 9) + | Ee OVC, dér, 


Viz | T, y) zx zF(z, y) +2 Pe, y) s C CIN 
Further the addition formula 


U(a + u) = U(z) + Ulu) + U(39U(v) 
gives rise to an integral addition formula 


w 
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| Vistula, y) = Vle |z, y) + V(u | a, y) 


+ f Vele Ðu l wae 


4 


for the solution of the integral equation. The integral tran- 
scendental function V (2 | z, y) so defined plays an important 
róle in the solution of the problem of the elastic sphere with 
displacements on the surface given. The solution of the 
problem when tensions are given may also be effected with the 
help of the theory of permutable functions 

The above results form the content of Chapters IX and X. 
In Chapter XI further questions conéerning permutable 
functions of the first kind are discussed. Among them may 
be mentioned & definition of order of & function, the deter- 
mination of all functions permutable with a given function of 
a given order, and tbe application of these results to the 
solution of integral equations at critical points. 

In Chapters XII and XIII composition and permutability 
of the second kind are defined and applied to the solution 
of integral and integro-differential equations with fixed limits. 
The result of a composition of the second kind on two functions 
F and Fs is defined by the equation 


Së y) = [Fue HRG, pdt. 


While the fundamental properties of such, compositions are 
similar in many respects to those of composition of the first 
kind, there are still important differences, as one would expect 
from the analogy with the theories of integral equations with 
variable or fixed limits. It will perhaps be sufficient here 
to say that the underlying idea is again to pass from algebraic 
or differential equations to integral or integro-differential 

“uations, but this time with limits fixed instead of variable. ` 

e solutions of the former types of problems will go into 


those of the latter. by the substitution of compositions for 
multiplications. 


The final chapter of the Leçons is devoted to a historical 
summary of the more recent developments in mathematical 
theories of mechanics, and a discussion of the place which the 
theory of heredity should take in this domain. Some writers 
have questioned the importance of discussions of heredity on 


1915.] SHORTER NOTICES. 355 


the ground that the behavior of an elastic body, for example, 
is completely determined after a time tọ by its state at t = tp. 
According to this view the discrepancies between theory and 
observation are due to inadequate experimental facilities for 
the determination of interior initial conditions. Volterra, on 
the other hand, contends that just as bodies react upon each 
other at a distance, so it is possible that tensions and displace- 
ments separated by an interval of time may be related. Even 
if the contention of those who question the philosophical basis 
. of the theory is granted, nevertheless the agreement between 
experimental results and the elastic theory involving heredity 
is in itself a justification. It seems clear to Volterra that, in 
view of the difficulty of determining initial conditions ex- 
perimentally, and in the absence of other theories agreeing 
with experiment, the theory of heredity offers the only ex- 
planation at present possible of a large class of phenomena. 
He cites the experiments of Webster and Porter in the theory 
of sound as a cogent illustration, and his own success in the 
mathematical solution of problems in the theory of elasticity 
with heredity must be regarded as a potent argument in favor 
of his point of view. 
G. A. Briss. 


„1 


SHORTER NOTICES. 


List of Prime Numbers from 1 to 10,006,721. By D. N. 
Lenmer. Washington, D. C., Carnegie Institution of 
Washington, 1914. xvi+133 pp. : 


THERE are several reasons why number theorists will wel- 
come most heartily the publication of this volume. 

First, it answers with utmost directness the question, 
arising at almost every stage of number theoretic computation,’ 
whether or not & proposed number (under ten millions) 1 
prime. Here the question of absolute accuracy of a table CN 
paramount; the user of such a table has no practical’means ‘of ' 
checking the accuracy of an entry and if he relies upos ar ^ 
erroneous entry his conclusions will be wholly wrong. ‚Its ' 
thus quite different from the case of ordinary tables (those of 
the values of a continuous function), since it is there only a 
question of approximation and a grossly erroneous error should 
be detected by the user of the table. The present table prob- 
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ably possesses the same high degree of accuracy as Lehmer’s 
Factor Table for the First Ten Millions, published by the 
Carnegie Institution in 1909,—the accuracy of ‚which was 
emphasized in the writer's review in the BULLETIN, volume 17 
(1910-11), pages 36-38. In fact, the present List of Primes 
. was compiled from that Factor Table with ample safeguards 
against the introduction of new errors. It is true that the 
Factor Table tells whether a proposed number under ten 
millions is prime or not; but the necessity of condensation 
required the use there of a scheme of entry which demands a 
little extra time and trouble in locating & proposed number. 
Hence the primality of a number is much more easily detected 
by the use of the new table. 

In the second place, the present table affords information, 
more accurate than hitherto obtained, concerning the dis- 
tribution of primes. The table is so arranged that it tells at 
once (and without the loss of space) the rank of a given prime, 
for example, that 17 is the 8th prime. Hence the table tells 
directly the number of primes less than any proposed limit not 
exceeding ten millions. In his Introduction the author has 
tabulated and compared the actual count of primes with the 
values given by the formulas of Riemann, Tchebycheff, and 
Legendre, at intervals of fifty thousand up to ten millions. 
Moreover, he has given an account in simple language of the 
history of those empirical formulas for the number of primes 
less than a given limit. Finally, there is a description of the 
manuscript factor table of Kulik up to a hundred millions. 

In the third place, the publication of this convenient and 
compact table of 133 pages (though of large dimensions) of the 
primes below ten millions has made it practieable that every 
worker in the theory of numbers shall have in his kit this most 
essential tool. 

The printing has been done very clearly on paper selected 
after numerous experiments so as to withstand the ravages 
of time. And this is appropriate for such à monumental 
work. Completed after ten years of arduous work on the 
part of Lehmer and assistants provided by the Carnegie 
Institution, end printed and published by that Institution, 
the Factor Table and the List of Primes form truly a great: 
monument both to Lehmer and to the Carnegie Institution. 


L. E. Dickson. 
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The Pell Equation. A history of the equation a? — Ayè = 1, 
table of solutions from A = 1,501 to A = 1,700, bibliog- 
raphy, table of continued fractions for V4. By EDWARD 
Everert Wurrromp. Lancaster, Pa., The New Era Printing 
Company, 1912. iv+193 pp. 

THIS book presents in a very readable form an historical 
account of this famous problem; The author first discusses, in 
considerable detail, various efforts of the ancient Greek and 
Hindu mathematicians to find rational approximations to 
Square roots, showing how these ultimately depend upon 
solutions of special cases of the Pell equation. 

While these efforts and those of later mathematicians to find 
Square root approximations do form the historical background 
of this problem, its formulation in general terms was made by 
Fermat in 1657. "The author discusses the contributions of 
Lord Brouncker and of Euler toward the solution of the general 
case and justly credits Lagrange with the first rigorous proof 
of its solvability. | 

The relation of the Pell equation to the theory of quadratic 
forms is shown in connection with the more modern methods 
of Gauss and Dirichlet. 

The excellent bibliography, together with the tabulated 


continued fraction developments of YA from A = 1,501 to 
A = 2,012, as well as the table of fundamental solutions of the 
Pell equation as indicated in the sub-title, make this a very 
useful book for the worker in this field. 

T. M. PUTNAM. 


Die Berührungstransformationen: Geschichte und. Invarianten- 
theorie. Zwei Referate, der deutschen Mathematiker- 
Vereinigung erstattet von H. LIEBMANN und F. ENGEL. 
(Jahresbericht der deuischen M. athematiker-Vereinigung. Der 
Ergänzungsbände V. Band.) Leipzig, Teubner, 1914. v + 
79 pp. 

Iw the first of these reports (pages 1-14), Liebmann gives 
an attractive sketch of the historical development of the 
theory of contact transformations. 'The second report 
(pages 15-77) on “Lie’s theory of invariants of contact 
transformations, and its extension” by Engel is an original 
contribution to the theory in question rather than a report. 
As Engel points out in his introductory remarks, Lie took 
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great pride in using only such methods as he had originated 
himself, even where simplifications due to others could be 
introduced to great advantage. Thus, in the second volume 
of his great work on transformation groups, he not only took 
scant notice of Mayer’s simple and direct derivation of the 
theory of contact transformations, but ignored completely 
the notion of the bilinear covariant of a Pfaff differential 
expression, due to Lipschitz and applied with great success 
by Frobenius. As S. Kantor has indicated in several papers 
published in the Sitzungsberichte of the Vienna Academy 
(1901-03), Pfaff’s problem and particularly Mayer's theory 
of contact transformations are greatly simplified by tbe use 
of the bilinear covariant; however, Kantor's papers, besides 
containing a considerable number of errors, are extremely 
unsystematic and obscure. 

In the present work, Engel gives a very clear and simple 
exposition, based on the bilinear covariant, of the general 
theory of contact transformations and their invariants, and the 
application to partial differential equations, and elaborates 
the generalization, conceived but never worked out by Lie, 
of the invariant theory to Pfaff expressions in 2m variables. 
The important work of Engel should prove of great value to 
investigators in this field. 

T. H. GRONWALL. 


Veründerliche und Funktion. Von M. Pascua. Leipzig, Teub- 
ner, 1914. vı-+ 186 pp. 


Tus little book deals primarily with the fundamental ideas 
at the basis of the theories of variables and functions and 
with their applications or illustrations by means of some of 
the most elementary functions. One finds a treatment of 
such topics as the following: order relations among numbers 
and the associated ideas, kinds of mathematical proof as 
illustrated in the foregoing discussion, point sets, sequences, 
variables and constants, various rational functions and classes 
of such functions, continuity and uniform continuity, exponen- 
tial and logarithmic functions, countable sets, etc. The dis- 
cussion is interspersed with a considerable number of inter- 
esting remarks belonging, one may perhaps say, to the phi- 
losophy of mathematics. 

R. D. CARMICHAEL. 
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Ueber das Wesen der Mathematik. Zweite Auflage. Von A. 
Voss. Leipzig, Teubner, 1913. iv + 123 pp. 


TuHE high conception which this author has of the character 
and place of mathematics is shown by the following quotation - 
from page two: “Unsere ganze gegenwärtige Kultur... 
ihre eigentliche Grundlage in den mathematischen Wissen- 
schaften findet." Nevertheless he believes that mathematics 
is the most unpopular of the sciences. The reason for this - 
he finds in the fact that the elementary (undergraduate) 
courses give so small a portion of mathematical doctrine, 
whereas in other sciences the college student is accustomed 
to make far greater headway into their more vital parts. 

After a brief discussion (pages 1-3) of such matters as those 
just mentioned the author gives a short sketch (pages 3-24) 
of the development of mathematics from the earliest times 
to the present. This is followed by a discussion (pages 
24-31) of pure mathematics as a science of numbers and 
(pages 31-81) of the mathematical ideas of the nineteenth 
century. The remainder of the text (pages 81-119) is given 
to a variety of topics such as applications, axioms, progress, 
objective value of mathematics and the reforms in mathe- 
matical instruction. 

R. D. CARMICHAEL. 


Practical Mathematics. By Norman M’Lacuuan. Long- 
mans, Green and Company, 1913. vi + 184 pp., including 
answers, tables and index. Price 80 cents. 


“THE aim of the book is to treat those plane and solid 
figures with which engineers are most familiar, in such a 
manner that a student may make calculations on the appli- 
ances he sees and uses in daily life.” 

The author does not attempt to secure this result by a 
mathematical development of the subject, but by giving the 
necessary definitions and formulas and applying them in 
detail to a large number of examples. Methods of calculation 
are given very fully, so that the student who has not had 
experience in the manipulation of formulas and trigonometrical 
tables can readily use the book. In fact, the arrangement is 
such that the majority of students can use the book success- 
fully without an instructor. A text of this sort fills a present 
need. There are many night schools and ‘classes for boys 
who work part time, where the pupils desire only to be able 
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to use mathematics as a tool and do not care for the rigorous 
development of formulas. For such, this book is well suited 
in the subject matter it presents. 

We find in this book the word “trapezium” used for a 
quadrilateral with two sides parallel and the other two not. 
This follows continental rather than English usage. The 
encyclopedias and dictionaries do not agree in their definitions 
of the terms “trapezium” and “trapezoid.” A uniform usage 
of the terms applied to the plane figures seems desirable. 

The author of the book should be criticized for his selection 
of a title. The book has to do with practical problem solving 
and is not a mathematical development of the subject. 
Mathematics means more than substitution in formulas. 


T. E. Mason. 


Elementarmathematik vom höheren Standpunkte aus. Teil U: 
Geometrie. By FE. Kiem. Second edition. Leipzig, Teub- 
ner, 1913. viii + 547 pp. 

IN this new edition, the text of the first edition* is repro- 
duced with some minor changes, the literature references are 
brought up to date, and notes (pages/531—540) have been 
added on the following subjects: models illustrating affine 
+ transformations, the relation of Grassmann's geometrical con- 
ceptions to the theory of invariants, the foundations of geom- 
etry, and recent developments in the teaching of geometry. 

T. H. GRONWALL. 


Elementare Algebra. Akademische Vorlesungen für Studie- 
rende der ersten Semester. By EucEN NETTO. Second 
edition. Leipzig, Teubner, 1918. x+ 200 pp. 

In this new edition, some misprints in the first editiont have 
been corrected, and there are also some slight changes in the 
wording of various propositions. . "T. H. GRONWALL. 


Einführung in die Vektoranalysis mit Anwendungen auf die 
"mathematische Physik. By Ricoarp Gans. Third edition. 
Leipzig, Teubner, 1918. x+ 131 pp. 

To the second editiont of this well-known text:a chapter 


* Reviewed by J. W. Young in BurnzTIN, vol. 16 (1909-10), pp. 254- 
+ Reviewed by J. H. Tanner in. BULLETIN, vol. 11 (1904-05), pp. 441- 


+t Reviewed by H. B. Phillips in BULLETIN, vol. 17 (1910-11), pp. 100- 
104. . 
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^on tensors was added.’ This chapter has been entirely 
remodeled in the present edition, while the remaining chapters 
show only minor changes. 

T. H. GRONWALL. 


Darstellende Geometrie des Geländes. Von Hopnorp ROTHE. 
Leipzig, Teubner, 1914. Small 8vo. iv + 67 pp. 


Tms pamphlet, forming volume 14 of the “Mathematische 
Bibliothek" edited by W. Lietzmann and A. Witting, gives a 
very attractive presentation of that part of descriptive 
geometry known as the method of contour lines and familiar 
from its application to topographical maps. The treatment 
is of a quite elementary geometrical nature, and the main 
topies covered are: determination of distances and angles, 
lines of equal slope, intersections of curves and surfaces, and 
computation of areas and volumes. Numerous practical 
applications, mostly to engineering and geology, are given, 
and eighty-two diagrams illustrate the clear and concise text. 

T. H GRONWALL. 


Le Hasard. Par Ev Borex. Paris, Félix Alcan, 1914. 
312 pp. 


Tuis book belongs to the Nouvelle Collection scientifique 
published by Félix Alcan under the direction of Emile Borel. 
In it the author has given to the public the most interesting 
parts of his lectures and researches on the theory of proba- 
bilities. His principal aim has been to put in evidence the 
rôle of chance in various branches of scientific knowledge. 

The work is divided into three parts. "The first part con- 
tains a general exposition, remarkably free of formulas, of 
the principles of the theory of chance. The second part is 
concerned with the applications of the laws of chance to several 
sciences, including sociology, biology, physics and mathe- 
matics. Among the physical theories treated are some of the 
most recent, such as reversibility in thermodynamics and 
radioactivity. The third part is devoted to the philosophical 
basis of the laws of chance. 

The book is not mathematical in its treatment. Only the 
most elementary mathematics, usually nothing but simple 
arithmetic, is needed for its reading. The discussions, how- 
ever, are often illuminating. One interested in the general 
problems of science or in the theory of probability will find 
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profit and pleasure in its perusal. It will furnish excellent 
collateral reading in connection with & course on the mathe- 
matical theory of probability. 

R. D. CARMICHAEL. 


An Introduction to the Mathematical Theory of Heat Con- 
duction with Engineering and Geological Applications. By 
L. R. INGERSOLL and O. J. ZOBEL. Boston, Ginn and 
Company, 1913. vi+ 171 pp. 

Tars is a text on Fourier’s series and heat conduction. 
The aim of the volume is to make the study of the subject 
more interesting and profitable by presenting along with the 
theory a large number of practical applications. These are 
chosen so as to make the book of direct service to geologists 
and engineers. Several of the practical problems which thus 
come in are here treated for the first time. The pulse of the 
concrete world throbs in every chapter and it has a healthy 
beat which gives one pleasure. 

This book is intended for the student who has neither time 
nor mathematical preparation to pursue the study at great 
length. Consequently very little attention is given to such 
mathematical aspects of the theory as uniqueness, existence 
and convergence theorems. Hence the book will not be of 
special value to one interested primarily in mathematics. But 
its clear treatment of numerous practical applications will 
render it of distinct service to those for whom it was prepared, 
namely, students of physics and engineering who desire an 
elementary and brief treatment of the conduction of heat. 

The arrangement of material, from a pedagogic point of 
view, is most excellent and deserves to be signalized with 
emphasis. The exposition is clear and interesting. 


R. D. CARMICHAEL. 


Le Système du Monde. Histoire des Doctrines cosmologiques de 
Platon à Copernic. Tome premier. Par PIERRE Dunt. 
Paris, Hermann, 1913. 512 pp. 

THE whole of the present volume is given to an account of 
the Hellenie cosmology beginning essentially with that of 
Plato. In order that the reader may understand better the 
doctrines of Plata and his successors a brief exposition is first 
given (pages 5-27) of the earlier astronomical teachings of 
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Pythagoras and the school founded by him. Following this 
is an illuminating account of the cosmology of Plato (pages 
28-101) and certain developments of it among his followers 
(pages 102-129). 

The most interesting part of the book is that (pages 130- 

241) in which the “physics” of Aristotle is treated. 

' The remaining four (of the eight) chapters deal in order 
with the following topics: the theories of time, space, and the 
void after Aristotle (pages 242-350); the dynamics of the 
Greeks after Aristotle (pages 351-398); the heliocentric 
astronomies (pages 399-426); the astronomy of excentrics 
and epicycles (pages 427-496). 

Throughout the book the work of the author seems to have 
been done with care. The exposition is good. The matter 
brought together is of the highest interest to every student 
of the history of science. There is, however, but little of it 
which makes a special appeal to the mathematician as such; 
and that little consists of such beginnings of mathematical 
sciences as Aristotle’s argument (see pages 213-214) to prove 
the sphericity of the surface of still water, this being the 
first instance (according to our author) in which mathe- 
matical reasoning has been used to establish a law of equi- 
librium for heavy liquids. 

R., D. CARMICHAEL. 


Cours de Mécanique. Vol. I. By L£on Lecornv. Paris, 
Gauthier-Villars, 1914.  vii4-536 pp. 


IN preparing the course in mechanics given at l'Ecole Poly- 
technique Professor Lecornu has apparently met difficulties 
similar to those encountered by the teachers in the technical 
schools of America. In the first place the time alloted to the 
subject is only 37 lessons for each of two years. This has 
made it necessary to put a portion of the kinematics of a 
point into the entrance requirements, and to transfer kine- 
matics of machines to the course in geometry and the theory 
of the potential to the course in analysis. All of these topics 
are, however, discussed at length in the present volume. 

In the second place the author has had to resist a demand for 
the teaching of practical applications with the necessary 
omission of much of the pure theory. He is firm in his belief 
that the course in l'Ecole Polytechnique should be purely 
theoretical. His position is stated in the preface and, among 
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some quotations in support of it, the following from General 
Langlois is particularly interesting. “ The officers who leave 
the school at the end of one year are, in general, inferior to 
their comrades in the matter of studying logically and deeply 
a sclentifie question of tactics or organization. The method of 
work indispensable to every man of action demands im- 
periously the study of a science to its foundations, a study 
which makes the intellect supple and develops a habit of 
logical deduction necessary to one who commands." 

The first part of this volume consists of a chapter on vectors 
and one on displacements of a rigid body. In the second part 
the subject of the kinematics of a point and a solid body is 
presented in the usual manner. The application of kine- 
matics to the theory of machines is quite extensive. Follow- 
ing a classification attributed to Willis, elementary machines 
are arranged in three classes according as the ratio of trans- 
mission is (a) constant in magnitude and sign, (b) variable in 
magnitude but constant in sign, or (c) variable in both mag- 
nitude and sign. Each class is subdivided into three kinds 
according as the transmission is by (a) direct contact, (b) a 
rigid intermediary, or (c) a flexible intermediary. The author 
then gives many examples and develops the theory involved in 
each subdivision. Staties and dynamics of a point form the 
subject of the third part, which includes the general principles 
of mechanics, the theory of the newtonian potential, the motion 
of & free particle in constant and central fields of force, a short 
section on ballistics, and the motion of a particle on a eurve and 
on a surface. The last part is devoted to the statics of systems 
of bodies. 

Much of the material in the first volume is taught in courses 
other than the one for which this text has been prepared and 
is included here for review or reference. Announcement has 
been made that the second volume is in press and the third in 
preparation. 

The book contains no problems for solution by the 
student. 

W. R. LONGLEY. 


Problèmes de Mécanique et Cours de Cinématique. By C. 
GuicHARD. Paris, A. Hermann et Fils, 1913. 156 pp. 
Tuts little book has been edited by MM. Dautry and Des- 

champs and published by l'Association générale des étudiants 


1915.] NOTES. | 365 
de Paris. It represents a course given at the Sorbonne in 
1912 by Professor Guichard to the candidates for the “ certifi- 
cat de mécanique rationnelle." 

The first four chapters contain solutions of the problems 
proposed under the following headings: plane kinematics, 
kinematics of a solid body, dynamics of a point and geometry 
of masses, and dynamics of systems of bodies. The remainder 
of the book (about 70 pages) is devoted to an exposition of 
the theories of kinematics. 

W. R. LONGLEY. 


NOTES. 


Tae twenty-second summer meeting of the American 
Mathematical Society will be held at the University of Cali- 
fornia and Stanford University on Tuesday-Thursday, August 
3-5. Titles and abstracts of papers intended for presentation 
at this meeting should be in the hands of the Secretary by 
July 5. 


Tar March number (volume 16, number 3) of the Annals. 
of Mathematics contains the following papers: “Note on nor- 
mal sections of a surface in a space of n dimensions," by C. L. 
E. Moore; “An algebraic treatment of the theorem of 
closure," by A. A. BENNETT; “An integral equatión of the 
Volterra type," by T. H. GnoNwaALL; “The linear continuum 
in terms of point and limit,” by R. L. MoonE; “A plane cubic 
Cremona transformation and its inverse," by F. M. MORGAN; 
“Relation between the roots of a rational integral function and 
its derivative," by FRANK Irwin. 


Te forty-third meeting of the French association for the 
advancement of science was held at Havre July 27-30 under' 
the presidency of A. GAUTHER. M. Bresse was chairman 
of the mathematical section, before which the following papers 
were presented: "History of calculating machines," by A. 
GÉRARDIN; "On the periodic movement of a viscous fluid," 
‚by R. Mesny; "On Foucault's pendulum" and “The conic 
and sextic integrals of two homogeneous linear differential 
equations of the second order,” by G. BkessE; “Note in 
memory of Henri Poincaré," by E. Leson; “Indeterminate 
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analysis and factorization,” by A. GÉRARDIN; “On the cycle 
of singular algebraic points," by M. PELLET; "New method 
of graphic elimination of the unknowns in a system of linear 
equations," by F. BouLAD; “On minimal surfaces" and " Imagi- 
n&rles in the problems of infinitesimal geometry," by M. 
CLAPIER; “Some properties of the lemniscate of Bernoulli" 
and “Heronian triangles," by E. N. Barısıen; “Tables of 
quotients to the base 300 constructed from progressions ac- 
cording to the last figure of the numbers," by C. BOULOGNE; 
“Integration and measure in abstract assemblages," by M. 
FnÉcHET; “The theorem of Dirichlet on the arithmetic pro- 
gression," by L. Aupry; “Elementary remarks on descriptive 
geometry and perspective," by C. HALPHEN; "Geometry in 
the teaching of mathematics,” by J. Ricganp; “ Developables 
of algebraic curves” and “ Heronian triangles," by M. WELSCH. 


À MEETING of the London mathematical society was held 
January 14. The following papers were read: By H. H. Mac- 
DONALD, “ A class of diffraction problems "; by H. E. J. Curzon, 
“Halphen’s transformation"; by A. Young, “A Christmas 
problem in probabilities "; by E. H. Berwick, “ The condition 
that a quintic equation should be solvable by radicals ”; by 
J. Larmor, “ The variation of the earth’s angular velocity of 
rotation. " 


Tue following parts of the Encyklopädie der mathemati- 
schen Wissenschaft are in the press, and may be expected in 
a few weeks: II C 2, Graphical and numerical quadrature 
and graphical and numerical integration of ordinary and par- 
tial differential equations, by C. Runge and F. A. WILLERS; 
II C 3, Recent investigations of functions of real variables, 
by E. Borer, M. Frécuer, P. MONTEL, and L. ZomETTI. 
III 1, Elementary geometry and elementary non-euclidean 
geometry (conclusion), by M. Zacnganrasg; III 1, Geometry 
of the triangle, by G. Bergsman (deceased); III 2, Special 
plane algebraic curves, by G. Lorm; III 3, Fundamental 
properties of algebraic surfaces, by G. CasTELNUOVO and F. 
Enriques; III 3, Algebraic surfaces from the standpoint of 
birational transformations, by G. CASTELNTovo and F. En- 
RIQUES; LII 3, Contact transformations, by H. LIEBMANN; 
III 3, Geometric-theory of differential equations, by H. LIEB- 
MANN; V 3, Optics of waves, by M. v. Lave; VI 1 B, Terres- 


~ 
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trial magnetism, by A. Scmanpt; VI 2, Theory of the planets, 
by K. F. Sunpmay; VI 2, "Theory of the earth's moon, by E. 
W. BROWN. 
' The general editorship of ge II, analysis, will be con- 
ducted by Professor R. FRIcKE> 
Work on the publication of the French edition has been 
suspended. 


THe mathematical society of Amsterdam has just pub- 
lished the first of the two volumes of the complete edition of 
the works of T. J. STIELTIES, containing the papers of the 
years 1876-1886. 


THE second part of each volume of the second German edi- 
tion of Pascal's Repertorium der hóheren Mathematik has 
long been announced as in press. It is now expected to 
publish both parts during the next few months. 


— Winey and Sons, of New York, announce that HENDERSON'S 
“Statistics and laws of mortality" will be published in June 
of this year. 


Tue United States Bureau of Education has just issued a 
new bulletin of the International commission on the teaching 
of mathematics. This is entitled Curricula in Mathematics 
and has been prepared by Mr. J. C. Brown, of the Horace 
Mann School, New York City. It sets forth the work done 
in each school year of the standard type of course in each of 
the leading countries of the world. Copies may be obtained 
by addressing the Bureau of Education at Washington. 


MinaN TecHNIcAL ScHooL. The following courses in 
mathematıcs are being given during the present year (Novem- 
ber 24, 1914-June 30, 1915):—By Professor A. JoRINI: Ana- 
lytic geometry, four hours. —By Professor U. CrsovrI: Mathe- 
matical analysis, seven hours (for engineers).— By Professor 
G. TOMASELLI: Mathematical analysis, four hours (for archi- 
tects).—By Professor C. CAPELLI: Projective and descriptive 
geometry, nine hours.—By Professor M. ABRAHAM: Rational 
mechanics, five hours.—By Professor G. Forni: Rational 
mechanies, three hours (second term, for architects). Al 
these subjects must have been completed before a student can 
register in the major three year course. 

Professor G. June has been made professor emeritus. 
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PROFESSORS A. SCHOENFLIES and L. BIEBERBACH have been 


appointed professors of mathematics in the University of 
Frankfurt. 


Proressor E. SALKOWSKI, of the technical school at Berlin, 
has been appointed professor of mathematics in the technical 
school of Hanover. 


Dr. O. DauzER has been appointed docent in projective 
and descriptive geometry at the technical school of Vienna. 


Me L. G. OwzN has been appointed professor of mathe- 
matics in the Government College at Rangoon. 


PROFESSOR A. D. Precuer, of Dartmouth College, has been 
appointed professor and head of the department of mathe- 
matics in Adelbert College of Western University. 


Drs. EDWARD KIRCHER and G. A. PFEIFFER have been ap- 
pointed to the recently established Benjamin Peirce instruc- 
torships at Harvard University for the year 1915-16. 


Dr. W. DEMLER, of the technical school at Munich, was 
killed in battle, at the age of 30 years. 


Proressor G. HOLZMÜLLER, of the industrial school at 
Hagen, died November 27, at the age of 70 years. 


Dr. A. LACKNER, of the technical school at Vienna, was 
killed in battle in November, at the age of 29 years. 


Proressor G. PIRONDINT, of the technical institute of Rome 
died January 17, at the age of 57 years. 


r 


PROFESSOR S. W. SHATTUCK, of the University of Illinois, 
died on February 18, at the age of 74 years. Professor Shat- 
tuck was connected with the mathematical department as 
professor and head of the department from 1868 to his re- 
tirement from active service in 1912. He had been a member 
of the American Mathematical Society since 1891. 
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NEW PUBLICATIONS. 


L HIGHER MATHEMATICS. 


BAERWALD (H.). Ueber das Wesen der Naturgesetze. Antrittsvorlesung. 
Heidelberg, G. Koester, 1914. 


BxRANEX (A.). Zur sphärischen Abbildung der Flachén zweiter Ordnung 
und ihrer stereographischen Projektion. Baden b. Wien, 1913. Gr. 
8vo. 12pp. 


BeTscHLeR (F.). Ueber Integraldarstellungen, welche aus speziellen 
Randwertproblemen bei gewöhnlichen linearen inhomogenen Diffe- 
rentialgleichungen entspringen. (Diss) Wurtzburg, 1914. 


Brancm (L.). Lezioni di geometria analitice. Pisa, E. Spoerri (F. Mari- 
otti), 1915. 8vo. 44-004 pp. L. 22.00 

BonpT (À.) Das Ende des Fermatschen Spukes. Allgemeiner und wahr- 
haft wunderbarer Beweis zu der Behauptung: Unmöglich sind Glei- 
chungen nach z^ + y^ = z^ (z, y, z, ganze Zahlen, X > 2). Gross 
Fermatscher Satz. Naumburg, 1914. 8vo. 16 pp. M. 1.80 


BovrigAuD (G.). Sur les fonctions de Green et de Neumann du cylindre. 
Paris, 1914. 4to. 81 pp. 


CHAPELON (J.). Sur les relations entre les nombres des classes de formes 
quadratiques binaires de déterminant négatif. Paris, 1014. Ato. 
203 pp. 


ConLmMAN (P.). Coordinate geometry: an elementary course. Oxford, 
Clarendon Press, 1915. 8vo. 43. 6d. 


CoNTENBON (L. DB). La certitude mathématique. Les fondements mathé- 
matiques dans l'hypothése de la philosophie critique (systéme car- 
téso-kantien). Paris, Gauthier-Vi , 1914. 8vo. 93pp. Fr.3.25 


ÜCORRIDORR (F.). Elementi di calcolo infinitesimale, per gli studiosi di 
Statistica. Roma, E. Loescher e C.: W. Regenberg e C. (s. tip.), 
1014. 8vo. L. 2.00 


Crowe. (E. R.). Der Satz des Fermats. 3te durch den arithmetischen 
Beweis des Satzes vermehrte Auflage. Berlin, 1014. Gr. 8vo. Nr pp. 
. 2.40 


DrNanLER (H.). Das Prinzip der logischen Unabhängigkeit in der Mathe- 
matik zugleich als Einfuhrung in die Axiomatık. Munchen, T. Acker- 
mann, 1915. Gr. 8vo. 8-+164 pp. Geh. M. 5.00 


F. R. S. Calculus made easy. 2d edition. London, Macmillan, 1914. 
8vo. 114-265 pp. 23. 


GxNZER (O.). Die Konfigurationen der ebenen Vierecke und Vierseite, 
i apolaren Beziehungen zu Kegelschnitten und die involutorische 
quadratische Verwandtschaft. (Diss.  Konigsberg i. Pr., 1914. 


Harpy (G. HI. A course of pure mathematics. 2d edition. Cambridge, 
University Press, 1014. 8vo. 12+443 pp. 12s. 


Kum (F.). See Scaowren (J. A3. 


Könıc (J.). Neue Grundlagen der Logik, Arithmetik und Mengenlehre. 
Leipzig, Veit, 1914. 8+259 pp. M. 8.00. 
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MiLHAUD (G.) et PouagT (E.). Cours de géométrie analytique à l'usage 
de la classe de mathématiques iales et des candidats aux Soles 
du gouvernement. 2 vols. Vol I: Géométrie à deux dimensions. 
Paris, n 8vo. 484 pp. Fr. 1209 


Pascau (E.). nn della teoria delle funzioni di linee Ser 
riemanniani delle funzioni di linee; le formole di Green e di Stokes per 
le funzioni dilinee. Napoli, tip. r. Accademia delle Scienze fisiche e 
matematiche, 1914, 8vo. 34 pp. 


Prrarsen (H.). Die Bedeutung kubischer Determinanten für die Klassi- 
fikation der binaren und ternaren kubischen Formen. (Diss.) 
Freiburg i. B., 1914. 


PornzmTm (L.). Resultati teorico-pratici di una radicale modificazione del 
orivello di Eratostene: la tavola dei numeri primi, per gli intervalli dei 
primi 100,000 numeri oltre dieci milioni e dei primi 10,000 numeri 
oltre un miliardo. Parma, L. Bette, 1914. 4to. 47 pp. 


Pouamr (E). See MıLHAUD (G.). 


Ratz (W.). Projektive Gruppen des Raumes, ihre Invarianten und geo- 


metrische erisirung. Königsberg, 1913. 8vo. 107 pp.+3 
tables. 4 


REPERTORIO di matematiche superiori. 2a edizione riveduta. Livorno, 
R. Giusti, 1915. 24 mo. 74-232 pp. L. 1.80 


Rogers (R. A P). See SALMON (G.). 


RussmLL (B.). Scientific method in philosophy (Herbert Spencer m, 
Oxford, Clarendon Press, 1914. 30 pp. 8vo. 


SALKOWSKI (E.). See ScHELL (W.). 


SALMON (G.). A treatise on the analytic geometry of three dimensions, 
5th edition, edited by R. A. P. Rogers. Vol. Il. London, HORE 
1915. 164-384 pp. 8. 6d 


SCHELL .). Allgemeine Theorie der Kurven doppelter Krümmung 
3te Auflage, bearbeitet von E. Salkowski. Leipzig, Teubner, 1914. 
Cr. 8vo. 114-196 pp. M. 8.00 


SCHOUTEN (J. À). Grundlagen der Vektor- und Affinoranalysis. Mit 
einem Einführungswort von, F. Klein. Leipzig, Teubner, 1 i 1209. 


TnavmRsOo (N.). Bulle ioni ricorrenti lineari del 2? ordine a coef- 
ficienti costanti e su alcune particolari equazioni ricorrenti lineari di 
ordine superiore al 2?. Livorno, tip. R. Giusti, 1014. 8vo. 35 pp. 


VERMEIL (H.). Das Naherungsverfahren Ta = #(z,_ı) und seine Anwen- 
dung auf Theorie und Praxis algebraischer und transzendenter Glei- 
chungen. (Diss.). Leipzig, 1914. 

Diz VORBILDUNG zum Studiüm in der philosophischen Fakultät. Denk- 


schrift der philosophischen F tät der Universität Göttingen. 
Leipzig, Teubner, 1014. 8vo. M. 0.80 


Zonge, (L. * Exercices numériques et gra Gebeier de mathématiques sur 
les “ Leçons de oa générales Paris, Gauthier-Villars, 
1914. 8vo. 1064-128 Fr. 7.00 


IL' ELEMENTARY MATHEMATICS. 


CansLAw (H. 8). Plane trigonometry. New edition. London, Mac- 
millan, 1915. 8vo. 18+299-+11 pp. 4s, 6d. 
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——. Solutions of the questions in Carslaw’s Plane trigonometry. Lon- 
don, Macmillan, 1914. 68. 6d. 


CRACENELL (A. G.). The laws of algebra. London, University Tutorial 
Press, 1915. 8vo. 604-68 pp. 1s 


Peng (H.). Compte rendu de la Conférence internationale de dre i 
ment mathématique tenue à Paris du ler au 4me avril 1914. ve, 
Georg, 1914. 


GasrALDI (L.). I logaritmi volgari a quattro ed a tre decimali e le loro 
applicazioni: tavole dei logaritmi dei numeri fino & 20,000 e delle 
funzioni cireolari di minuto in minuto primo, tanto per la divisione 
centesimale del quadrante quanto per la sessagesimale; tavole sus- 
sidiarie complete eseguire senza interpolazioni i calcoli della 
celerimensura. Milano, A. Vallardi, 1914. 8vo. 39--58 pp. 


- Gisson (8.). A senior mental arithmetic. London, Bell, 1914. 1s. 6d. 
Grotz (D.). Lezioni di aritmetica e di algebra elementare ad uso delle 


scuole secondarie superiori. I: I numeri interi; i numeri razionali. 
Pavia, Mattei, 1914. 8vo. 263 pp. L. 2.50 


GuTZMER (A.). Zum Jubiläum der Logarithmen. Rektoratsrede. Leip- 
zig, Teubner, 1914. M. 0.80 


WOLLETZ (K.). Arithmetik und Algebra fur die 5., 6. und 7. Klasse der 
Realschulen. Wien, Pichler, 1914. 262 pp. Geb. Kr. 8.60 


IU. APPLIED MATHEMATICS. 


AmATURo (E.). Metodi grafici per la costruzione dell’ ellisse centrale e del 
nocciolo di una sezione poligonale qualunque. Napoli, tip. r. Ac- 
E delle Scienze fisiche e matematiche, 1914. 8vo. 7 pp.+2 

es. 


BagrnETT (L.). Etude sur le jeu de Is roulette: système de prendre note 
des boules extraites, mathömatiquement sür et mathématiquement 
démontré, pour éviter au jeu de la roulette les écarts et gagner, au lieu 
de payer, en moyenne, la prime sur le zéro, jouant toujours la méme 
sommesurnoiretrouge. Partiethéorique. Rome, coop. tip. Manuce, 
1914. 8vo. 19 pp. L. 5.00 


ConTaRINo (F.). Media aritmetica, media probabile e media piü proba- 
bile: communicazione alla Società degli ingegneri, architetti ed indus- 
triali in Napoli. Napoli, tip. A. Trani, 1914. 8vo. 12 pp. 


Dok (W. v.). Ueber einige neue Apparate zur mechanischen Integration. 
München, 1914. . 0.80 


Hauszsg (W.). Hydraulik. 2te vermehrte Auflage. Leipzig, 1914. 
12mo. 151 pp. Cloth. ~- M. 0.90 


Hiıszıns (W. G.). Elementary applied mechanics: rules and definitions. 
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THE FEBRUARY MEETING OF THE AMERICAN 
i MATHEMATICAL SOCIETY. 


THe one hundred and seventy-fifth regular meeting of the 
Society was held in New York City on Saturday, February 27, 
1915. The attendance at the two sessions included the 
following thirty-nine members: 

Professor Joseph Bowden, Professor E. W. Brown, Dr. T.H. 
Brown, Professor B. H. Camp, Dr. Emily Coddington, 
Professor F. N. Cole, Dr. G. M. Conwell, Professor Elizabeth 
B. Cowley, Dr. Louise D. Cummings, Dr. H. B. Curtis, 
Professor L. P. Eisenhart, Dr. C. A. Fischer, Professor T. 5. 
Fiske, Professor W. B. Fite, Professor W. H. Garrett, Professor 
O. E. Glenn, Professor C. C. Grove, Professor G. H. Hallett, 

' Professor H. E. Hawkes, Dr. Dunham Jackson, Mr. S. A. 
Joffe, Professor Edward Kasner, Professor C. J. Keyser, Dr. 
J. K. Lamond, Mr. P. H. Linehan, Professor James Maclay, 
Dr. H. F. MacNeish, Dr. E. J. Miles, Mr. G. W. Mullins, Dr. 
G. A. Pfeiffer, Dr. H. W. Reddick, Professor R. G. D. Rich- 
ardson, Mr. P.R. Rider, Dr. Caroline E. Seely, Professor L. P. 
Siceloff, Professor Edwin R. Smith, Professor Oswald Veblen, 
Mr. R. A. Wetzel, Miss E. C. Williams. 

The President of the Society, Professor Ernest W. Brown, 
occupied the chair, being relieved at the afternoon session by 

- Vice-President Oswald Veblen. The Council announced the 
election of the following persons to membership in the Society: 
Professor J. V. Balch, Bethany College; Professor E. J. Berg, 
Union College; Mr. Millar Brainard, Chicago, 1ll.; Mr. L. C. 
Cox, Purdue University; Mr. C. H. Forsyth, University of 
Michigan; Dr. H. C. Gossard, University of Oklahoma; Mr. 
M. S. Knebelman, Lehigh University; Dr. W. V. Lovitt, 
Purdue University; Dr. L. C. Mathewson, Dartmouth College; 
Mr. A. L. Miller, University of Michigan; Dr. Bessie I. 


` ~~. Miller, Johns Hopkins University; Mr. I. R. Pounder, Univer- 


sity of Toronto; Mr. L. L. Steimley, Indiana University; Mr. 
Chid-Cheow Yen, Tangshan Engineering College. "Three ap- 
plications for membership in the Society were received. 

' From the early days of the Society the informal dinners held 
in connection with the meetings have been a most valuable 


”, 


\ 
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supplement to the scientific programme, furnishing op- 
portunities for a general exchange of views, conferences on 
questions of mathematics and of general policies, and renewing 
old and making new acquaintance. To promote this social - 
side of the Society’s activities, the Council has recently ap- 
pointed a committee, consisting of Professors Fiske, Hawkes, 
and Kasner, to arrange a dinner for each New York meeting 
and by giving publicity to these occasions to induce a large 
attendance. Notice of the dinner is sent out with the pro- 
gramme of the meeting, and members expecting to attend 
are requested to fill out the accompanying card and return it 
to the Secretary, in order that adequate accommodations may 
be provided. ‘The result at the recent annual meeting was 
the large attendance of seventy members. The February 
meeting 1s always, for several reasons, a smaller affair. Yet 
on this occasion nineteen members spent a very enjoyable 
evening together. 


The following papers were read at this meeting: . 

(1) Professor M. FRE£CcHET: “Sur les fonctionnelles bi- 
linéaires.” 

(2) Professor A. S. HATHAWAY: “Gamma coefficients.” 

(3) Mr. P. H. LINEHAN: ` Equilong invariants of irregular 
and regular analytic curves.’ 

(4) Professor B. H. Camp: “Multiple integrals over infinite 
fields." 

(5) Mr. A. R. SCHWEITZER: “On the methods of mathe- 
matical discovery." 

(6) Mr. P. R. Romer: “An extension of Bliss’s form of the 
problem of the calculus of variations, with applications to the 
generalization of angle." 

(7) Professor E. B. Wirsow: “The Ziwet-Field note on 
plane kinematics.” 

(8) Professor O. E. Grenn: “Ternary transvectant sys- 
tems." 

(9) Dr. E. J. Mres: “Note on the application of the cal- 
culus of variations to a problem in mechanics." 

(10) Professor A. B. FnizELL: “The permutations of the 
natural numbers cannot be well ordered." 

(11) Mr. C. H. Forsyra: “Osculatory interpolation 
formulas.” 

(12) Mr. J. E. Rrrr: “A function of a real variable with any 
desired derivatives at a point.” 
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(13) Mr. J. F. Rırt: “On Babbage's functional equation." 

Professor Fréchet's paper was communicated to the 
Society through Professor D. R. Curtis. Mr. Ritt was 
introduced by Professor Kasner. In the absence of the 
authors the papers of Professor Fréchet, Professor Hathaway, 
Mr. Schweitzer, Professor Wilson, Professor Frizell, and Mr.. 
Forsyth were read by title. Abstracts of the papers follow 
below. The abstracts are numbered to correspond to the 
titles in the list above. 


L Professor Fréchet investigates operations U, , which are 
linear with respect to f and to $ separately. Generalizing a 
known theorem of F. Riesz, he proves that U, , may be rep- 
resented as follows: 


, b 
Ura = | [ feda, 0, 
the double integral on the right being defined as the limit of 
2425 (Ede (nAi, 5%, 


where 
A; fu = u(s; t,) — Hiën Al us, 6) + u(si t). 


A striking result is that the function u(s, O need.fulfill no other 
condition than . that Xe Au. have & finite upper 
. bound whatever may be the signs of e, el, provided | e | 
—|e'|-1. This representation by generalized double 
integrals is then applied to second differentials of continuous 
operations. 


2. Professor Hathaway defines a gamma coefficient of 
coordinates x, y, *-- and parameters a, b, ---. The coefficient 
of two dimensions is 


[azby| = (az + buts + )/T(e d- D)T(y -1, 5 


and similarly for any dimension of coordinates. 

This coefficient is shown to be constant upon an axis and, 
at any point, equal to the sum of its values at the points which 
precede it by & unit in the direction of each axis. 

Taking integral values, none negative, for coordinates and 
parameters, an integral function is formed of corresponding 
arguments p, q, *-:, consisting of the sum of all terms with 
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coefficients of a given weight n = ax + by + ---, the coor- 
dinates of a coefficient being the exponents of the cor- 
responding arguments. If m be the greatest parameter, it is 
shown that this function equals the sum of the nth powers 
of the roots of the equation i 


mm = pers + gem... 


This is a generalization of the formula for s, given by 
Waring and proved by Serret (Cours d’Algébre supérieure, 
volume I, page 445, article 196) from theformula of Lagrange. 
Waring's formula is deduced from the above by taking a, 
b, «++, m, as the natural numbers 1, 2, ---, m. When some 
parameters are equal, the general formula obtained above 
cannot be deduced from that of Waring. For example, the 
above result becomes the multinomial theorem for a = b 
= ... = m = 1; but Waring’s formula, in the same case, is 
pap gas) Spee ge as) 

Further properties of these coefficients will be the subject 
of a future paper. 


3. Irregular analytic curves 
i= aqui? + ag UTD Ip -F ag out *? Ip + ae 


(u, v being Hessian line coordinates) are shown by Mr. Linehan 
to possess invariants under the group of equilong transforma- 
tions of the plane except when p = 2. For each of the three 
cases which arise when invariants exist, the simplest invariant 
is derived. 

The simplest invariant of a regular analytic curve under the 
linear equilong transformations of the plane is also obtained. 


4, Professor Camp’s immediate object in this paper is to 
prepare a foundation for a discussion, to be given later, of 
multiple and iterated integrals containing ` parameters, in 
which the integrations are extended over infinite fields. For 
this purpose it is necessary to coordinate the various definitions 
of these multiple integrals which have been given in recent 
years, to consider more fully than has been done heretofore 
the conditions of their existence, their relation to the iterated 
integrals, and certain of their fundamental properties. 


5. In a previous articles Mr. Schweitzer stated a heuristic 
* Revue de Métaphyeique et de Morale, March, 1914. 


) 
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principle of comparison based on identity, or principle of 
unification of terms. In the‘present paper is stated a principle 
of comparison antithetic to the preceding and based on di- 
versity. The latter is called the principle of "fureation" of 
terms and is stated as follows: 

The existence of dissimilarities between given terms implies 
the existence of dissimilar general terms which underlie or 
embrace the particular terms. 

It is important to recognize the interdependence of the two 
principles. Thus by replacing “dissimilarities,” “dissimilar” 
by “similarities” (resemblances), “similar” respectively, one 
obtains a possible interpretation of the author’s principle of 
unification. The principle of “furcation” is useful in provid- 
ing, directly or indirectly, problems of conflict for solution by 
means of the principle of unification. 

An interesting special case of the principle of furcation is 
provided by equivalent mathematical theories or concepts 
which diverge under generalization. An instance of this kind 
is the author's “trifurcative” generalization* of the between- 
ness relation in the foundations of geometry. Many other 
illustrations might be given. 

A concluding part of the author’s paper is devoted to a 
critique of a remarkable article by J. T. Merz, History of 
European Thought of the Nineteenth Century, volume II, 
pages 627-740: “Development of mathematical thought." 
As a critical basis, the author's article on the working hypothe- 
ses of mathematics (cited above) is used. 


6. Bliss has developed a theory of the calculus of variations 
for integrals of the form J = f f(x, y, r)ds, where tan 7 is the 
slope of the curve considered. Mr. Rider’s paper extends 
the theory to the integral J = f f(z, y, 2, 7, o)ds, where c is 
the angle that a space curve makes with its own projection 
in the zy-plane, and 7 is the angle that this projection makes 
with the z-axis. Necessary and sufficient conditions are 
studied. 

A transversal surface is used in giving certain generalized 
definitions of angle and of solid angle. Incidentally, the 
differential equations of geodesics and generalized geodesics 
on this surface are deriyed. The definitions of.angle reduce 


* American Journal, vol. 31 (1909), p. 366. 
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under proper conditions to the definitions used in euclidean 
geometry. 


7. Referring to the adoption by Ziwet and Field of the 
operators 2 and e** of Burali-Forti and Marcolongo, Professor 
Wilson points out (1) that these operators are not algebraic 
as their form indicates, (2) that the operator e?"^, which is 
patently non-algebraic, will not only serve the same purposes, 
but in addition lead to the derivation by A. C. Lunn of the 
Euler-Rodrigues form for rotations, and (3) that the algebraic 
operator e*', used in connection with the Gibbs bivector, will 
also accomplish the ends desired by Ziwet and Field. This 
note will appear in the American Mathematical Monthly. 


8. 'The methods for the construction of fundamental systems 
of invariant formations of ternary quantics, known up to the 
present time, are tentative. The purpose of Professor Glenn’s 
paper is, first, to deduce the simplest possible algorithm for 
the construction of such systems. Instead of deriving all 
invariants by means of one transvectant operation, four such 
operations are introduced, which may, however, be united 
under one major process of making cogredient substitutions 
in a double mixed polar. The main theorem of the paper is: 
If two systems of forms are finite and complete, the system 
derived therefrom by the above major transvectant process is 
finite and complete., À method of deriving the irreducible 
members of such a system is given. By the theorems of the 
paper the twenty invariant formations of two conics, for 
instance, may be readily written down. 


9. The problem considered by Dr. Miles is: Given a chord 
of definite length and variable density; to find its form for 
uniform horizontal distribution of the mass if the center of 
gravity lies as low as posssible. 

The density is assumed to be a function of x, say r(x), and 
a problem in variations of the Lagrangian type results. The 
functions y and r are then determined and the curve is found 
to be a parabola—the solution given in text books on me- 
chanics. 


10. By methods developed in previous papers read before ' 
the Society (Lincoln, November, 1914; Chicago, December, 
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1914, and New York, January, 1915), Professor Frizell shows 
that the assumption that the set of permutations of the natural 
numbers can be well ordered leads, by a line of reasoning due 
to Cantor, to two sets of permutations which are both in 
one-to-one correspondence with the whole set of permutations 
of the natural numbers but cannot be put into one-to-one 
correspondence with each other. l 


11. As is well known, whenever successive intervals are to be 
interpolated, separate curves are used in the several intervals. 
In osculatory interpolation these separate curves are required 
to have the same slopes and curvatures at their points of 
intersection for purposes of smoother graduation. ‘The appro- 
priate formulas to be used in interpolating several values in 
each interval depend upon the fundamental interpolation 
curve upon which they are based, and formulas have been 
derived based upon Newton’s and Everett’s interpolation 
formulas. Mr. Forsyth derives the formulas based upon 
Stirling’s and Bessel’s formulas together with a series of cor- 
rections of fifth differences to be used in connection with the 
four formulas in lieu of the formulas in succeeding intervals. 
The paper will appear in the Quarterly Publications of the 
American Statistical Association. 


12. There exists no analytic function having the sequence of 
numbers a, da, :::, G4, as derivatives for x = 0, unless 
| an/n! bis stays bounded as n increases indefinitely. 

Professor Kasner suggested the desirability of , learning 
whether a non-analytic function can be found when no analytic 
function exists. Mr. Ritt has shown that the function 





*-—cdo 
Y Ant” (1 1) 
n=l n! 2 Í 


where 1 < b, > | an |, has the desired sequence of derivatives. 


13. About 1815, Charles Babbage attempted to find all 
functions of which the nth iterative is the independent variable 
itself. He observed that if f(x) is such a function, e !fe(z) 
will also be one, where e(x) is arbitrary; but he hid no means, 
of knowing how general his solution was. _ 

.. Mr. Ritt has commenced a rigorous discussion of Babbage's 
functions, limiting himself to the case of the real variable, 
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, b 
and making a set of five assumptions. It appears that the 
most general solution, when n is greater than 2, is @fro(x), 
where the integer ris prime to n. The case n = 2 is discussed 
separately and & simple algorism is given for reducing all 
differentiable functions of order 2 to a single type. 
| F. N. Cors, 
Secretary. 


THE LEGENDRE CONDITION FOR A MINIMUM OF 
A DOUBLE INTEGRAL WITH AN ISOPERI-  . 
METRIC CONDITION. 


BY DR. CHARLES ALBERT FISCHER. 


(Read before the American Mathematical Society, February 28, 1914.) 


Tue Legendre, or second necessary, condition for a mini- 
mum of a double integral; where there is no isoperimetric 
condition, has been derived by Kobb,* where the equations 
of the surfaces involved are in parametric form, and by 
Mason, where x and y are the independent variables. The 
analogous condition for the isoperimetrie problem has been 
proved to be sufficient to insure a permanent sign to the 
second variation, but it has not been proved to be necessary. 

In the present paper this condition, 


hop, y, 2, Bs 35 Albaelz, % 2, p, GN) — hog, y, 2, P, GA) 20, | 
or expressed in parametric form, 
Hy(z, y, 8, &u, Voy +++, Sei X) Hm, y, Z, Tuy Loy +++, Sei A) 

! =D UO gud da du EN e D. 


is proved Lo be necessary for either a maximum ora minimum. , 
Given two functions f(a, y, z, p, q) and g(z, y, z, p, q) and a 
surface / 


S: 4 = SL, y) 


* “ Sur les'maxima et les minima des intégrales doubles," Acta Mathe- 
malica, vol. 16 (1892), p. 108. 
TTT A necessary EC for an extremum of a double integral," BULLE- 
` TIN, vol. 13 (1907), p. 293. 
t Kobb, Acta Mathematica, vol. 17 (1803), p. 331. 


) 
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which satisfies the Lagrange differential equation 


ð 
(D ` ` Jee, Y, Z pP GN = 35 belts y, 2, D, G N) 


d - 
m dy hx, Y, 23, P, f; A) = 0; 


it is desired to find a second condition which must be satisfied 
if the surface S gives a value to the integral 


(2) de f f f(z, y, 2, p, q)dedy 


as small as that given by any other admissible surface in the 
neighborhood of S. The region Q is assumed to be bounded 
by a curve L of class D’,t without double points, and the 
number of its intersections with any line parallel to either 
of the axes is assumed to be less than a fixed constant. The ` 
function z(z, y) is assumed to be of class C" in Q, as are also 
the functions f and g in the néighborhood of S. A surface is 
said to be admissible if it is of class D’, intersects S along a 
space curve which projects into L, and gives the same value 
as S to the double integral 


K = f f g(x, y, 2, p, q)dady. 


It wil also be assumed that air, y) is not a solution of the 
equation 


d 
(3) Glo, Y, Z, D, q) KS 3; 0» Y, 3, Ps q) ` 


d 
zm By Ja Y, 2, PD, q) = 0. 


If a one parameter family of admissible surfaces : 


S: 2z = a(a, y) T et (a, y €) 


is given, where the function (x, y, 0) and its partial derivative 
C (v, y, 0) are of class D’, and this value substituted for z in 
the function f, the first variation of J must vanish because of 


* Bolza: Vorlesungen über Variationsrechnung, p. 662. 
t Bolza, loc. cit., p. 63. 
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equation (1). The second variation is found to be 


& ESS ER + Hurt tha Int 


T 2 fogkoly + fast? + fale + Sofre + fatu) dzdy. 


Since the surfaces considered are admissible, SE. which can 
be evaluated in the same way, vanishes. If it is multipled by 
^ and added to J, and then Green's theorem* is applied, 
equation (4) becomes 


ee eff (hes? + El fie SS EE hast) )dady 
Ia 


= d Ü zx 
elo zh o zt. dxdy, 


where as usual h=f-+ Ag. The last integral vanishes on 
account of equation (1), leaving 


(5) GJ ze II (heal? + Aha + + haay )dzdy. 


It will now be proved that if there is a point on S where the 
inequality 


(6) hpshqq SES Bac « 0 


is satisfied, the function [(x, y, e) can be chosen in such a way 
that ó*J will be negative, and consequently there is no mini- 
mum. 

If there is such a point there must be a region including 
the point where inequality (6) is satisfied. Two distinct 
points Po and Po’ in such a region can then be chosen, whose 
coordinates will be called zo, yo, z(£o, yo) and Za, yo’, z(ao, Yo’). 
Since z(z, y) is not a solution of equation (3), it can be assumed 
that 


x d 
(T) gez, yo ;::)— ovy gp (to, yo ***) 
d / / 
WE 5j, ^ s än: rr d == 0. 


* Bolza, loc. cit., p. 654. 
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The expression 
hpp(to, Yo) *--) cos? æ + 2hyq(2o, yo, ++) cosa sino 
+ h.e yo ++) sin? æ 


must vanish for two positive values of o less than v, and 
changes its sign when and only when o passes through one 
of them. It follows that a positive constant k? and a finite 
interval can be chosen in such a way that if a and os are any 
two angles in the interval, the inequalities 


(8) pp cos? a; + 2h, cos a; sin o; + hga Sin? œ, < — KI 
Q = 1, 2), 


are satisfied at Po, and since App, hpg and hgg are continuous, 
they are satisfied at every point of S in a neighborhood of Po. 
If there is given any positive constant 6 it is possible to select 
two distinct angles a;’ and os' near to a root of the equation 


hyp(zo, Yo’, **-) cos? at Qhyg(Xo’, Yo, +*+) COS æ SID & 
+ halto, Yo, +--+) sina = 0, 
such that the inequalities 
(9) | hpp cos? a,’ + 2h54 cosa,’ sin as’ + hag sin? a,’ | < ô 
(2 = 1, 2), 


are satisfied at every point of S in a neighborhood of Py. 
For convenience these angles will be chosen so that a, — a 
= on! P ar. 

Two rhombuses R and R’ will be defined as follows:* 
R is bounded by the lines 


‚d-u=I, d— uù = 0, d+ u= 0, EENE 
where ; 
U, = (2 — zo) cos æ; + (y — Yo) Sina, (= 1,2), 
and AR’ by the lines ) 
d—w’'=0, d-w=0, d+u=0 d+ w= 0, 


where 
w = (x — cy) cosa,’ + (y — yy) sin a. 


* Compare with Mason, loc. cit., p. 295. 
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The constant d will be taken so small that R and R’ do not 
overlap, and are entirely within the projections on the z, y- 
plane of the respective neighborhoods in which the inequalities 
(8) and (9) are satisfied. A function t(x, y) will be defined 
as identically zero outside of R, and inside of Ras equal to the 
distance of the point z, y from the nearest side of R. That is, 


WC? y) = d F t4, (i= l, 2), 


where the sign and subscript of u are chosen so as to make t 
as small as possible. The function ¢’(2, y) will be chosen in 
the analogous way. Since os — a, = ox! — oi the rhombuses 
R and R’ are of the same size and shape and the equation 


J Se e f f t(x, y)dady 
is satisfied. 


The function t(x, y, e) will now be defined by the equation 
dis, y, €) = etle, y) + ete, y), 


where e'(e) is to be determined by the condition that the sur- 


faces S be admissible. The first variation of K is found to 
be equal to 


à à 
f fo — 35d» — Zn) edu 


de (0) d d : 
c ff (nom io Handy = 0. 


If the mean value theorem is applied to these integrals and 
the equation is solved for de’(0)/de, it becomes 





d 
(s m ax IP = an). TM 


"ded WE 

gs ax 7? dy 9^ ic 
where £, 7 isa point in Rand H ai a point in R’. The de- 
nominator cannot vanish if d is sufficiently small, because of 


inequality (7). Consequently a finite constant m can be 
chosen such that. 
e 
« m. 


de 


dem _ 
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If the second variation of K is equated to zero, the coefficient 
of d*e' (0)/de is also equal to 


d d . 
f fo STEEN ’dady + 0. 


Consequently this second derivative ERES Therefore the 
functions 
ae ) 


tz, y, 0) = tle, y) + SE y); 


0 
jy, 0) = nr p, y) 
exist and they have the required continuity. 


When t(z, y, e) is determined in this way equation (5) 
may be written 


&J = ejf. d'Bee hapt ta + 2h,,¢¢,)dady 


+e f f (hpp cos? a; + 2h, cos a; sin o; + hag sin? a,)dedy 


+e d xA ) J f (App cos? a,’ + 2h,, cos a; sin a,’ 
+ hag sin? a, dedy, 





where 2 takes the values 1 and 2 in the appropriate parts of 
Rand R’. It can now be easily proved that 


BJ < — EAk — Md(d + 4)(1 + m?) — 6m’), 


ai 


where M is the largest of the maxima of the numerical values 
of hss, Rep and hsa and A is the area of R.* Since d and ô 
can be taken as small as is desired without affecting Ki, they 
can be taken so small that ó*J will be negative and there 
1s no minimum. 
‘In a similar way it can be proved that there is no maximum 
if inequality (6) is satisfied, and the following theorem will be 
proved: 
A necessary condition that the surface S furnish either a 
maximum or a minimum for the double integral (2), relative to 


* Compare with Mason, loc. cit., pp. 295-6. 
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the admissible surfaces, is that 
(10) Daelz, y, Zy P, q; A) haalt, y, 8, D; q; A) 
l — hpg (€, Y, 3, P, q; N) Z 0, 
at every point of S. 
If the surface S is represented by the parametric equations 
c= x(u, v), y= y(u,rv), z = z(u, v), 


the functions f and g must be replaced by F(z, y 2, Zu, Za 
Z) and G(z, y, 2, tu, Ze ***, z,) respectively. Then if the 
equations of S are written 


v = z(u, v) + elu, v, e), y = y(u, v) + en(u, v, e), 
z = z(u, v) Feta, v, e), 


the second variation becomes 


(11) SI e d f T (Hest? + 2H,y£g +--+ + Has Eldo, 


The values of J and K are assumed to be unchanged by any 
change in the parametric representation of S which leaves the 
surface S itself invariant. This furnishes a number of rela- 
tions between the partial derivatives of F and G, among 
which are the following :* 


Fre, = FoX, Poy, = FaXY, Fos, = FoX., 
Fay + Ban = 2F.XY, Far, Bai", Fey, = FRAY, 


and the other formulas derived from these by permuting the 
letters x, y, 2 and X, Y, Z in the same way. The functions 
Fy, Fi and Ra are continuous and X, Y and Z are the direc- 
tion cosines of the normal to S. 

It wil now be assumed that there is a function w(u, v, €), 
such that 


(12) 


 £(u, v, €) = w(u, 0, e) X, 
n(u, d, €) = o(u, v, e) Y, 
Cu, d, €) = o(u, v, €)Z. 


If these values are substituted in the integrand of equation 
(11), it becomes a quadratic form in w, wu, ws. The coefficient 


l * Kneser: Lehrbuch der Variationsrechnung, p. 282. 
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of w,” is seen to be 
HÀ + 2H, XY + Hy, Y? + 2H,LXZ 
+ 2H,,Y2-- H,.Z. 
Equations (12), with F replaced by H, reduce this to the form 
HQ uc in Se SCH — Hy. 


Similarly the coefficients of «wc, and ta? can be proved equal 
to 2H. and Hs respectively. The other coefficients will be 
called Hoo, 2Ha and 2H» respectively, and equation (11) 
becomes 


a = ei f I (How + 2H goo, + 2H ES Duc, 
ü 
+ 2H wu, + Haw,)dudv. 
This equation is in the same form as equation (5), and from 
this point on the argument is so nearly the same as in the non- 
parametric case that it need not be repeated here. The 
analogue'of inequality (10) is seen to be 
Huf, Y, Z, Tus "9, Zo; A)Ha(z, HN, Zy Tus t1, Zo; A) 
| E Hu, Ys Z, Tu, "rr: By; A) e 0. 
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NOTE ON THE DERIVATIVE AND THE VARIATION: 
OF A FUNCTION DEPENDING ON ALL THE 
VALUES OF ANOTHER FUNCTION. 


BY PROFESSOR Q. C. EVANS, , 


(Read before the American Mathematical Society, January 2, 1915.) 


1. In a recent article,* Fréchet has given a treatment of 
the differential of a function depending on a curve, by making 
use of and evaluating Riesz’s expression of a linear relation 
in ‚terms of a Stieltjes integral. According to Fréchet, if 


Fe] depends on all the values of y(x) between a and b, then 


* M. Fréchet, “Sur la notion de différentielle d'une fonction de ligne," 
cr d of the American Mathematical Society, vol. 15 (1914), pp. 
- 18 . y = 
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if the differential of F exists it is given by the formula 


a) die) = f Aedes D, 


where Ag(€) is the increment in o, and a,(£) is some function 
of finite variation. On the other hand, Volterra* has shown 
that, under certain conditions, the variation of F is given by 
the formula 


(2) MF[e(2)] = Í Pwl (5d, 


where F’o[(x) | £] is the functional derivative of F with respect 
to g(x) at the point E The integral in (1), however, according 
to Fréchet, itself splits up into three parts, of which one has a 
form similar to (2), so that as a special case we should have 


(3) dFle(a)] = | Alote) | HAE. 


It is the object of this short paper, in the first place, to derive 
the formula (2) under slightly less restrictive conditions than 
those of Volterra, and in tbe second place, by &dopting a point 
of view more akin to that of Fréchet, to show the relation 
between equation (1) and equations (2) and (3).  . 

2. We shall consider as a region for the argument ¢(2) 
that included between two given continuous functions d(x) 
and (x), where d$,(z) < Dax), in the interval az z £ b; 
i. e., the region 


(x) = g(x) = $x), aersb, 


and we shall assume that Flel i is defined for every continuous 
function in that region, andi is continuous.] This we shall call 
the assumption (a). 

In addition to (a), in order to obtain formula (2), Volterra 
makes four assumptions I-IV. By a.different method of 
proof, however,—the one which«we first adopt—1it is possible 
to arrive at (2) by means of (a), (II) and (III) alone, from which 

" V. Volterra, "Sopra le funzioni che dipendono da altre funzioni,” 
Rendiconti della R. Accademia de Lincei, vol. 3 (1887), pp. 97-105, 141- 


146, 153-158. 
{We mean that Flel has continuity of the zeroth order. 
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IV follows, but not (I) in its entirety.* These assumptions 
are as follows. 

(II) Take an interval h within ab and give to e(z) within k 
a continuous variation 0(2), of one sign, such that | 6(z) | < e. 
Denote by AF the corresponding change of F, and write 


o= | Hear. It is assumed that the ratio AF/o approaches 
A 


a fixed limit (denoted by F'[e(z) E and spoken of as the 
functional derivative of F) as e and h approach zero in an 
arbitrary manner, provided that the interval h always contains 
within itself the value x = EI 

(III) It is assumed that the ratio AF/r approaches its limit 
uniformly with respect to all possible functions (xz) and 
values £. 

Let us for convenience denote by (III) that part of (III) 
which requires uniformity with respect to the functional 
argument alone. l 


I. First DEDUCTION OF FORMULA (2). 


3. The following theorem is introductory. 

THEOREM 1. If for a certain continuous function olx) the 
function F|e(2)], continuous in v(x), has a derivative F'[o(z) | ] 
for every value of E wn a certain closed sub-interval a'b’ of ab,] 
that derivative remains finite and continuous throughout ob, 

To prove this theorem, let £j &, +++ be any infinite set of 
values of £ in a'b’ having £o as a limiting point, and suppose that 


Fl go(x) | £o] == t, lim F'|eo(z) | En] T i. 


We shall assume that /' 1s finite; the case where ?’ is infinite 
occasions an obvious modification of the proof. Let |i—t1'|— p, 
and suppose momentarily p + 0. 

Give to eutzi a variation of one sign, Pı(z), of the kind 
specified in (II), and take e; and kı so small that we have the 


* See $ 4, and footnote. 

t We understand here that 0(£) 2 0. This restriction turns out to be 
immaterial, but makes the definition correspond more closely to that of the 
ordinary derivative, where a EE somewhat related to this is essential 
to the nature of the operation. 

Thıs definition requires obvious modification when £ = a or b and when 
elt) = Sılz) or d&(z). 

{In particular, we may take a’ = a and b’ = b. 


r 
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inequality 
(4) | F[eo(2) + 6:(2)] — Fl(go(x)] — tor | < goes . 





We mae, however, by taking a yariation 62, small enough, and 
about a point £, near enough to £o, and adding to it a variation 
63, small enough everywhere, yet different from zero at £o, 
obtain a variation 0, for which is satisfied the inequality 


| Reetz) + 65(x) + 63(2)] — Fipa]: 


(5) — t (oz + v3) | < I sn). 





For, since F is assumed to be continuous, the increment 63 
may be made so small as to affect the difference F[oo + 65] 
— Flo] by as little as we please. But from (4) and (5), by 
taking 01 = 65 + Ba, it follows that 


` It— (es + c3) | < plos + ol, 


which is a contradiction. Hence p = 0, and the theorem is 
proved. 

4. Let us now make the assumptions (a), (II), (UI). It 
follows at once that the derivative F'[o(x) | £] ts continuous in 
regard to v(x), if E is any fixed value in the interval ab. For 
we have 


Flo(e) | — Fle) + 6@)] — Flo] _ 


o 
and on account of, the condition of uniformity, 
| F'[ex(x) | £] — Setz | E | 
= | 1/0 Plet + 0(2)] — Flee) + 9621) | + 2n. 


Hence first fixing the e and A corresponding to 0(x) small 
enough so that 25 is less, say, than w/2, we can then take ps 
near enough to Pis the 0(z) being fixed, so that the other part 
of the expression is also less than Wi That is to say, by 
taking | ps(x) — ei(z)| small enough, we can make the left 
hand member of the inequality as small as we please. Hence 
F' has continuity of the zeroth order with respect to e, 
From this it follows that F’ is continuous uniformly with 
respect to o, if œ is restricted to any family of curves whose 
ordinates are uniformly continuous functions of a finite 
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number of parameters, over a perfect domain for those param- 
eters, or if p is restricted tó a family of curves closed in the 
sense that the limiting curves are uniform limits; but not that 
F” is continuous in ¢ uniformly with respect to all continuous 
functions ¢ in the given region, nor even that F’ is continuous 
in € uniformly for all continuous functions ¢ in the given region. 
If however we make the whole of assumption (III), it follows, as 
is easily verifiable, that F’ is continuous in E uniformly for all 
points £ and all continuous curves p in the region, and hence 
that F’ is continuous in E and e uniformly with respect to £ and 
p, provided. that p is restricted to a family of continuous func- 
tions, closed in the sense that the limiting functions are uniform 
lamats.* 

9. We can now prove, by means of the assumptions (a), 
(ID, (III), something analogous to Rolle’s theorem. 


THEOREM 2. Let Fle(z)] be a function for which (o), (II), 
OU? hold, and lei Flo] = Flo] = 0, where Q1 — Q? 18 a 
function which does not change sign in the interval ab, and is 
different from zero only in the interval a'b’. Then there is a 
function po, of the pencil determined by p; and ps, and a value 
Ela" = £o = D^), such that F’[eo(z) | Eo] = 0. 

In fact, if we write Flou + w(¢2 — eil as a function of w, 
F(w), it will be continuous in w, and for a certain value w = wo 
will attain its maximum or minimum. Let this value of w 
determine the function eo, and for the sake of definiteness, 
let us assume that F(w) — F(wo) is not positive if w is in the 
neighborhood of wo. For the sake of definiteness also, let us 
assume that the functional derivative of F is positive when 
Ech. Then it must be positive throughout the whole of 
the closed interval a/b', unless it vanishes at some point of 
that interval, since it is continuous in E Let us assume that 
it does not vanish. 

In order to show the falsity of this assumption, let us 
construct the functions 


Wo, dä) = 0 (a Sæ Stb $2 <b) 
(6) = (x — iex) — et) (( S v Ste) 
= e(ex(z) — ex): (t-- o £z zb 


/—————— A -——— "— ee ee 

* This is essentially what Volterra uses as ee (IV). See loc. 
cit., p. 99 and p. 101. His postulate (I) is that if ot) is any variation of 
e in h (not necessarily of one sign) in absolute value less than e then 
| AF/eh | < M, uniformly. 
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. and consider for what value of £, t = f, the difference 


Flec(z) + Ya, :(2)] — Fleo(x)] 


attains its upper limit, if w is kept constant. We know that 
there will be such a value, since F is a continuous function of 
t, and we see directly that we can find w’ small enough so that 
if o S w that value must be greater than a’. For if not, on 
account of the uniformity of the condition (III) and the 
resulting continuity of the derivative with regard to its func- 
tional argument, it would follow that we might take e and A 
about a’ so small that 


F[e(z) + 9(2)] — Fle(«)] > 0, 


where 0(z) is any variation in the interval A, everywhere in 
absolute value less than ep and e(z) is any one of the functions 
e(x) = pox) + Ye, (2). But this means that we could take 
w small enough so that we should have F[eod-o(e2— v1)| 
— F|eo] > 0, which would be contrary to hypothesis. 

Let us now take a series of values o, which approach zero 
as a limit. The corresponding series of values LG of ¢ has at 
least one limiting value, and any one of these limiting values, 
which may in particular be the point a’, we may take as our 
E This gives us our contradiction. For if F'[ec(z) | £0 
were not zero, we could, owing to the uniformity of the con- 
dition OTA, construct a function d. dai, with £ « tn, for 
which we should have 


Fle + wv... d 2 Fle + v... ul. 


Our theorem is therefore proved. 

6. The law of the mean is a consequence of this theorem 
in the same way ‘as in differential calculus it is a consequence 
of Rolle's theorem. 

Law or THE MeaAn.t Let Flo(2)] be a function for which (a), 
(II), (LIE) hold, and let o1 and os be two continuous functions t 2n, 
the given region, such that eu — pz does not change sign inthe 
interval ab, and is different from zero only in the interval ob, 


* If a =a, it is o d deu that g(a) — pı(a) and 6(a) need not 
: b, it is assumed that p) — pı(b) need 
not necessarily > 


+ This ge is due to Volterra (loc. cit., p. 103) who establishes it by 
means of formula (2), and thus as & consequence of the hypotheses (a) 
(D)- QV). 
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Then there is a function go of the pencil determined by pı and 
€», and a value £y (a^ S £y S b’) such that 


(7) Fleo(x)] — Fle:(2)] = Fleo(e) | Eol T { yo(x) — e1(2)] da. 


7. We may now proceed, by means of these theorems and 
the hypotheses (o), (II), (III), to establish the formula (2). 
Let us consider first a continuous function Y(x) which does 
not change sign in the interval ab, and form the function 
F(w) = Flego + wy]. We shall endeavor to calculate dF/dw 
for w = 0 

If we divide up the interval ab into parts 0,0,41, everyone 
of which is in magnitude less than 6, we can write 


n—l 


F[eo + wf] — Fle] = 2 Fleo + Yo, al — Fleo + Wo, aul 
+ Fleo + ey] — Foot ova, al, 


where ga = a and a, = b. But this is the same as the ex- 
pression 


n—1 


SE Fl po + Von a4 T Ya, a,” Von an) | E, 
xf (Vs, a, Vo, 25:208 SE Floo +o] Ex Floo ae Ve, al 


where | y,| < 1 and a; < £, S Gi, We may for our pur- 
poses take all the intervals equal, and also ô= kw where k 
is any fixed number greater than 2. If then we take the limit 
of {Figo + ey] — Flool}/w as w approaches zero, we verify 
from the uniformity of assumption (III) and the results of 
§ 4 that dF/dw exists for w = 0, and is given by the formula 


dF 
8) (E) = f Pro oa. 
Hence it follows that 
© (dF 
® (FS) -freo-ecowos. 


8. Consider now the general case where datz is an arbitrary 
continuous function. We can write it asy(x) = ya(a) Letz, 
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where 


Ya) = ${¥(z) + |) |}, 
ylz) = Sid — | v(x) |}, 


functions which do not change sign. Moreover if we consider 
the function Fl go + «jai + ay] we have the formulas 


oF 
i TA [ri + eni + woe | Ei (Ode, 


z f Plan + exa + ens | Edad 


On account of the uniform continüity of F’ over £ and the two- . 
parameter family of curves defined by wı and ws, it follows that 
OF /dw; and ðF/ðw, are continuous functions of w; and ws. 
Hence if we put ou = we = w, we find that dF/dw exists and 


is given by ` 
AOR 
do \daı Jo due J osca 


which reduces to the form (9), since yı + V» = y. Forw = 0, 
equation (9) reduces to equation (8), which holds for any 
continuous function y(x), and is equivalent to (2). 

From (9) we obtain (with Volterra) another law of the mean 
an the form 


(10) F[e(z) + ¥(2)] — Fle] = f F'[e(z) + oa) | £j ()d£, 
where 0 « 0 «. 1. 


IL Oraer Metsops or Depucine Fonwura (2). 


9. We may obtain the formula (8) and hence the formula (2) 
from more general points of view. One point of view, which 
we shall consider; is closely related to the ideas which have 
just been developed; a second is a modification of the pro- 
cedure of Fréchet. | 

For simplicity let us replace (o) by a new hypothesis (o^), 
the difference being that F is defined not only for all con- 
tinuous functions in the given domain, but also for all functions 
in the given domain which have merely & finite number of 
discontinuities.* , 

* It is sufficient for what Se if we admit merely EE of 
the first kind, so called (Lebesgue). 
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Let y(x) be a continuous function, of one sign, and construct 
the functions ,W,(x) defined as follows: 

Walt) —0 @QSa<a, p< Sb) 

= y) (œ S x S B). 


Let us consider besides (o^, the following postulates (8), 
Mm: 


(8) lim A exists (o Sa! sb’ S b), 


w=0, a—a', B —b' 


AF = Fle(z) + ea (2)] — Fle@)] 


B 
c= o f ag (x)da. 
This limit will depend on (x), (x), a’ and 6’; let us call it 
G[e(z), W(x) | a’, Al 
Di Glo(z), diai | a’, b'] is continuous in e(a). 
10. If (a^) and (B) are satisfied, we can verify directly that 


- when a’ and b’ are equal, the function G is independent of 
y(x), and we can therefore write 


Gle(e), drai | a’, a'] = G[e(z) | a’). 
If F happens to have a functional derivative F’, then 
(11) Gle(a) | a] = Fle@) | a. 


If (o^) and (f) are satisfied, we see also that if we let |a—a’ |, 
|b’ — 8 | approach zero with w as functions of w, then 


(A stet deel — Get, 60 la 01 [verde 
if a’ + b’, and 


where 


= 0 
‘if a’ = bV. 


11. If (a^, (B), (y) are satisfied, we can deduce, by making 
use of partial derivatives as in $ 8, that 


Gto), drai, Ai nde + Clea), $a) | ^ o 


(13) 
x f vods = Get, We) | a^ ei n dree, 
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And from this and the definition of G[o(z) | a/] it follows that 
G|o(z), Vn) | a’, b’| is a continuous function of its two argu- 
ments a’, b’ in the region a Sa’ < b’ € b, and is hence uni- 
formly continuous with respect to them. But these properties 
lead us to a formula equivalent to (8). For we have 


d 
(Zr [o + ol) = G[e(z), V) | a, b] f V (x)dz, 


and if we split the right-hand member into n parts, according 
to (13), and take the limit as n becomes infinite, remembering 
that G is uniformly continuous in a’, b’, we obtain the result 


a) (Ereto) =f ged Eva 


where die) is any continuous function which does not change 
sign. This again is generalized to hold for any continuous 
function y(x), by the method of § 8.* Therefore, formula (14), 
where W(x) is any function continuous a € x Sb, is a con- 
sequence of postulates (o^), (8), Y)-T 

12. It is now evident what sort of restriction is sufficient 
in order that formula (1) may reduce to (2). In fact we can 
deduce (14) from (o^) and the two following hypotheses: 

(8'" Let y(x) be any limited function, continuous except 
for a finite number of discontinuities (of the first kind); then 
we assume that 


a0 


(Fle + Jl) 


exists and is distributive with respect to y, i. e.,— 
d d 
(rie + wi va) ) E (+. Fe + ex] ) 
d 
+ (Fle + ol) 


was ` 


* If in the definition of G[e(z), v(z) | a’, b’] we do not allow o to change 
sign as it approaches zero, we are led to two functions ee) | £] and 
G_[e(z) | £], whence, instead of (14) for the general y, we have 


(147) (i Fe + ol) = ST de CHIC + leE) 1) 
+ G-le(z) | &(v(£ — 1 vd | ide. 


LI p(z) = d(x), ¥(z) cannot be negative; if p(z) = 4(z), ¥(z) cannot 
be positive. 
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(y The function G[e(z)|£| defined in (8) exists for 
a S ESb. ! 


The postulate (6’) is substantially the hypothesis used by 
Fréchet with (o) in defining the existence of a differential.* 


Moreover if we restrict ourselves to a function W(x) of one - 
sign, we see that the function 


lol), drei le, D] = lim EELE gll Zell 
= o) f V (z)da 


exists, provided that a’ + 0’, and from (6^) we see that the 
relation (13) holds with G' for G. And if we define 


Ge), ve) | a^a] = Gleis), a], 


it follows as in (11) that G' is uniformly continuous in a’ and 
b' in the region a Sa’ Sb’ <b. Hence we obtain again 
formula (14) for a function y of one sign, and, finally, for any 
function y if y is limited and has merely a finite number of 
discontinuities (of the first kind). 

18. The advantage of the last set of assumptions (o^), 
(8), (y) is that they do not demand the continuity of 
G[e(z)|£|, or F'[e(x)|£] if it exists, with respect to the 
functional argument (x). If for a given v(x), we suppose 
that G[e(z) | £] does not exist for certain special values of £, 
we have the case that F depends in a special manner on e(z) 
for those values of x.t The case where A[y(z) | £] in (3) is 
discontinuous comes under this specification. The property 
of possessing a functional derivative in general, however, 
seems to depend on fundamental properties of continuity 
with respect to aggregates of functions, the study of which is 
thereby rendered specially inviting. 

Tae Ricu Instrrvurs, 
. February, 1915. 


ai e a a a a a a eye 
* M. Fréchet, loc. cit., p. 141. In order to guy the substitution of a 
postulate akin to (a^) rather than (a) see F. Riesz, “Les opérations fonc- 
tionelles linéaires," Annales acients de l'Ecole. Normale Supérteure 
vol. 31 (1914), p. 2, who shows that a linear relation such as that expr 
in the conception of differential can always be extended by definition to 
apply to certain classes of discontinuous arguments. 
t V. Volterra, loc. cit., p. 144. 
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NON-EUCLIDEAN GEOMETRY. 


The Elements of Non-Euclidean. Geometry. By D. M. Y. 
SOMMERVILLE. London, G. Bell and Sons, 1914. 16mo. 
xvi+274 pp. 

Frew recent writers upon non-euclidean geometry have 
approached their task with better chances of success than 
attended Dr. Sommerville in the preparation of the present 
volume. Anyone who has seen his scholarly and painstaking 
“ Bibliography of Non-Euclidean Geometry "* will realize 
that in so far as & knowledge of what others have written 
upon a subject is a desirable qualification, the present author 
was most fortunately placed. Furthermore he is the happy 
possessor of an excellent literary style. A book written by 
such a writer should be interesting and stimulating; the 
‘present book has both of these characteristics. The choice 
of material is admirable, and the narrative continually illu- 
mined by historical notes. 

When the fairies were invited to the christening of the Sleep- 
ing Beauty one of the sisterhood was unfortunately over- 
looked, and her absence caused all the trouble that came 
afterwards. So here, one thing is lacking, singleness of aim. 
Says the author (page vii): 

“Tt is hoped that the book will prove useful to the scholar- 
ship candidate in our secondary schools who wishes to widen 
his geometrical horizon, to the honours student at our uni- 
versities who chooses geometry as his special subject, and to 
the teacher of geometry in general who desires to see how 
far strict logical rigour is made compatible with a treatment 
of the subject matter capable of comprehension by school- 
boys." ^ 

Does not this programme spell “ failure” from the start? 
Complete rigor and a treatment comprehensible by schoolboys, 
even by Scotch ones, who indubitably work harder and know 
more than Americans of like age, are so far incompatible that 
it is quite useless to make the attempt. The needs of the 
schoolboy and of the candidate for honors are so different 
that a book intended for both will suit neither. In the 
present work if we confine ourselves to the first four chapters, 


* London, Harrison, 1911. Reviewed in the BurnrETIN, vol. 18, 
Feb., 1912. 
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which the author declares (page vi) constitute the rudiments 
of the subject, and omit all material in fine print, we still find 
‚such topics as the exponential function with a complex argu- 
ment, hyperbolic functions, imaginary points and lines, the 
differential equation 


da a 
Eck | j 
‘the bizarre integral 
: | sing dado, 


the plane at infinity, and the desmic configuration. We have 
yet to find any actual schoolboy who was able to make very 
much of such expressions. But if we consider the book from 
the point of view of the “ honours student "7 we observe that 
he wil find & romantie optimism in many statements and 
proofs altogether at variance with what he is learning in his 
analysis and his algebra. The author's disclaimer (page vi) 
of any attempt to make the book rigorously logical with a 
detailed examination of all assumptions is no sufficient excuse. 

‘These are surely serious charges to bring against any author, 
especially against one so well equipped as is Dr. Sommerville. 
Let us try to sustain them in detail, without losing sight of 
the various attractive features which the book surely possesses. 

The first chapter is purely historical and deals with the 
landmarks in the history of non-euclidean geometry, much as 
they are described in a score of books. Historical or not, the 
author is true to his British didactic instinct and closes this 
chapter, like all the others, with a number of examples for 
the student to work out. Surely the British text-book 
writers lead the world in this respect. Says Cremona in the 
-preface to the English edition of his Geometria proiettiva:* 

“ Unless I am mistaken the preference given to my Elements 
over the many treatises on modern geometry published on the 
continent is to be attributed to the circumstance that in it I 
have striven, to the best of my ability, to imitate the English 
models. . . . I aimed therefore at simplicity and clearness of 
expression, and I was careful to supply an abundance of ex- 
amples of a kind suitable to encourage the beginner." 

If previous writers of text-books on non-euclidean geometry 
have omitted such examples, was it from conviction or laziness? 


* Second edition, Oxford, 1893, p. xiii. 
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In Chapter II we begin the systematic treatment of the 
hyperbolie plane. "The writer says little about axioms, except 
to give Hilbert’s classification into axioms of connection, order, 
congruence, continuity, and parallelism. It is by no means 
easy to say how the author wants us to treat these axioms. 
The inference 1s that we are to accept all save the last, for we 
read (page 27): “ We shall assume as deductions from them 
the theorems relating to the comparison and addition of seg- 
ments and angles," and two pages later we have Pasch's axiom 
that a line which meets a side of a triangle and a second side 
produced meets the third side. But this axiom depends for 
its statement upon the axioms of order, i. e., the axioms of an 
open order. Yet if we accept an open order at the outset why 
trouble ourselves at all about the elliptic plane where a straight 
line has & closed order and where Pasch's axiom may not be 
true? The fact is that the whole axiom question is beset with 
difficulties. If a writer who has not had the needful special 
training undertake to make up his own set of axioms, he is 
likely to make & botch of it; if he accept uncritically a set 
which some one else has developed, he 1s in grave danger of 
running into contradictions. 

^ Revenons à nos moutons." The first dozen pages of 
Chapter II go to a discussion of parallel lines in the hyperbolie 
plane and give the important theorems in good form. All is 
clear and well defined. ‘The first break occurs on page 39 
where we read: 

“Two parallel lines can therefore be regarded as meeting at 
infinity, and further the angle of intersection must be considered 
as being equal to zero." 

We find further on (page 46): 

“We shall extend the class of points by including a class of 
fictitious points called points at infinity. These points func- 
tion in exactly the same way as ordinary, or, as we shall say, ` 
actual points. . . . On every line there are two points at 
infinity." 

Our comment on these statements 1s as follows: We only 
know two ways of extending the class of points to include new 
members. We may define the new points by means of already 
recognized figures, as for instance, we might define a “ point 
at infinity " as the totality of lines parallel to a given line and 
to one another, ‘or, secondly, we might define a '' point at 
infinity " by a set of postulates as 

There exists a class of P.I.’s. 
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Each line contains two P.I.s. 
Each point and each P.I. determine a line. 
Every two P.I/s determine a line. 

Starting with either of these methods we may go on to 
define lines and planes at infinity, and then similarly ultra- 
infinite points, lines and planes. Either plan is permissible, 
neither is entirely simple. But when our present author tells 
us (page 48) that a bundle of lines perpendicular to a plane 
have an ideal vertex, and further that “ideal points thus 
introduced behave exactly like actual points" we are left 
wondering. They surely do if we confine ourselves to pro- 
jective properties, but if, perchance, we seek the distance 
from an actual to an ideal point we are in very serious difficulty. 

There are two other points to be noticed while we are upon 
these thorny pages of the book. We read (page 41): 

*'l'hus the distance between the two given lines AB’ and 
LX first diminishes and then tends to infinity. It must there- 
fore have a minimum value." ‘This is, of course, a pure as- 
sumption and should either be proved, or made explicitly. 
Then we read in the note to page 46: 

“The definition of a conic which we shall use is ‘a plane 
. eurve which is cut by any straight line in its plane in two 
points.’ For the explanation of the case of ‘imaginary inter- 
sections’ see Chapter III, $ 5." 

Here, if we overlook the removable objection that a tangent 
meets a conic in but one point, we still wonder what is the 
author's definition of a curve. If he mean an analytic curve, 
the definition for a conie is entirely proper. For if we take 
the origin upon such a curve and the axes parallel to the 
asymptotes, the abscissa and ordinate of every other point 
wil be analytic functions of the slope of the line from the 
point to the origin, and these functions are single valued, and 
have single valued inverses. Hence we may express the curve 
in the form 

al 4- b a'l + b! y ' 
sarp Mr, E 
cl 4- d cl+d x 
and we have the usual conic of commerce. But in the present 
book there is, up to the present point, no machinery for an 
exact statement of this sort and as for the method of intro- 
ducing imaginaries, well, we shall deal with that presently. 
The last part of the chapter goes to the development of 
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trigonometry following the classical methods of Lobachevsky 
which depend upon the parallel angle. Here everything is 
elementary, though at times a bit involved. Moreover, it is 
stated upon page 58 that the solution of 


Fe + y) = fii) 


must be f(x) = e, This is true if, and only if, the restriction 
be imposed that f(x) shall be a continuous function not = 0.* 
Our author can not have been ignorant of the necessity for 
this restriction, since on page 114 in discussing the correspond- 
ing equation for cosx he mentions the requirement of con- 
ünuity. Query, how many schoolboys will understand what & 
functional equation means anyway? The chapter ends with 
an Ingenious discussion of the relation between the defect of a 
triangle and its area. 

Chapter III is given to elliptic geometry. This must be 
worked out “ab initio” since the methods of hyperbolic 
geometry, based on the parallel angle, are inapplicable. A 
curious omission occurs (page 89) where the author recognizes 
that if & straight line be & closed curve, two coplanar lines 
might intersect once or twice, but fails to show that they might 
not have more than two intersections. As a matter of fact 
the proof is a bit delicate. He rightly appreciates that the 
most attractive feature of elliptic geometry is the perfect 
duality between point and plane, angle and distance. To 
bring this out he needs projective geometry, and since he 
deems it unwise to assume & knowledge of the latter on the 
part of his readers he gives a short introductory account of 
the subject on pages 93-98. This is no easy task. The idea 
of a cross ratio is fundamental in projective geometry, but the 
elementary definition in terms of the ratios of certain segments 
is invalid in non-euclidean space, while (wrongly, as we be- 
lieve) he considers that a definition based upon successive 
quadrangle and quadrilateral constructions is too difficult or 
abstract. He therefore adopts the following unhappy ex- 
pedient. We read (page 94): 

“ Jf two ranges of points are made to correspond in such a 
way that to every point P on one range corresponds uniquely 
& point P' on the other and vice versa, the ranges are said to 

* Conf. Wilson, “Note on the function satisfying $(u)9(v) = TS Tov" 
Annals of Mathematics, series 2, vol. 1, 1899, and Darboux, “Sur le 


théorème fondamental de la géométrie projectiv e, ? Math. Annalen, vol. 17 
(1880). 
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be homographic," and on page 95: “ It can be proved that two 
homographic ranges can always be connected by a finite number 
of projections and intersections." This familiar statement 
has always reminded us of the sea-serpent. It is based upon 
an ilusion, but is of venerable antiquity, is believed in by 
many, and is indestructible. Yet there is no difficulty in 
showing its falsity. Let us ask the writer in what domain 
we are supposed to be. If the answer be the real domain, 
since nothing yet has been said about imaginaries, we ask him 
how many projections and intersections are necessary to 
&ccomplish the transformation 


Me. 
If, however, we are in the complex domain, we have the 
classical example ) 
v = zg, 


1. e., each point of a line corresponds toits conjugate imaginary. 
Of course the statement is true if the domain be complex, and 
the transformation analytic, but these are just the restrictions 
which are usually overlooked. 

The imaginary first appears explicitly on page 97 where we 
read, in discussing involutions: “ If two real self-corresponding 
points do not exist we introduce by definition conjugate pairs 
of ‘imaginary’ points, much in the same way that ideal 
points were introduced in hyperbolic geometry." With this 
epigrammatic statement the author leaves the matter; he now 
feels just as free to use Imaginary points as real ones. , 

It is fair to say that this happy solution of the imaginary 
difficulty is not new. The principle, so far as we understand 
it, is this. If by a continuous change we can make two real 
points coalesce and then disappear we are free to say that 
they have been replaced by two imaginary points, and repel 
with scorn all inquiries as to the nature of these latter. Let us 
make a careful drawing of the curve. 


(+ P+ 1g — gi + «= 0, 
where e is microscopic. This curve will lie extremely near to 
y = £. 


Some lines will meet our curve in three real-points, others in 
only one. Shall we, therefore, say that the latter meet the 


f 
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curve in one real and two imaginary points? If our pupils be 
too young to comprehend the truth in these matters, let us, 
at least, tell them nothing else. 

A slight slip of a different sort occurs on page 99, where we 
read “Similarly, in three dimensions a polar system deter- 
mines a surface of the second degree, or quadric surface." 
The author has clearly forgotten the null system. The re- 
mainder of the chapter is devoted to paratactic lines, Clifford 
surfaces, and trigonometric relations. The subject is inter- 
esting and the treatment good, although we find on page 111 
the erroneous statement “all the common tranversals of two 
right paratactic lines are left paratactic lines." 

The fourth chapter is given to analytic geometry. A point 
in the plane is determined by its Weierstrass coordinates, 
namely 


. T . T e T 
2=k sin z cos 0, y= k sin sin 0 z= COST» 


where r is the distance from the origin, 0 is the angle between 
the radius vector and the positive half of the X axis, and k 
the space constant. The subject matter is beset with fewer 
pitfalls than that which preceded, and the handling is satis- 
factory. The chapter closes with the account of two con- 
figurations, the triangle configuration of Desargues and the 
desmic tetrahedron configuration of Stéphanos. 

A distinct change comes over the book with Chapter y. 
This excellent chapter is given to various representations of 
non-euclidean space in euclidean space. Three such rep- 
resentations are discussed. First we have the projective 
representation, and Cayley's projective metric; secondly the 
geodesic 'representation wbere the non-euclidean plane is 
developed on & euclidean surface of constant curvature, and 
lastly the conformal representation where non-euclidean lines 
appear as euclidean circles orthogonal to a fixed circle. Our 
only criticism is the mild wish that the chapter had been a 
little longer, and that the author had pointed out more clearly 
that in some cases we are able only to develop & part of our 
space. 

Our author has next the curious 1dea of interpolating an- 
other philosophical chapter, to bring the history of non- 
euclidean geometry to date, and to discuss an interesting 
philosophical question. These are rather deep subjects to be 
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disposed of in a twenty page chapter, and the treatment of the 
modern abstract view of geometry is scant. The particular 
philosophical question is this: is our space of experience 
euclidean or non-euclidean? The author asks (page 203): 

(1) Can the question of the true geometry be settled a 
posterior! or experimentally? 

(2) Can it be decided on philosophical grounds? 

(3) Is it, after all, a proper question to ask, one to which an 
answer can be expected? - 

Taking these up in turn he first shows that if the space 
constant be not infinite, it is so large that we shall never make 
any serious error in assuming that our space is euclidean. The 
‚second question is easily disposed of: no one believes nowadays 
that we can settle the question of parallels a priori. The third 
idea, that the question is improper, and that we can no more 
say that the parallel axiom is true or false, than that the metric 
system is true or false has the great authority of Poincaré, 
and we believe that Dr. Sommerville inclines to a like opinion. 
He puts the- case as follows (page 209): 

“ A further point—and this is the ‘ vicious circle’ of which 
we spoke above—arises in connection with the astronomical 
attempts to determine the nature of space. These experi- 
ments are based upon the received laws of astronomy and 
optics, which are themselves based upon the euclidean as- 
sumption. It might well happen then, that a discrepancy 
observed in the sum of the angles of a triangle could admit 
of an explanation by some modification of these laws, or that 
even the absence of any such discrepancy might still be com- 
patible with the assumptions of non-euclidean geometry." 

This i3 rather a fascinating idea. It is evident, for instance, 
that if light were not propagated along straight lines, it would 
be hard to determine the parallel question astronomically. 
However, leaving aside the minor doubt as to just how far 
our science of physical opties is dependent upon the parallel 
postulate, the root of the difficulty seems to us that the argu- 
ment is a little too strong. Could we not render all scientific 
deduction impossible by similar considerations? If we make 
any experiment whatever, the results can be interpreted in a 
transfinite number of ways and the best that we can hope for 
is to find what conclusions are compatible with various ac- 
cepted hypotheses. Let us take a simple' question. Are 
there any mountains on the other side of the moon? At 
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present it seems hard to find a crucial experiment to settle the 
matter. Suppose, however, that in the course of centuries 
we set up some sort of wireless telegraphy with those eminent 
engineers who superintend the construction of canals on Mars, 
and put the question to them. We may well imagine their 
replying “ We do indeed observe there markings which are in 
every way similar to those markings on the earth to which you 
give the name of Himalayas.” What conclusion should we 
then draw? It might be that the laws of optics for the Mar- 
tians were different from our own, it might be that whereas 
rays of light reflected from the earth travelled in straight 
lines those reflected from the other side of the moon pursued 
spirals. Endless other conjectures are possible. The obvious 
conclusion is, however, that there are such mountains, and 
that no vicious circle was involved in asking the question. 

The seventh chapter is devoted to circles, and in fact, the 
amount of attention paid to circles and circle transformations 
is a distinguishing characteristic of the book. The treatment 
is greatly clarified by the use of a transformation first given 
analytically by Hausdorf* and later synthetically by Lieb- 
mann.t Confining our attention to the real and actual 
domain of the hyperbolic plane, we take a ground plane F. 
Then if E be any other actual plane, its intersection with the 
absolute quadric wil be orthogonally projected upon F into 
a circle, if we include under this head not only circles with 
actual centers, but horocycles and equidistant curves. Con- 
versely, every such curve can be reached in this way. This 
being shown, our author says (page 230): 

“ Hence there is a (1, 1) correspondence between the circles 
in & plane and the planes in space." ` 

* Ahimé! ” before saying this why did he not try to run his 
machine backwards? Had he done so, instead of taking 
Liebmann's dictum, he would have perceived that two planes 
which lie symmetrically with regard to F give the same circle 
therein, so that the correspondence is not (1, 1) but (1, 2): 
Hausdorf, proceeding analytically, points this out with caref 
and subsequently changes it to a (1, 1) correspondence by 
covering the plane over with two different layers of points. 


a — — ———— I —À — m o —— — = 


*'tAng]ytische Beitrage zur nicht-euklidische Geometrie," Leipziger 
Berichte, vol. 51 (1899). 

+ “Synthetische Ableitung der Kreisverwandtschaften, etc.," ıbid., vol. 
54 (1902). 

t Loc. cit., p. 177. 
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It is curious that this mistake was not brought to our author's 
notice by the following inconsistency. He points out (page 
218) that two circles may intersect in four (real) points, the 
resulting angles being equal in pairs, but warns us at the top 
of the next page that the four angles are not, in general, equal. 
We then reach this interesting theorem (page 231): 

The angle between two planes 1s equal to the angle of inter- 
section of their marginal images. 

The marginal image of a plane is the circle which corresponds 
in the present scheme. Of course the correct theorem is this: 

Given two circles in F, the one represented by the planes EEs, 
the other by GiGs. Two angles of these circles will be equal to 
the angle of the planes EG: (or EsGs), the other two will be equal 
to the angle of the planes E1Gs (or EG). 

Chapter VIII discusses cireular transformations both 
geometrically and analytically. Part of the analytic work 
seems & bit messy; the geometrical treatment is ingenious, 
especially the proofs of the theorems that every circular 
transformation of the non-euclidean plane is conformal, that 
it can be factored into the product of a congruent transforma- 
tion and an inversion or radiation, and that every circular 
transformation of the plane corresponds to & congruent trans- 
formation of space. "These are valuable theorems which we 
are glad to see in such a work. "Unfortunately we must note 
one more oversight, analogous to those which marred the 
chapter preceding, and common to most writers upon this 
subject.* 

Let us take what our author calls (page 241) a hyperbolic 
inversion. Here corresponding points P and P’ are collinear 
‘with the center of inversion O, the product of the hyperbolic 
tangents of the halves of their distances from O is constant, 
and they are on the same side of O. The analogy to euclidean 
inversion seems complete, for here we may define inverse 
points as being collinear with O, the product of their distances 
therefrom is cönstant, and they are on the same side of O. 
There is, however, an important distinction. The require- 
ment that the two points should be on the same side of O is not 

. * We make an exception in favor of a really careful article by Bec 
“Ein Seitenstück zur Mobiusschen Theorie der Kreisverwandschaften,’ 
Transachons Amer. Math. Soc., vol. 11 (1910). Apparently Dr. Sommer- 
ville was not familiar with this article, at any rate there is no mention of 
it in his bibliography. Beck’s circles are oriented,'and treated as the 


envelops of oriented straight lines. His paper might equally well have 
been called a Seitenstuck to Laguerre’s ^ Qéométrio de direction." 
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an analytic requirement. In the euclidean plane it is un- 
essential, for we may also define inverse points as being col- 
linear with O and conjugate with respect to the circle of in- 
version. In the non-euclidean plane we have not this refuge, 
and, analytically speaking, a point in general position has two 
inverses. We bring out this important fact as follows. 

We may map the upper half of the euclidean plane (y> O0) 
upon the actual domain of the hyperbolic plane in such a way 
that the correspondence is one to one, conformal, and carries 
circles to circles; i. e., a circle in the hyperbolic plane will cor- 
respond either to a circle in the euclidean plane, or to a part of 
such circle and the reflection of the rest in the a axis. Let P 
. be a point of the upper euclidean half-plane and c; any circle 
entirely in that half-plane. Let P’ and ed be the correspond- 
ing point and circle of the hyperbolic plane. Then the 
inverses of P’ in e will be the points which correspond to the 
inverse of P in cı and that which corresponds to the reflection 
in the x axis of the inverse of P in the reflection of ej. We may 
go & step further in this direction, and announce & theorem 
which is, perhaps, new. 

The only analytic circular transformations of the non-euchdean 
plane which are single valued are congruent transformations. 

Tt is ridiculously easy to prove this analytically, but perhaps 
it wil be more sportsmanlike to follow the methods of the 
book before us. Since our transformation carries a point to a 
point, a circle to a circle, and the points of a circle to points of 
a circle for our plane F, it is (page 237) a conformal transfor- 
mation. Hence a circle orthogonal to itself will go into 
another such, i. e., a null circle into a null circle. In space we 
have a transformation of plane to plane, which carries a plane 
tangent to the absolute into another such plane, in fact a 
congruent transformation of space (page 238). Since the 
transformation of F is to be one-to-one, two planes tangent to 
the absolute which correspond to the same null circle in F, 
i. e., two planes tangent to the absolute whose common line 
is in F, will correspond to two other such planes. Here a 
line in F is carried into a line in F, 1. e., our congruent trans- 
formation carries F into itself. | 

The concluding chapter goes to a classification of non- 
degenerate conics under the non-euclidean congruent group. 
The subject matter is not particularly novel, and the treat- 
ment calls for no special comment. 
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If we were to pass a final judgment upon the book before 
us it would be this: It js in some respects an improvement 
upon its predecessors; it is by no means the best book that the 
present author could have written. 


J. L. Coonumct. 


CAMBRIDGE, Mass., 
December, 1914. 


MINKOWSKI'S WORKS. 


Gesammelte Abhandlungen von Hermann Minkowski. Heraus- 
gegeben von D. HirsERT. Leipzig, B. G. Teubner, 1911. 
Band 1, xxxi+ 371 pp. Band 2, iv+465 pp. Two 
portraits. 


MINEOWSKI'S work divides itself naturally, and his collected 
works are divided, into four parts: Theory of quadratic forms, 
242 pages, Geometry of numbers, 230 pages, Geometry, 180 
pages, Physics, 163 pages. In addition to this the volumes 
before us contain the author’s address on Dirichlet, 15 pages, 
and Hilbert's commemorative address on Minkowski, 27 pages. 
This heartful and touching tribute of a life-long friend and 
fellow-worker is in reality also a critical review of Minkowski's 
great achievements in mathematical science, and it may be 
that the best thing for us to do in reviewing these volumes 
would be to follow the example of the reviewer in another 
Bulletin* and translate the chief portions of that address. 
The availability of the address in the original, where it should 
be read as a whole, and, in abstracts, in French makes repeti- 
tion here seem really unnecessary. 

We are accustomed to precocious exhibitions of genius in 
mathematicians, and we often cite the case of Galois, who died 
in his twenty-first year after accomplishing work of which the 
fundamental importance was not and perhaps could not be 
appreciated until a much later date. Minkowski in his eigh- 
teenth year submitted to the Paris Academy a memoir on 
quadratic forms with integral coefficients which fills 142 pages 
of his collected works and which received the Grand Prix des 
Sciences mathématiques. Measured in pages, one-sixth of 
Minkowski’s work was written before he was 18. His work 
of the next ten years deals almost exclusively with quadratic 
forms. 


* Bull. Sci. Malh , France, vol. 36 (1912), p. 73. 
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In the early nineties, when about twenty-eight years old, 
Minkowski is found opening up his great work on the geometry 
of numbers, which may be said to occupy about a decade of 
his life. His book, Geometrie der Zahlen, of which the first 
part appeared in 1896 in the midst of this decade, was never 
finished. (The short second part published by Hilbert after 
the author's death was really merely the conclusion of the 
fifth section of the first part.) Itisto the geometry of numbers 
with its fundamental concept of convex bodies that we may 
probably attribute the greatest brilliancy of Minkowski’s 
brilliant career; and to it, also, we may look for his most 
permanent impressions upon mathematical thought. His 
work on geometry is a natural corollary of that on the geometry 
of numbers, and the major part of it in his collected works is 
the hundred page memoir, previously unpublished, on the, 
theory of convex bodies and in particular on the foundation 
of the surface-concept as applied to them. 

At the close of his life, Minkowski was working on physics. 
He had printed in the Encyclopedia the article on Capillarity, 
which is a model of exposition. He had printed his memoir on 
electromagnetie phenomena in moving bodies, had delivered 
his address at Cologne on Raum und Zeit, and was preparing 
& contribution on the deduction of the electromagnetic 
equations for moving bodies from the point of view of electron 
theory. This last contribution prepared by M. Born, more 
from his reminiscences of conversations with the author than 
from Minkowski's unintelligible notes, is included in the 
collected works. 

Just how much praise the future will attribute to this 
work on electrodynamics we cannot estimate. The post- 
humous contribution seems to have had little influence; the 
preceding memoir is written in a somewhat clumsy notation, 
appears at times to be translating rather blindly known results 
into a new notation, and contains some errors.* But the . 
Cologne address is a gem. In it is formulated with satis- 
factory simplicity the proposition that the laws of physies 
are fundamentally relations between certain vectors or other 
geometric elements (affected by coefficients) attached to four- 
dimensional loci and that the laws which we observe are rela- 
tions between the projections of those vectors or other ele- 


* Wilson and Lewis, “ Relativity," Proc. Amer. Acad., vol. 48, p. 495 
(1912). ; 
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ments on our space-time system of reference. This idea was 
at the basis of the work in the memoir on electromagnetic 
phenomena, but needed the address to emancipate it. 

There is one point in Minkowski's work which is of negligible 
importance for that work but which has attracted such com- 
ment that it is worth discussing for itself. When introducing 
his matrical calculations, the author appends a footnote:* 
* Mann kónnte auch daran denken, statt des Cayleyschen 
Matrizenkalküls den Hamiltonschen Quaternionenkalkül her- 
anzuziehen, doch erscheint mir der letztere für unsere Zwecke 
als zu eng und schwerfaülhg." t =, 

Silberstein in published papers and in his book on relativity 
has shown conclusively that the analytical work on relativity 
can be carried out with extreme simplicity of notation by the 
use of quaternions. The most casual comparison of Silber- 
stein's analysis with that of Minkowski will reveal very 
strikingly the neat quaternion and the clumsy matrix. The 
possibility of using quaternions lies in the fact that the 
Lorentz group is a group of rotations (Imaginary or non- 
euclidean) in the four-dimensional manifold of z, y, z, t, and : 
that, as Cayley showed, quaternions may be used to determine 
four-dimensional rotations by the formulas og = QqQ, T?Q = 1, 
where g denotes position. 

The question, however, remains whether quaternions, 
though neat, are really appropriate. ‘That they are not is 
indicated by Silberstein’s admission that he had tried a whole 
year in vain a great variety of quaternion operations for 
‘relativistic purposes before discovering Cayley’s proposition.] 
But there is a more fundamental reason: A four-dimensional 
vector is not a quaternion. A four-dimensional vector be- 
comes a quaternion only after the choice of a second (reference) 
vector which is the scalar axis. ‘Thus in four-dimensional 
analysis, just as in three dimensions, a quaternion involves 
two vectors, though in a very different way. The use of 
quaternions in geometric analysis in four dimensions involves, 
therefore, an extraneous element, just as the use of cartesian 
coordinates in geometric analysis in a plane involves elements 
extraneous to the geometric problem. 


* Vol. 2, p. 375. 
+L. Silberstein, Relativity, viii+295 pp., Macmillan, 1914, states on 
page 150: “ Minkowski himself despised ton’s calculus of quaternions 


as ' too narrow and clumsy for the purpose’ in question." 
t Phil. Mag., May, 1912, p. 790. 
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When using quaternions we have to be very careful to dis- 
tinguish results which are intrinsically geometric from results 
which are relative to the direction of reals. This may be 
illustrated from the theory of complex numbers. The trans- 
formation z' = az + b, where a, b, z, 2’ are vectors in a plane 
(which become complex numbers after the choice of a real 
axis), is a transformation of similitude, no matter what direc- 
tion be chosen as the axis of reals, but the transformation is 
not independent of that choice. 

In relativity the time axis is accidental to a particular 
observer or group of observers and should be chosen after the 
fundamental work is done, not before. 'The analysis which 
is really appropriate to the theory of relativity as conceived 
by Minkowski is Grassmann's. Even a vector analysis 
(such as that used by Lewis and me,loc. cit.) assumes an 
origin, which is theoretically "de trop," though practically 
not much in the way. Is it not unfortunate that Minkowski 
should have followed the English Cayley, referred to the Scot- 
Irish Hamilton, and ignored the German Grassmann? Should 
not some Geheimer Regierungsrat among his colleagues have 
given him secret directions to avoid such an unpatriotic 
scientific mésalliance? 

E. B. Wirsow. 


SHORTER NOTICES. 


Histoire des Mathématiques. Par Cu. Brocue. Paris, Belin 
Frères, 1914. vi+93 pp. Price, 1 fr. 75 c. 


Ir is one of the strange anomalies in the making of books 
that France, where the best work in the history of mathe- 
matics was done in the eighteenth and early nineteenth 
centuries, should have done so little in this line in recent years. 
Montucla, who wrote the first interesting general history of 
the subject; Delambre and De la Lande who were his worthy 
successors; Bossut, whose style maintained well the earlier 
traditions; Libri, writing in France although Italian by birth, 
and writing with the style of & novelist; Chasles, putting more 
mathematics into his work than his predecessors,—all these 
men contributed véry notably to the appreciation of the 
historical development of the science, and set & high standard 
of style if not always of scholarship. But of late France has 
produced no general histories of mathematics worthy the name. 
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To be sure Paul Tannery was a remarkable scholar in his 
field, and there are few men now living who can rank with 
Duhem, but the former never attempted a general history 
and the latter has not done so as yet. 

It is for such reasons as these that one looks with special 
interest to even the simplest efforts to revive the splendid 
traditions of France in a field that was one time peculiarly 
her own. And so, while the work of M. Bioche is modest in 
size and humble in purpose, it is none the less welcome as an 
evidence of growing interest in the subject. Urged as he says 
by his “ excellents camarades d’Ecole normale, Henri Bergson 
et Gaston Milhaud," M. Bioche has set about to write a history 
of ideas rather than one of literature, & record of the stream 
of progress of mathematics rather than a biography of mathe- 
matics. 

As a result he has produced a manual somewhat like Mr. 
Rouse Ball’s little Primer of Mathematics in size, although 
quite different in general treatment. The work consists of 
eleven chapters, devoted successively to the following topics: 
Mathematics before the time of the Alexandrian school; the 
school of Alexandria; the middle ages; the geometry of the 
Renaissance; the origin of algebra; analytic geometry; the 
infinitesimal calculus; geometry in the seventeenth and 
eighteenth centuries; the nineteenth century; ancient astron- 
omy; modern astronomy. 

It is not to be expected that new contributions should 
appear in such a handbook, and there is nothing of this nature 
to record. A few assertions may be found, however, which 
are not usually seen in elementary treatises, as that Archytas 
of Tarentum was probably the first to consider a curve of 
double curvature, that Aristarchus was the first to make a 
tentative evaluation of the elements of the solar system, that 
Apastamba stated the pythagorean theorem before the 
conquest of Alexander, that Oresmus had the true idea of 
function in his De latitudinibus formarum, and that the early 
Greeks used the idea of the climate (the parallel of equal 
maximum day lengths) instead of the notion of latitude with 
respect to the equator. 

The style of the author maintains the hfgh reputation of the 
French school and leaves little to be desired. The statements 
are, however, not altogether free from error; and the omission 
of a name like that of Mahavir is difficult to explain. The 
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dates are generally stated as if they were known with certainty, 
as that Euclid was born in 330 B.c., and Fibonacci in 1175 A.D., 
while in reality many of these statements are very doubtful 
and are liable to be put to unfortunate use by the novice. 
Among the probable errors of statement are the assertion that 
Heron was a contemporary of Hipparchus, and that Jordanus 
Nemorarius was the Jordanus who was general of the Do- 
minieans. Among the certain errors are the assertions that 
Alcuin was abbot of Canterbury, and that Omar Khayyám was 
of Arab rather than Persian stock; and among the typograph- 
ical errors are the printing of Gunther for Günther (page 26), 
Muller for Müller (page 30), Harriott for the preferred form 
of Harriot (page 34), and Plucker for Plücker in the index 
(with a wrong reference). But in spite of these little blemishes 
the book will serve & good purpose, particularly among the 
students of the secondary schools of the French-speaking 
countries. Davım EUGENE SMITH. 


Solid Geometry. By Sorma Foster RicHAnRpSON. Boston, 
Ginn and Company, 1914. iv + 209 pp. 

As the author states in the preface, she gives in this book 
the “usual course in solid geometry more complete in logical 
structure than that of the text-books commonly used." 
Definitions and axioms are quite numerous and prominent 
and it is by carefully stating these that many difficulties are 
avoided. For instance there is no difficulty nor incomplete- 
ness in the proofs of the theorems about the intersection of & 
cylinder or cone with & plane through an element and another 
point of the surface because the theorems are explicitly limited 
to convex surfaces. We find here also the practice, too rare 
in American texts, of establishing the existence of a geometric 
object before defining it. Thus the theorem that a straight 
line perpendicular to each of two intersecting straight lines 
at their point of intersection is perpendicular to every straight 
line in their plane passing through their point of intersection, 
is given before the definition of a perpendicular to a plane. 
Similarly the theorem “Any tangent line to a convex cylin- 
drical surface and the element through its point of contact 
determine a plane which contains no other point of the sur- 
face" leads to the definition of a tangent plane to a convex 
cylindrical surface. As in most texts, geometric locus is de- 
fined and thé two parts of a locus problem are pointed out, 
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but the notable fact is that the author practices what she 
preaches, not only in showing that the intersection of two 
planes is a straight line but also in various other theorems 
in which too many authors are satisfied with half proofs. 
Several theorems on parallel lines and planes are given 
before theorems on perpendicular lines and planes, an arrange- 
ment which would seem to offer less resistance to the beginning 
student. The exercises throughout the book demand thought, 
most of them being theorems rather than numerical problems. 
' The last chapter of the book on "Symmetry and simi- 
larity" and the Appendix on “Irrational numbers, variables 
and limits" offer an elementary treatment of topics to which 
the student of solid geometry does not usually have access. 
RarNARD B. ROBBINS. 


A Geometrical Vector Algebra. By T. Procror Harr. Wes- 
tern Specialty, Vancouver, B. C. 30 pp. 


Hatw’s Geometric Vector Algebra 1s hardly what its name 
implies, since trigonometry and determinants are constantly 
needed to help out the computations of the vector algebra. 
We fail to attain the promise of the introduction, where we 
are led to expect a calculus of the space elements themselves. 
The exposition of principles in the first nine pages is fairly 
sound, although fragmentary. The word “tensor” is not 
defined, but means “length of a vector.” S, and V,, mean, 
substantially, the dot and cross products of Gibbs. But the 
product of two vectors is defined as a new vector, which turns 
out to consist of the usual vector product plus another vector 
term having the direction of the multiplying vector and the 
length Sa Evidently with this multiplication not much 
progress can be made toward a working system. ‘The author 
himself proves that multiplication is not commutative, 
associative, nor, in general, distributive. The square of a 
unit vector, by the definition, is equal to the vector itself, 
but as a perpendicular operator the square is negative unity; 
whence equals cannot be put for equals. 

Trouble comes in the attempt to show that quaternions are 
special cases of these operations. The first three fundamental 
characters of a quaternion on page 10 are correctly stated, but 
the fourth does not hold, for it contradicts the proof on page 6 
that an operator is not distributive. We may indeed resolve 
the vector into components, but to say that, as an operator, 
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the vector can be expressed as the sum of three parts, but 
cannot be distributed with respect to these parts, has no 
meaning. A non-distributive operator is in no sense & 
. quaternion, since it does not obey the laws of quaternions 
(which are associative and distributive), and since no opera- 
tional meaning can here be attached to the quadrinomial form 
so important in quaternions. 

The reader who studies out the problems of the remaining 
20 pages will do well to avoid &n increasing sense of irritation. 
Very little use is made of the principles first laid down; but 
& great deal of & mysterious looking but trivial notation for 
loci, in no way a necessary part of the system. The problem 
work has no advantage in compactness of reasoning over the 
usual analytic geometry. In this respect it endures no com- 
parison with the pages of Hamilton or Grassmann, of Heavi- 
side or Gibbs. No doubt it is too much to expect such a test 
of & brief monograph, but one naturally assumes the problems 
to have been chosen so as to show the method at its best. 


FRANK L. Hrrcncock. 


Mechanics of Particles and Rigid Bodies. By J. PRESCOTT. 
London, Longmans, Green, and Company, 1913. viii+535 
pP. 

Tms book has been designed to meet the needs of students 
aiming for a pass degree at a British university and contains 
all that they require in the subject of applied mechanies except 
hydrostatics. 

Practically all English texts on mechanics include long lists 
of problems; many of them consist principally of illustrative 
examples and problems. This volume, however, presents a 
systematic development of the theory in which no pains have 
been spared to make the proofs rigorous enough for pure 
science, while the practical side of the subject has not been 
neglected. The problems following each chapter have evi- 
dently been chosen with great care and cover a wide range. 
Some of them demand merely substitution in formulas and 
numerical calculation, while others offer considerable theo- 
retical difficulty. A special feature is that the answer is given 
to nearly every question. 

An elementary course in the calculus 1s presupposed for the 
study of this text and the author appreciates the fact that the 
student who is applying the calculus for the first time to 
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physical problems has great difficulty in turning his formulas - 
into numbers. Accordingly the examples worked in the text 
include several numerical ones, and some attention is given 
to putting results of theory in a form convenient for calcula- 
tion. The book has a utilitarian bias which should make it 
useful to the engineering student, as well as interesting and 
live to the student of pure science. This attitude is emphasized 
throughout and is especially noticeable in the chapter on 
motion in two dimensions, where practical numerical applica- 
Dons are made of almost every topic treated, and in the 
applications to problems of astronomy. 

The book begins with the subject of statics and, in addition 
to usual topics under this head, Part I contains chapters on 
graphical methods, moments of inertia, potential and attrac- 
tion, and an extensive chapter on elasticity including strength 
of materials. Part II is devoted to the dynamics of a particle 
and the usual special types of motion are treated in excellent 
style. Besides a fairly complete chapter on central forces 
there is one on the problem of two or more bodies. The dy- 
namics of a rigid body forms Part III and this is concerned 
principally with motion parallel to a fixed plane. There is also 
a chapter on motion in three dimensions of a rigid body with a 
symmetrical axis. The last chapter is on units and dimensions. 
If the student is to use the idea of dimensions as a check on his 
equations, it seems better to place this subject in the earlier 
part of the book. 

W. R. LONGLEY. 


Annuaire pour lAn 1915. Publié par le Bureau des Longi- 
tudes. Paris, Gauthier-Villars, 1914. 


THE Annuaire bears no signs of the struggle which is taking 
place in Europe. It arrived about the usual time and contains 
the usual information brought up to date. The astronomical 
part is increased by a descriptive note, with maps, of the 
constellations and with the names and positions of the stars 
which form these groups. The editors frequently find it 
necessary to add new information and, in order to keep the 
volume within reasonable limits, to omit less needed tables and - 
articles, publishing the latter only occasionally. This year 
the geographical positions of the principal towns on the earth 
are omitted as well as the long table of magnetic elements in 
France. 
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The single Notice is a long one by M. G. Bigourdan, “ Les 
méthodes d'examen des miroirs et des objectifs." As is 
often the case in these appendices, both the older and the more 
modern methods are described, their mathematical bases 
are explained and applications to various instruments are 
made, so that the article practically constitutes a treatise on ` 
the subject in a form which can be read and understood 
without serious difficulty. 

E. W. Brown. 


NOTES. 


AT the meeting of the London mathematical society on 
March 11 the following papers were read: By E. W. Hopson: 
“Some theorems in the theory of series of orthogonal func- 
tions”; by P. A. MacManon: "Investigations in the theory 
of the partition of numbers by a new method of partial frac- 
tions”; by R. L. Dass: “Reciprocal and parallelogram 
linkages”; by J. R. Witson: “A pseudo-sphere the equation 
of which is expressible in terms of elliptic functions”; by T. C. 
Lewis: “Circles, spheres, etc., associated with a triangle, 
orthocentric tetrahedron, etc." 


Tue fifth ordinary meeting of the Edinburgh mathematical 
society for the session was held at the University of Glasgow 
on March 12. The following papers were read: By A. W. H. 
Taomrson: “Solid geometry"; by G. D. C. Stokes: “A 
simple link apparatus for the mechanical solution of quadratic 
equations"; by F. Tavanı: “New formulae about the theory 
of the series of alternate sign." 


BEGINNING with the April number, the staff of associate 
editors of the Transactions of the American Mathematical 
Society will include Professors A. B. Coste and W. A. Hur- 
WITZ in place of Professors J. I. Hurcemson and Max Mason, 
who have served since 1902 and 1911 respectively: 


Tug March number of the Proceedings of the National 
Academy of Sciences contains the following mathematical 
papers: “A note on functions of lines," by G. A. Briss; “A 
classification of quadratic vector functions," by F. L. Hrrca- 
cock. The April number of the Proceedings contains: 
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“Groups possessing at least one set of independent generators 
composed of as many operators as there are prime factors in 
the order of the group," by G. A. MILLER; “The second 
derivatives of the extremal integral for & general class of 
problems of the calculus of variations," by ARNOLD DRESDEN; 
` “Point sets and allied Cremona groups," by A. B. COBLE; 
“The straight lines on modular cubic surfaces," by L. E. 
DICESON. ` 


Tee Theory of Functions of a Complex Variable, by E. J. 
TOWNSEND, is announced by Henry Holt and Company as in 
press and to appear in June. 


THE Smith prizes of Cambridge University for 1915 have 
been awarded as follows: to H. GLAUERT, of Trinity College, 
for his essay "On the elliptical form of a rotating fluid as 
disturbed by a satellite," and to H. JEFFREYS, of St. John’s 
College, for his essays “Certain hypotheses as to the internal 
structure of the earth and moon" and “On a possible distribu- 
tion of meteors.” The Rayleigh prize was awarded to J. 
ProupMman, of Trinity College, for his papers on tidal motion. 


Tse Adams prize commission announces as the subject of 
the prize competition for 1915-1916 the following: 

“ The course of evolution of the configurations possible for 
a rotating and gravitating mass, including the discussion of 
the stabilities of the various forms." 


Tu first award of the Ackermann-Teubner memorial prize 
in mathematies has been made, in accordance with the wish 
of the founder, to Professor FELIX KLEN. 


TEE royal Venetian institute announces the following prize 
problem for 1917: 

To make some notable extension to the theory of periodic 
solutions of differential systems. It is not always possible 
to profit by the classical method of Poincaré, that of varying 
the parameters in & known solution, or at least, only for 
small variations. When this method does not apply, the 
only concrete result concerning the condition of existence is 
the criterion of Whittaker. The most desirable investigation 
would be the elucidation of the law of distribution of the 
periodic solutions within the field of the general integral. 
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The competition is unrestricted. Memoirs should be writ- 
ten in Italian, French, English, or German, and submitted to 
the institute before December 31, 1917. The value of the 
prize is 3000 lire. 


UNIVERSITY OF STRASSBURG.— Ihe following courses in 
mathematics are being given during the present summer 
semester:—By Professor F. Scour: Differential geometry, 
three hours; Selected portions of projective geometry, two 
hours; Seminar, two hours. —By Professor G. FABER: Theory 
of functions of a complex variable, three hours; Partial dif- 
ferential equations, two hours; Seminar, two hours. —By 
Professor M. Goy: Non-euclidean geometry, two hours. — 
By Professor J. WELLSTEIN: Differential and integral calculus, 
three hours; Mechanical integration, two hours.—By Pro- 
fessor L. v. Misses: Descriptive geometry, with exercises, 
three hours.—By Professor P. Epstein: Analytic geometry of 
space, three hours; Introduction to determinants, two hours. 
—By Dr. A. Speiser: Theory of numbers, two hours.—By 
Professor J. BAUSCHINGER: New methods in celestial me- 
chanies, three hours. 


UwivgRsSITY op CHicaco.— The following courses are 
announced for the summer quarter of 1915.—Al courses are 
five hours & week.—By Professor E. H. Moonx: Synthetic 
projective geometry (first term); General analysis (first term). 
—By Professor A. C. Lunn: Theory of functions; Theory of 
relativity.—By Professor G. A. Briss: Definite integrals; 
Calculus of variations.—By Professor W. D. MACMILLAN: 
Differential equations; Celestial mechanics.—By Professor A. 
DRESDEN: Analytic projective geometry (second term); 
Determinants and solid analytic geometry.—By Professor 
J. W. A. Youna: Differential calculus; Theory of numbers.— 
By Professor R. D. CARMICHAEL: Integral calculus; Differ- 
ential equations (second term).—By Professor E. J. WILCZYN- 
ski: Projective differential geometry.—By Professor F. R. 
Movtton: Theory of rotating bodies. 


CoLUMBIA UNIVERSITY.—Summer session, July 6 to August 
13.—By Professor James Mactay: Higher algebra; Fune- 
tions of a complex v&riable.—By Professor EDWARD KASNER: 
Theory of geometric constructions; Differential geometry.— 
By Professor W. B. FITE: Projective geometry; Differential 
equations. 
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Tus following advanced courses in mathematics are an- 
nounced for the academic year 1915-1916. 


COLUMBIA UmwivEnsrTY.— By Professor T. S. Fıske: Differ- 
ential equations, four hours, second half-year.—By Professor 
F. N. Core: Theory of groups, three hours, second half-year. 
—By Professor C. J. KEyser: Modern theories in geometry, 
four hours; Mathematics, three hours.—By Professor D. E. 
SmirH: History of mathematics, four hours.—By Professor 
James MacrAy: Elliptic functions, four hours, first half- 
year; Applications @ elliptic functions, two hours, second 
half-year.—By Professor Epwarp KAsneEr: Differential equa- 
tions, four hours, first half-year; Seminar in differential ge- 
'ometry, two hours.—By Professor W. B. Frre: Infinite series, 
three hours, first half-year.—By Professor H. E. Hawkes: 
Differential geometry of curves, three hours, first half-year. 


CORNELL Unrversitty.—By Professor J. McManon: Theory 
of probabilities, three hours.—By Professor J. H TANNER: 
Algebraic equations, three hours.—By Professor V. SNYDER: 
Geometry on an algebraic surface, three hours.—By Professor 
F. R. Sarre: Vector analysis, three hours.—By Professor 
D. C. GILLEsPIE: Projective geometry, three hours.—By 
Dr. C. F. Crate: Advanced analysis, three hours.—By Dr. 
F. W. Owens: Differential equations, with applications, three 
hours.—By Dr. J. V. McKzrLvEsvy: Mathematical pedagogy, 
three hours.—By Professor W. A. Hurwrrz: Integral equa- 
tions, three hours.—By Dr. L. L. Sr;vERMAN: Coordinate 
geometry, three hours.—By Dr. J. SLEPIAN: Mechanics, three 


hours. 


HARVARD UNIVERSITY. —All courses meet three times a week 
throughout the year, except those marked *, which meet for 
half a year.—By Professor W. F. Osaoop: Introduction to 
potential functions and Laplace’s equation*; Elastic vibra- 
tions, Fourier’s series, and Bessel’s functions*; Theory of 
functions of several complex variables.—By Professor M. 
BÖcHErR: Modern geometry and modern algebra; Theory of 
functions. —By Professor C. L. Bourton: Differential equa- 
tions and Lie's theory of continuous groups.—By Professor 
J. L. CoouipgeE: Subject-matter of elementary mathematies*; 
Probability*; Projective geometry*; Non-Euclidean geom- 
etry*.—By Professor H. N. Davis: Second course'in dy- 
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namics.—By Professor G. D. BrgKkHorr: Infinite series and 
products*; Problem of three bodies.—By Dr. D. JACKSON: 
Advanced calculus; Theory of numbers*.—By Dr. G. M. 
GREEN: Differential geometry of curves and surfaces*; Pro- 
jective differential geometry*.—By Dr. E. KIRCHER: Proper- 
ties of polynomials, and invariants*; Algebraic numbers*.— 
By Dr. G. A. Preirrer: Linear partial differential equations 
of the second order*; Conformal transformations*. 

Professor BIRKHOFF and Dr. JAcksoN will conduct a fort- 
nightly seminar in analysis. 

Courses of research are also offered by Professor Oscoop in 
the theory of functions, by Professor BÖCHER in analysis and 
algebra, by Professor Bouvron in the theory of point trans- 
formations, by Professor CooLIDGE in geometry, by Professor 
BIRKHOoFF in differential equations, by Dr. Jackson in the 
theory of functions of a real variable, and by Dr. GREEN in 
differential geometry. 


JoHNS Hopxins UnIvErsity.—By Professor F. MORLEY: 
Higher geometry, three hours (first half year); Vector analysis, 
three hours (second half year); Seminar, one hour.—By 
Professor A. B. CogLe: Algebraic functions, two hours.—By 
Professor A. Comen: Advanced differential equations, two 
hours; Theory of functions, two hours. 


PRINCETON Universiry.—By Professor H. B. Fine: 
Algebraic functions, three hours.—By Professor L. P. EISEN- 
HART: Mechanics, three hours (first term); Projective geom- 
etry, three hours (second term).—By Professor O. VEBLEN: 
Theory of sets of points, three hours; Coordinate geometry, 
three hours; Advanced analysis, three hours.—By Professor 
E. P. Apams: Electricity and magnetism, three hours; An- 
alytic mechanics, three hours.—By Professor T. H. GRONWALL: 
Conformal representation, three hours; Differential equations 
and advanced calculus, three hours.—By Mr. J. W. ALEX- 
ANDER: Birational transformations, three hours (first term). 
—By Mr. A. A. BENNETT: Elliptic functions, three hours 
(second term).—By Dr. H GALAJIKIAN: Differential equa- 
tions of mathematical physics, three hours (first term). 


Yare Universiry.—By Professor J. Prerpont: Theory of 
functions of a complex variable, three hours; Modern analytic 
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geometry, three hours; Modern higher geometry, three hours. 
—By Professor P. F. SMITH: Continuous groups of transforma- 
tions, three hours.—By Professor E. W. Brown: Advanced 
calculus, three hours; Statics and dynamics, three hours; 
Advanced dynamics, three hours.—By Professor W. R. 
LoNarnEv: Potential theory and harmonie analysis, three 
hours; Integral equations, three hours.—By Professor W. A. 
WirsoN: Theory of functions of real variables, three hours.— 
By Dr. D. D. Leis: Advanced algebra, three hours.—By Dr. 
G. M. Coxweın and Dr. H. E. MacNxrzsng: Differential 
geometry, three hours.—By Dr. E. J. Moss: Calculus of 
variations, three hours; Advanced calculus of variations, three 
hours. 


oO 

Tue Jahresbericht der Deutschen Maihematiker-V ereinigung 
notes the following extraordinary series of anniversaries of 
German professors of mathematics: M. NOETHER, of Erlangen, 
and A. WANGERIN, of Halle, celebrated their seventieth birth- 
days on September 24, and November 18, 1914, respectively. 
Tbe eightieth birthday of E. SELLING, of Munich, fell on 
November 5, and the eighty-fifth birthday of M. Cantor, of 
Heidelberg, on August 23. H. A. Scuwanz, of Berlin, and 
J. THOMAE, of Jena, passed the fiftieth anniversary of their 
doctorates on August 6, and Professor E. LAMPE, of Berlin, on 
December 21. 


Proressor H. S. Warts, of Vassar College, has been 
elected a member of the National academy of sciences. 


Proressors J. A. MILLER, of Swarthmore College, and 
W. F. Oscoop, of Harvard University, have been elected 
members of the American philosophical society. 


Proressor T. S. Fiske has been appointed administrative 
head of the department of mathematics at Columbia Univer- 
sity, succeeding Professor C. J. KEYSER, who has been relieved 
of administrative duties at his own request. 


Ar the University of Oklahoma Professor F. C. KENT has 
resigned and Dr. H. C. Gossarp has been appointed instructor 
in mathematics. 
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AT the University of Michigan Professor L. C. KARPINSKI 


has been promoted to & junior professorship of mathematics. 


At the Massachusetts institute of technology, Dr. H. B. 
Porta has been promoted to an assistant professorship of 
mathematics. 


Mr. C. H. YEAToN has been appointed instructor in math- 
ematics at Dartmouth College. 


AT Princeton University Dr. H. GaLAJIKIAN has been 
appointed instructor in mathematies.—Mr. H. L. BARUCH 
has been appointed assistant in mathematics. 


THE many friends of Professors Krom and RUNGE, of 
Göttingen, will be deeply grieved to learn of the death on the 
battlefield of the former’s youngest son-in-law and the latter's 
younger son. 


Proressor F. A. SmgRMAN, who held the chair of mathe- 
matics at Dartmouth College from 1871 to 1911, died February 
25 at the age of seventy-four years. 


Prorzssor A. E. Haynes, who retired from his professor- 
ship of mathematies at the University of Minnesota in 1911 
after eighteen years service, died on March 12 at the age of 
sixty-six years. 


Book catalogues: W. Heffer and Sons, Cambridge, England, 
catalogue 132, including about 800 titles in mathematics, 
physics, and engineering. —Galloway and Porter, Cambridge, 
England, catalogue 76, short list of mathematical books, 
75 titles. —R. W. Lull, 84 Hanover Street, Manchester, N. H., 
list of 68 titles. 
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NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


AMALDI (U.). Sulla evoluzione della matematica come strumento d'inda- 
ine: discorso linaugurazione dell’anno accademico nella r. 
niversità di Modena il 5 novembre, 1014. Modena, Soc. tip. 

Modenese, 1914. 8vo. 35 pp. 


BrgLANIN (F. A P.). See FıLıppowirsch (F. W.). 
Bort (L.). L’infinito. Genova, Formiggini, 1912. 8vo. 54-531 pp. 


Carr (H. W.). Henri Bergson: The philosophy of chan Re London and 
Edinburgh, Jack; New York, The Dodge Publishing 1912, 92 pp. 


CATALOGUB of scientific papers (1884-1900). Compiled by the Royal 
Society of London. Vol. 14, C-Fittig. Cambridge, Kee Mace. 
1915. 4to. 1024 pp. £ 10s. 


Crani (E.). Il metodo delle coordinate proiettive omogenee E studio 
degli enti al i (seguito alle Lezioni di geometria proiettiva ed 
analitica). Spoerri (F. Mariotti) 1915. 8vo. 215 pp.+2 
tables. L. 10.00 


Corrny (P.). The science of | Se An inquiry into the principles of 
accurate thought and scientific method. London, Longmans, 1912. 
204-445 --7 4-359 pp. 


CovruRaT (R.). Philosophical principles of mathematics. Translated 
from the French into Russian by B. Koren, under the direction of 
P. S. Juschkewitsch. St. Petersburg, 1912. 8vo. 260 pp. 
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THE APRIL MEETING OF THE SOCIETY AT 
CHICAGO. 


Tug thirty-fifth regular meeting of the Chicago Section of 
the American Mathematical Society was held at the University 
of Chieago on Friday and Saturday, April 2-3, 1915, it being 
the fourth regular meeting of the Society at Chicago. Seventy- 
five persons were in attendance upon the various sessions, 
including the following fifty-three members of the Society: 

Professor G. A. Bliss, Professor P. P. Boyd, Professor J. W. 
Bradshaw, Dr. Josephine E. Burns, Professor R. D. Carmichael, 
Professor A. F. Carpenter, Dr. E. W. Chittenden, Dr. G. R. 
Clements, Professor H. E. Cobb, Mr. L. C. Cox, Dr. A. R. 
Crathorne, Professor D. R. Curtiss, Professor L. E. Dickson, 
Mr. C. R. Dines, Professor Arnold Dresden, Professor W. B. 
Ford, Professor A. B. Frizell, Professor E. R. Hedrick, Pro- 
fessor O. D. Kellogg, Dr. À. J. Kempner, Professor Kurt 
Laves, Professor C. E. Love, Dr. W. V. Lovitt, Professor À. C. 
Lunn, Dr. E. B. Lytle, Professor Malcolm McNeill, Professor 

MN, D. MacMillan, Dr. T. E. Mason, Professor G. A. Miller, 
Professor C. N. Moore, Professor E. H. Moore, Professor E. J. 
Moulton, Professor F. R. Moulton, Professor S. W. Reaves, 
Professor H. L. Rietz, Mr. George Rutledge, Miss Ida M. 
Schottenfels, Mr. A. R. Schweitzer, Professor J. B. Shaw, 
Professor C. H. Sisam, Professor H. E. Slaught, Professor E. 
J. Townsend, Professor A. L. Underhill, Professor E. B. Van 
Vleck, Dr. G. E. Wahlin, Professor Mary E. Wells, Professor 
W. D. A. Westfall, Professor E. J. Wilezynski, Professor D. T. 
Wilson, Professor A. E. Young, Professor J. W. A. Young, Mr. 
C. H. Yeaton, Professor Alexander Ziwet. 

Professor F. R. Moulton, Vice-President of the Society, 
presided at the sessions on Friday morning and Saturday 
afternoon, and Professor E. J. Wilezynski at those on Friday 
afternoon &nd Saturday morning. ! 

The social gathering and dinner on Friday evening wa 
attended by forty-seven members. 


The following papers were presented at this meeting: 
(1) Professor C. H. Sısam: "On sextic surfaces having a 
nodal curve of order nine." 
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(2) Professor A. F. CARPENTER: “ A theorem on the flecnode 
curves of a ruled surface.” 

(3) Professor C. T. Suran: “Analytic characterization 
of surfaces having & degenerate directrix quadric." 

(4) Professor L. E. Drcksow: “Modular quartic curves." 

(5) Dr. W. V. Lovrrr: “A type of singular points for a 
transformation on three variables." ` 

_(6) Dr. W. V. Lovrrr: “Singularities of contact trans- 
formations in two-space." 

(7) Professor E. J. Wırczrnskı: “Relations between the 
theory of congruences and the theory of surfaces." 

(8) Address by former chairman of the Chicago Section 
Professor E. H. Moonz: “Report on integral equations in 
general analysis." 

(9) Dr. G. E. Wann: “A new development of the theory 
of algebraic domains." . 

(10) Professor G. A. Briss: “Jacobi’s condition for problems 
of the calculus of variations." 

(11) Professor C. E. Love: “On linear difference and 
differential equations." 

(12) Mr. W. L. Harr: “Theorems on functions of infinitely 
many variables" (preliminary report). 

(13) Professor F. R. Mourrow: “The solution of an infinite 
system of differential equations" (preliminary report). 

(14) Professor C. N. Moore: “On the summability of 
certain types of series." 

(15) Professor R. D. CARMICHAEL: "On the solutions of 
linear homogeneous difference equations." 

(16) Professor R. D. CARMICHAEL: "On certain problems in 
diophantine analysis." 

(17) Professor E. B. Srourrer: “On seminvariants of 
linear homogeneous differential equations." 

(18) Professor W. B. Forp: “On the representation of 
arbitrary functions by definite integrals." 

(19) Professor W. D. MacMruan: “The convergence of 


the power series 2. $ pu ri.” 
1—0 3-0? — J 
(20) Dr. E. W. CurrrENDEN: “On equivalence of K re- 
]ations." 
(21) Dr. E. W. CHITTENDEN: “On the existence of continu- 
ous functions." 
(22) Professor L. E. Dicksow: "Historical note on the 
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proof of the quadratic reciprocity law in & posthumous paper 
by Gauss." 

(23) Professor G. A. Minter: “Independent generators of 
& group of finite order." 

(24) Professor A. B. FRIZELL: “Well ordered.sets of infinite 
permutations." | 

(25) Mr. C. R. Daves: “On the Hilbert-Schmidt theory in 
general analysis and the generalization of a theorem by Picard.” . 

(26) Mr. C. R. Dee: “On the instance suggested by the 
analogy of the sphere and the ellipsoid as regards positive 
kernels: 

(27) Professor E. J. MouLton: “On the deviation of a ro- 
tating compressible fluid mass from a true spheroid.” 

(28) Professor R. D. CARMICHAEL: “On the use of functional 
equations in diophantine analysis." 

The papers of Professors Sullivan, Stouffer, and Miller, 
and the first paper by Dr. Lovitt wereread by title. Mr. Hart 
was introduced by Professors Moore and Moulton. Abstracts 
of the papers follow, the numbers corresponding to those in 
the list of titles above. 


I. In this paper, Professor Sisam points out some funda- 
mental properties of the unruled sextic surface having a nodal 
curve of order nine, and of the sextic surface in space of six 
dimensions of which it is the projection. 


2. By determining the conditions satisfied by the coor- 
dinates of a plane fixed in space, when referred to a moving 
tetrahedron of reference, Professor Carpenter proves the 
following theorem: Let an arbitrary fixed plane P cut the 
generators of a ruled surface S and let r be the pole of P with 
respect to the quadric osculating S along a generator g. 
Then the tangent at x to the locus of z cuts g in a point which 
is harmonically separated from the point in which P cuts g 
by the flecnodes of g. A special case of this theorem is stated 
by M. A. Demoulin in the Comptes Rendus, June, 1908, page 
1381. 


3. The integral surfaces of a completely integrable system 
of partial differential equations 


dy, 010% 2o 929, 5,9/ E 
Qui V 2 ay T fy = 0, ae T 29 äs T oy = 0, 
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where the fundamental invariants a’ and b are characterized 


by the value 
EES 
e L1 NNAdy/Ndo/ 
em yy 3 


constitute the class of surfaces whose asymptotic curves 
belong to linear complexes. In a former paper (in volume 15 
of the Transactions), Dr. Sullivan studied these surfaces and 
showed that they were the envelopes of either of two one- 
parameter families of ruled surfaces [R(u), R(v)] with straight 
line directrices; and that the loci of the directrices of [R(u), 
Riol were complementary reguli of a quadric surface (directrix 
quadric). 

The present paper is devoted to the exceptional case where 
the directrix quadric degenerates into two planes, distinct 
or coincident. It is shown that the nature of the directrix 
quadric is completely characterized by the forms of the two 
invariants 6/2” and 6’/b?, which played such a fundamental 
róle in the determination of the canonical forms of the semin- 
variants flu, v) and g(u, v). 

Tt is found that the most general forms of these invariants 
are: ` 

1. Directrix quadric non-degenerate, 

A (8)- mu 

a?) (dU/du) ^ \BJ  —(dV/d) " 
where ai, bı and c are constants. 

2. Directrix quadric degenerates into two distinct planes, 

a, = bı = 0, e + 0. 
3, Directrix quadric degenerates into two coincident planes, 
G1 = by =c= 0. 


The plane of case 3 is identical with that determined by the 
plane net of lines of the degenerate directrix congruence of 
the first kind discussed in section 7 of the paper cited above. 
In this case the finite equations of the surfaces have been 
obtained by Professor Wilezynski.(^ Fl&chen mit unbestimmten 
Direktrixkurven," Mathematische Annalen, December, 1914). 


4. Professor Dickson's paper wil appear in the current 
volume of the American Journal of Mathematics. 


1915.] THE APRIL MEETING AT CHICAGO. 433 


5. It is the purpose of Dr. Lovitt’s first paper to discuss 
from a geometrical standpoint, as far as possible, the character 
of a transformation 


(D  z-6(wvw) y= plu, v, w), z= x(u, v, w) 


in the neighborhood of a special type of point at which the 
Jacobian of the transformation vanishes. 

The initial assumptions are such that attention is confined 
to non-singular points both of the surface defined by the 
Jacobian of the transformation and of the transform of this 
surface by means of equations (1). In section two it is shown 
that under our assumptions there is & one-to-one correspon- 
dence between either of two regions in uew-space on opposite 
sides of the Jacobian surface J and their transforms in the 
zyz-space, the transformed regions being on the same side of & 
surface Jı which is the transform of the surface J by means 
of equations (1). Moreover each of the transformed regions 
‚ls a connected region possessing interior points. The equa- 
tions of transformation define inverse functions which are 
continuous at points of the 2yz-space which are on the surface 
Jı. Insection three most of the results of the preceding section 
are extended to a transformation of a neighborhood of a 
portion of a singular surface not necessarily restricted to a 
neighborhood of & particular point. In section four most of 
the results of the preceding section are extended to & trans- 
formation in n variables. 


6. In his second paper, Dr. Lovitt studies the effect of the 
transformation 


v1 = Az, y, p), yi = Y(a, y; p), pi = Pig, Y, p) 
upon the contact of curves 
(1) x —f(0, y-— 90, y= gif = A 


in the neighborhood of a set of values (2, y, p = 20, yo, po) 
for which the functional determinant of the transformation 
vanishes, but the matrix of the determinant is of rank two. 
Let the transformed curves be given by 


mN=fAd), yi gm, w'- gf = hd, 


where fi, g1, 4; are defined by means of the equations of trans- 
formation and equations (1). Let us designate as critical 


q 
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curves that family of curves which yield the values of f®, 
gO, h® necessary to make 


fó-2Rh920 for j212, -,k—1, 


while [ı 9? P + [h OE + 0. 

Then the necessary and sufficient condition that two of the 
eritical curves shall be transformed into curves with second 
order contact is that the critical curves have contact of order 


k 4 1. 


7. In & paper presented to the Soclety at Chicago in De- 
cember, 1914, Professor Wilezynski introduced a number of 
new concepts into the theory of congruences, among which 
the axis and ray congruences, and the axis and ray curves 
were especially important. On the other hand he has intfo- 
duced into the theory of surfaces the notion of the directrix 
congruences and the directrix curves. In the present paper 
` the theory of congruences is enriched by formulas and theorems 
expressing the relations which exist between the directrix curves 
and directrix congruences of the focal surface, and the other 
properties of the congruence. 


9, In volume 144 of Crelle’s Journal Hensel published a 
paper entitled “ Ueber die Grundlagen einer neuen Theorie der 
quadratischen Zahlkörper.” Dr. Wahlin’s paper is a general- 
ization of this development to any algebraic domain of degree n. 

In the first place the ring R(q, o), consisting of the g-adic 
algebraic numbers determined by the root o of an equation 
of degree n, is considered. It is shown how the study of these 
numbers can be reduced to the case where g is a rational prime 
p and we have the ring R(p, a). 

A method is then devised by means of which the further 
study of this ring can be reduced to the study of certain 
domains constructed out of the numbers of R(p, o) with a 
different condition for equality. 


10. There are two well-known methods of deducing Jacobi's 
necessary condition in the calculus of variations. One is a 
geometric proof not easily extensible to higher spaces, which 
excludes important exceptional cases; the other depends upon 
complicated manipulations of the second variation. For the 
problem in parametric form in the plane the reduction 
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of the second variation was devised by Weierstrass and is 
a remarkable piece of analysis. It is, however, very arti- 
ficial, and also unnecessary if one has in view only the proof 
of Jacobi's condition. For problems in parametric form in 
higher spaces a discussion of the second variation has been 
made by von Escherich by methods in part quite unsymmet- 
rical. The lack of symmetry is due to the division of an arc 


yi = Y(t) (ı Lt Sh; i= 1,2,- n) 


into & finite number of pieces on each of which at least one of 
the derivatives y,’(t) is different from zero, a device which 
leads to inelegant complications, though his results are sym- 
metric in form. In the paper of Professor Bliss a proof of 
Jacobi's condition i8 given which applies with equal simplicity 
t& the parametric case in the plane or in higher spaces. It 
makes use of the second variation without reduction of any 
sort, is symmetric in all the variables, and includes the ex- 
ceptional cases which probably would with difficulty be 
covered by an extension to higher spaces of the geometric 
proof mentioned above. 


11. The first part of Professor Love’s paper is an extension 
of certain theorems of Ford* on linear difference equations. 
The behavior, for large positive integral values of z, of n 
linearly independent solutions of the equation 


Y(z) = [ao + e(z)]y( + n) + [ar + ea (2)]y(z + n — 1) 

+ os T EI Sp n(x) ]ly(z) ES Ü 
is determined, provided the functions ao(z), a1(x), «++, Ga?) 
vanish at infinity to & sufficiently high order. It should be 


noted that no restriction whatever is laid upon the roots of 
the characteristic equation 


aou” + aa" 1 + +++ + dn = O, 


except that a, and a4, are assumed different from zero. 

The second part of the paper contains the parallel investiga- 
tion for linear differential equations. The same ‘problem 
under narrower conditions has been treated by Dini.f 


* Annali di Matematica, ser. 8, vol. 13 (1907), pp. 263-328. 


e ee di o ROR ger. 3, vol. 2 (1899), pp. 297—824; tbid., vol. 3 
; pp. 125-183. 
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In each part of the paper the results obtained are also 
applied to the study of the non-homogeneous equation 


Y(x) = X(x), 
under suitable restrictions on the function X (x). 


12. By a function of infinitely many real variables will be 
understood a function f(£) where £ represents (£i, za, el 
In much of the current work, the function f is defined for 
values £ for which Z:izr|z,?| converges. In Mr. Harts 
paper the functions considered are supposed to be defined for 
values £ satisfying 


M,® ud Ti < M; (M,99, M; < M; = l, 2, ES .). 


9 

The function f is said to be completely continuous at the 
point £ if, whenever 

lim 2, 4 = 24,0 (a= 1,2, =), 


then 
lim f(En) = f(£o (En = Ti, n; 922, n) "^ Ä 


In addition to certain general theorems on such continuous 
functions, among which is included an extension of the mean 
value theorem, there is considered the solution, for E in terms 
of u, of the infinite system of equations 


(1) BAG) = 0 (n = u, ti tay °°; = 1,2, +++), 
where the values of 7 he in the region R defined by 
| [7 — aal < ds. 


The fundamental theorem of implicit function theory is ob- | 
tained for (1) by a method of successive approximations. 


13. Professor Moulton treats an infinite system of differ- 
ential equations of the analytic type, &nd, under suitable hy- 
potheses, establishes the existence of an analytie solution. 
The solution is also studied as a function of the parameters 
which may be involved and of the initial conditions. The 
paper is incomplete in that the details of the extension of the 
solution to the boundary of the region where the initial equa- 
tions are defined and regular have not been fully worked out. 
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14. Chapman has obtained sufficient conditions that a 
series summable (Ck) for any k > 0 should be reduced to 
convergence when certain convergence factors are introduced 
into the terms of the series. Somewhat earlier G. H. Hardy 
discussed the conditions under which a series summable (C4), 
where k is a positive integer, should remain summable (Ck) 
when the terms are multiplied by factors of a certain type. In 
Professor Moore's paper sufficient conditions are obtained that 
a series summable (Ck) for any k > 0 should remain summable 
(Ck) when certain factors are introduced into the terms. 


15. In his first paper Professor Carmichael gives & new 
method of deriving the general existence theorems for the 
ease of the linear homogeneous difference equation 


fa + n) + ai(2)f(z + n — Dr. E ana)f(x) = 0 


in which the coefficients aı(z), --+, an(z) have the character 
of rational functions at infinity. By means of the descending 
formal power series solutions which this equation 1s known to 
possess in general a separation of it into two members is effected 
so that the method of successive approximation is available 
for deriving a single solution. By repeated use of a method of 
transformation the remaining solutions of two fundamental 
sets are then obtained. The analytic character of the func- 
tions in one of these sets and their asymptotic character at 
infinity are determined. 

Of the previously developed methods for dealing with the 
problem of this paper that of the author's dissertation is 
most closely related to the present one, but the two methods 
are essentially distinct. 


16. By means of a class of algebraic relations due to Fermat 
and Lagrange and developed in part by Legendre, Professor 
Carmichael, in his second paper, suggests & general method 
by which large classes of problems in diophantine analysis 
become amenable to systematie treatment. The method is 
applied to the resolution of & considerable number of dio- 
phantine equations of interest. ‘The essential element of the 
method may be described thus: The problem of solving a dio- 
phantine equation consists essentially in determining numbers 
of & certain class (those defined by the form of one member) so 
that they shall have an additional property (that determined 
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by the form of the other member). The method suggested 
and employed in the present paper is suitably to extend the 
set of numbers defined by the form in one member (sometimes 
by those in both) so that the extended set shall have the 
property that the product of any two numbers in the set shall 
also be in the set. This gives rise to a generalized problem. 
The latter is solved and the result is then specialized so as to 
afford the solution of the original problem. This method, 
though very simple in its characteristics, leads to a consider- 
able number of results of interest. 


17. Consider the system of linear homogeneous differential 
equations . 


y 7: 2. paix zb Gett) ES 0, (2 = 1,2, ++ n), 


where po and q, are functions of the independent variable z. 
The most general transformations leaving such a system 
unchanged in form are given by 


(1) Yı = Zon (oct | T 0, (2 = l, 2, cd n), 
(2) z = Ei), 


where oct and & are arbitrary functions of x. A function of 
pz and qay and their derivatives which has the same value 
for the given system as for any system obtained from it by 
the transformation (1) is called a seminvariant. Professor 
Stouffer obtains for each value of n a single seminvariant 
from which the complete system for that value of n may be 
obtained by successive applications of certain operators. 
These operators are similar to the Aronhold operator for alge- 
braic invariants. "This method of obtaining the seminvariants 
avoids the solution of complicated systems of partial differ- 
ential equations. 


18. Let f(x) be an arbitrary function of the real variable x 
defined throughout the interval (— 7, «). Having assigned 
the special value a (— m < a < r) to 2, let the Fourier series 
for f(a) be formed. The sum of its first n + 1 terms may be 
put in the form 


H S(n, a) == f ftu, = — addr, 
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where l 
" a . sing(2n + 1)@ — o) 
1m T7707  2sni(—ao ’ 


and it is a familiar fact that we then have, at least in general, 


(2) lim S(n, o) = fa thar” 


The following general problem is thus suggested: Given an 
arbitrary function f(z) defined throughout any finite interval 
(a, b) and consider the integral 


(3) Im, a) = | dein, 2 — ade, 


where o(n, x — a) is now regarded as an unknown function 
to be so determined that we shall have, analogously to (2), 
^ im Is, a) = ETO fet 0 


Teo 


(a « a « b). 


What conditions upon ein, x — o) will suffice to insure (4)? 
This problem was first considered and answered to some extent 
by Du Bois-Reymond, later it was treated in great detail by 
Dini in his “Serie di Fourier," and of late years it has been the 
object of a paper by Hobson.* The conditions in question 
have thus been in large measure determined, but it does not 
appear that explicit forms for e(v, n — a) that satisfy such 
conditions have been worked out to any appreciable extent. 
In this connection, Professor Ford's paper shows how an infin- 
ity of such functions e(n, x — a) may be explicitly obtained. 


19. In this paper by Professor MacMillan it is shown that if 
the series 


Ke DO 


2, 25 Mti tA 


vex) Asa 

is convergent for | zi | <-z10, | z2 | < gen then the series 
a diy 

1—0 rur — jY 





ay ay 


also is convergent if | zı | < mn | x2 | < 220, and y is a positive 
‘irrational’ number which satisfies certain mild conditions. 


* Proc. London Math. Soc., vol. 6 (1908), pp. 349-374. 
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Two applications of these series are given. The first &p- 
plication is to the function 


o0 on Auf 
Wi... 


i20 5-00 — JY 





for which the, positive real axis is a line of essential singular- 
ities. It is shown that this function is continuous across this 
axis at such irrational points. The second application is to 
the existence of a solution of the linear partial differential 
equation 


dp de 
digas c YU 97, EC pie + Da; 


where p; and ps are convergent ordinary power series in 24 
and ze. It is shown that solutions exist as ordinary power 
series in zı and ra, 


20. For a class ® relations Kpipsm, Kpıpam are supposed 
to be defined. These relations are of the type Ke of Moore's 
Introduction to General Analysis. Dr. Chittenden defines 


equivalence for the relations K, K and shows that for any 
unsymmetric K possessing the properties 167 as defined by 


T. H. Hildebrandt* a symmetric equivalent relation K may be 
defined. The theory of classes P and functions on classes 
P as developed by Hildebrandt for an unsymmetric EI rela- 
tion 1s equivalent to the corresponding theory for symmetric 
K relations. 


21. Hans Hahn has shown that there exists a non-constant 
continuous function on every class P which admits a definition 
of voisinage.t Dr. Chittenden shows by modifying the 
methods of Hahn that this result may be extended to classes 
which admit a definition of distance subject to the condition 
L«(pa In) = 0, L.(p.p)-—0 imply DL. p)-0. I 
follows, as shown by Hahn, that, if limit is unique, a necessary 
and sufficient condition that every continuous function on $ 
be bounded and attain its bounds is that ®B be extremal. 
This result is extended to the case of non-unique limits. 


* American Journal of Mathematics, vol. 34 (1912) pp. 243-4. 
t Monatshefte fur Mathematik und Physik, vol. 19 (1908), p. 251-5. 


1915. | THE APRIL MEETING AT CHICAGO. 441 


22. The seventh proof by Gauss of the quadratic reciprocity 
theorem occurs in his posthumous paper, Werke 2, 1863, pages 
233-5 (Gauss-Maser, pages 623-4). Gauss left only a meager 
outline of a possible proof, not revised by him for publication. 
In the version by Bachmann, Niedere Zahlentheorie, 1, 1902, 
pages 396-9, resort is had (page 399) a second time to the 
cyclotomic theory, whereas one needs only the fact that in all 
cases S(z) and S;(?) are the roots of the congruence at the 
bottom of page 398; moreover, Bachmann introduces Galois 
imaginaries, whereas their use was carefully avoided by Gauss 
(Disquisitiones Arithmeticae, article 338; Werke, 2, page 217). 
The object of the note by Professor Dickson 1s to complete the 
proof in accord with the spirit of the MS. of Gauss. In Crelle, 
19, 1839, pages 299-306, Schonemann gave a sketch (neither 
` very clear nor full) of a similar proof based on the reality of 
the roots of the quadratie congruence corresponding to the 
cyclotomic equation for two periods. Another proof similar 
to that by Gauss and published three years prior to his is 
that by V. A. Lebesgue, Comptes Rendus, 51, 1860, pages 9-13; 
it is based on Kummer’s theorem on the reality of the roots 
of the congruence corresponding to a cyclotomic equation for 
e periods. 


23. The term independent generator has been used mainly 
with reference to abelian groups. Hence it has been com- 
monly used with the restricted meaning that the group gener- 
ated by any number of a set of these generators has only 
identity in common with the group generated by the rest of 
those in the same set. With this restricted meaning Frobenius 
and Stickelberger proved in 1879 that the number of the inde- 
pendent generators is an Invariant of any abelian group whose 
order is the power of a prime number. It has been proved 
recently that the number of these independent generators is 
an invariant of every group whose order is a power of a prime 
when the independent generators are defined as follows: À 
set of operators 81, 89, :-::, 8, belonging to the group @ is 
called a set of independent generators of G provided that these 
A operators generate G but no A — 1 of them generate G. 

Among the theorems established by Professor Miller in 
the present paper are the following: A necessary and sufficient 
condition that a group G contains at least one set of indepen- 
dent generators composed of as many operators as there are 
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prime factors in the order of the group, is that each of the 
Sylow subgroups of G is abelian and is generated by a set of 
_ operators of prime order each of which is transformed only into 
powers of itself by every Sylow subgroup whose order is & 
power of a smaller prime number. The number of the groups 
of order p”, p being any prime number, which possess a set of 
m — 1 independent generators is either $(m — 1) or £(m — 2) 
-+ 1 according as m is odd or even. 


24. By & process used in & paper read before the Society at 
New York, February, 1915, Professor Frizell proves that all 
well ordered types of order are comprehended in those fur- 
nished by the permutations of a simply infinite set. That 
is, given a well ordered set w, there exists, among the per- 
mutations of an c-series, a set ordinally similar to w. 


25. Professor Moore has shown that the general Hilbert- 
Schmidt theory of the integral equation for the complex-valued 
hermitian kernel may be secured on the foundation Ze: iz. 


(M; $; SIE eet qos Q — (ID) x; a Oy 


where A 1s the class of all real or of all complex numbers, $ is a 
general class of general elements forming a general range, M 
is a class of single-valued functions on the range PB to A with 
the properties LCDD)R, & is defined as the *-composite of 
DM with itself, and J is a general functional operation having 
properties as indicated. The definite property Du of the 
functional operation is the property which, in the classical 
instance of integration states that if, for a continuous function 


£, we have f £(s) E(s)ds = 0, then £(s)isidenticallyzero. Mr. 


Dines shows that the theory as to the existence of characteristic 
functions and numbers of a hermitian kernel x may be obtained 
on & foundation in which the functional operation is not re- 
stricted by postulation of the property Po. This permits us 
then to include as an instance that of integration in which 
the class M is taken as’ the class of all real-valued, bounded 
funetions, integrable with their squares in the sense of Le- 
besgue. The relation, x not identically zero, in the classical 
instance is replaced by the relation Jog Aer + 0, and the theory 
is in general the same. The expansion theorem of Hilbert is 
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stated as giving the expansion of J?axß where a and B are not 
necessarily in the class W but are functions of a class Jt which 
contains M as a subclass, J being operative on (NN), to N. 
For example, the class Jt may be taken as the class of all 
functions, whether bounded or not, integrable with their 
squares In the sense of Lebesgue., 

The unsymmetric kernel is then discussed in a generalization 
in which not only is the functional operation generalized but 
also the kernel function is no longer on & composite range 
necessarily formed by one range with itself but on & composite 
. range formed from two conceptually distinct ranges. 

Using these results, Mr. Dines secures a generalization of & 
theorem due to Picard as to conditions for solvability of an 
integral equation of the first kind and gives an application to 
the geometry of a function space. 


26. As an instance of the basis £s, Professor Moore has cited 
that suggested by the analogy of the sphere and the ellipsoid. 
In this instance, given a function w, a new functional operation 
Jw is obtained from that of Zs by defining the functional 
operation, operating on a function x, as Ji 422kw. Mercer has 
shown the importance of the positive kernel as to expansion in 
& uniformly convergent series of characteristie functions. 
Mr. Dines discusses the positive kernel in the instance cited 
above. Conditions on a hermitian function w are obtained 
sufficient to secure the equivalence for every hermitian function 
x of the properties, positive as to J and positive as to d. 
There follows a discussion ‘of conditions equivalent to these. 
The latter part of the work is suggested by that of Fischer on 
the equivalence of the notions, general and closed, as applied 
to a unitary and orthogonal set of functions from the class of all 
functions integrable with their squares in the sense of Le- 
besgue. The foundation for the discussion is 27, defined as 
follows: 


Er. 


Pid on (En) to W | 


This differs from the foundation Z; in that the functional oper- 
ation is not restricted by postulation of the property Po and 
that the class Yt is introduced. The property C, for the class 
Yt is a closure property, the class being closed as to convergence 
in the mean. 
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27. If a homogeneous fluid mass is rotating about an axis 
with a sufficiently small angular velocity there are two possible 
oblate spheroid figures of equilibrium, one nearly spherical, 
21, and one much flattened at the poles, Zs. . If the fluid mass 
is compressible there are two figures of equilibrium nearly 
: oblate spheroids. One approximates & and is depressed in 
middle latitudes below the spheroid having the same polar 
and equatorial radii. The other approximates Ze and is 
elevated in middle latitudes. The former theorem was 
proved by Airy, Callandreau and Darwin; the latter is a new 
theorem. This is established and a formula for the deviation, 
from a true spheroid 1s obtained by Professor Moulton. He 
Starts from an assumed relation between the pressure and 
density in the fluid and by making a compressibility parameter 
play a fundamental róle is able to discuss the more flattened 
figure. 


28. In his third paper Professor Carmichael shows how 
rational solutions of certain functional equations may be 
employed in solving problems of a certain class in the theory 
of diophantine analysis. In particular, several problems of 
Diophantus and Fermat are readily treated. The contents 
of both this paper and the preceding one by the same 
author will appear in his forthcoming “Introduction to Dio- 
phantine Analysis,” to be published by Wiley and Sons. 

H. E. SLAUGHT, 
Secretary of the Chicago Section. 


A GEOMETRIC DERIVATION OF A GENERAL FOR- 
MULA FOR THE SOUTHERLY DEVIATION 
OF FREELY FALLING BODIES.* 


BY PROFESSOR WM. H. ROEYER. 


(Read before the American Mathematical Society, October 25, 1913.) 


Wrrar the last dozen years interest in the problem of the 
deviations of freely falling bodies seems to have been revived. 
'There is a substantial agreement, among the writers who have 
treated this subject, as to the magnitude of the easterly devi- 
ation, their result being practically the same as that obtained 


* See BULLETIN, vol. 20, No. 4, p. 175. 


e 
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by Gauss more than one hundred years ago. Concerning 
the southerly deviation, however, there appears to be a diver- 
sity of results. "This lack of agreement can, for the most part, 
be accounted for by the different definitions for southerly 
deviation and the different potential functions for the earth's 
field of force which have been used in the derivations of the ' 
various formulas. In another paper* the author shows that 
most of these formulas for the southerly deviation are special 
cases (corresponding to special potential functions and to 
special definitions) of his general formula 


; l x) | hê 
= d 22 — E NEP 

(I) S.D. | w? sin 249 dE | Em’ 

which may be written in the form 

(LI) S.D. = & EF Es, 

where 


8 , Og Le | (9g\ F 
f = [2 sin 260+ (52) P 7. DL 


S.D. representing the quantity which some writers use for 
southerly deviation and £i that which others use. Of the 
other quantities used in formula (I), À denotes the height 
through which the body falls, w the angular velocity of the 
earth's rotation, do, go, (0g/0£)o the values at the point De 
from which the body falls of the astronomical latitude A. 
the acceleration g due to weight, and the derivative of g 
with respect to £, where £ represents distance measured to the 
south at Po. 

Formula (I), besides including as special cases many for- 
mulas which are based on particular potential functions, has 
a practical advantage over any of these formulas. This 
the following facts will show. In a country which is not very 
level the experimentally determined values of the derivative 
(Og/dE) exceed, in magnitude, many times (sometimes ten or 
more) the values of this derivative which correspond to gen- 
erally accepted potential functions. Furthermore, (0g/0£) 
varies in an apparently very capricious manner. It may be 
positive at one station and negative at a station a few miles 
distant.f Therefore, formula (I), with the experimentally 
bodies," soon to be published in U. S. Monthly Weather Review, vol. 43. 


Transactions Amer. Math. Society, vol. 18, pp. 469—490 (Intro- 
duction); Astronomical Journal, nos. 670-672, Part I, $4. 


€ ts} 
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determined local value of the derivative (0g/0£), is capable of 
accounting more accurately for the effect, on the southerly 
deviation of a falling body, of a local irregularity in the 
earth’s field of force (such as a mountain) than any formula 
which is based on a particular (and consequently inadequate) 
' potential function. 

The author has already shown that, under the assumption 
of an asymmetric distribution of the earth’s gravitating matter 
as well as under the assumption of a distribution of revolution, 
formula (I) is the first and predominating term of a still 
longer expression for the southerly deviation of freely falling 
bodies.* In view of the generality and practical nature of 
formula (I) it seems worth while to derive it by still another 
method. In this article a purely geometric derivation is given 
under the assumption of a distribution of revolution. 


§ 1. Definitions. 
Let us assume a set of rectangular axes O — u, v, z (Fig. 1) 





which are at rest with respect to the solid part of the earth and 
such that Oz coincides with the earth’s axis of rotation, the 
positive sense of Oz being from the celestial south pole to the 
celestial north pole. The field of force which determines 
EE 


* Seo Transactions Amer. Math. Society, vol. 12, pp. 835-353; vol. 18, 
pp. 469-490; and Astronomical J ournal, nos. 670-672, Part II. 
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weight, i. e., the field in which the plumb-line is in equilibrium, 
is at rest with respect to these axes. We shall call this field 
of force the weight field. Let us denote by P; a point (on or 
near the earth's surface) which is at rest with respect to the 
axes Q — u, v, z. The straight line which passes through P, . 
and gives the direction of the force of the weight field at P, 
is defined as the vertical of Pi. The vertical of P, coincides 
with the string of a plumb-line, the bob of which is situated at 
Pı* The astronomical meridian plane of Pı is the plane which 
passes through the vertical of P; and is parallel to the axis of 
rotation Oz. 'The astronomical latitude of P, is the comple- 
ment $; (Fig. 1) of the angle which the vertical of P, (to the 
zenith) makes with the axis Oz (to the celestial north pole). 
The astronomical longitude of P, is the angle e (Fig. 1) which 
the meridian plane of P, makes with a fixed plane (sOu say) 
through Oz, and is measured from 0? to 360? to the east. The 
horizontal plane of P, is the plane which passes through P, 
and is perpendicular to the vertical of D. The north-and- 
south line of P, is the line of intersection of the meridian and 
horizontal planes of Pi. The east-and-west line of Pi is the 
straight line which passes through P, and is perpendicular to 
the meridian plane of Pı. This line may also be defined as the 
intersection of the horizontal plane of P, by the plane which 
passes through P; and is perpendicular to the axis 0.1 

Now let us take a point P, (Fig. 1) above P, and in the 
vertical PıPo of Py. The vertical of Po will not coincide with 
the vertical of Pi, but it will pierce the horizontal plane 
NESW of Pı in a point T which does not coincide with Pi. 
Let us suppose a material particle to fall, under the influence 
of the earth's gravitation, from an initial position of rest (with 
respect to O — u, v, z) at Po. The path of this particle, with 
respect to the axes O — u, v, z, is a curve c which pierces the 
horizontal plane NESW of P, in a point C. 


Derinımion 1. The perpendicular distance of the point C 
from the north-and-south line NPıS of D is called the easterly 
deviation of the falling particle, and is regarded as positive to 
the east (see Fig. 1). 

Deron 2. The perpendicular distance of the point C 
EIER e Saw ee ee 


“It is assumed that the string of the plumb-line is weightless and 
perfectly flexible, and that the bob is a heavy particle. 
. t The above definitions are practieally the Same as those given by 
Pizzetti, Trattato di Geodesia teoretica, $ 5 (1905). 
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from the east-and-west line EPıW of Py is called the southerly 
deviation of the falling particle, and is regarded as positive to 
the south (see Fig. 1). 

The following definitions will also be found convenient. 
A line of force of the weight field is a curve at each point P of 
which the tangent is the vertical. A level (or equipotentsal) 
surface of the weight field is & surface at each point P of which 
the normal is the vertical. The plumb-bob locus of the point Po 
is the locus of the bobs of all plumb-lines (of the ideal type 
defined above) which are supported at Po. Geometrically 
this locus may be defined in either of the two following ways: 

(1) the locus of the points of tangency of tangents drawn 
from the fixed point Po to the lines of force of the weight field. 

(2) the locus of the feet of perpendiculars dropped from the 
fixed point Po to the level surfaces of the weight field. 


$2. Some Fundamental Relations. 


Let us denote by w the angular velocity (with respect to the 
inertial axes of the solar system) of the earth's rotation, and 
by V the potential function of the earth due to gravitational 
attraction alone, i. e., the function defined by the integral 


dm 
Wes dE a)? -F(»— bP + (2 o 


where dm represents that element of mass which is situated 
at the point whose coórdinates, with respect to the axes 
Q — u, v, z, are a, b, c, the integration being extended through- 
out the whole volume of the earth, and x is the gravitation 
constant. Then the potential function of the weight field is* 


2 
(1) W=V+5 +e). 


Then the equations of the level surfaces of the weight field | 
may be written in the form i 


W= K, 


where K has constant values. The differential equations of 
the lines of force of the weight field are 


5 W.-W. Wy 
* Seo Pizzetti, loc. cit., $2. 
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where Wu, We, W, stand for the partial derivatives dW /du, 
OW ðv, OW /dz respectively. The equations of the plumb-bob 
locus of Po are 


— eet 


(8) W. m WwW, 
From these equations it follows that Po (uo, vo, 20) lies on this 


locus, and also that P; (a, v, 21) lies on it, for since the 
straight line PiP, is the vertical of Pi, 


Ur — "ug Vi — Dn 21 — zo 


wa "wo wg. 


where W,®, W,O, W,® denote the particular values of 
Wu, Wo, W,respectively when u = An, ps 01,2 = 2. Italso 
follows from the systems of equations (2) and (3) that the 
plumb-bob locus of P, (represented by d in Fig. 1) has for 
tangent at Po the vertical PoT of Dat Hence the 








* [n order to prove this let us write equations (3) in the form 



















































































V — Uo R —20| _ _ |? Ep LL — uo 
a Wee Welle 
Then for points of this curve 
F, F, : P, F, = Fu F, 
du idv ids = |. alia ella al 
But 
U — Un Z — £g D — Vo £ — £y 1 0 
AS We Wa OS) We Wa * [s Ww, 
Bo D — Vvo 2 — Zo 0 1 
S Wii Was We W. d 
Z — 20 U— Uo 0 1 Z u u — Uo 
mE. Wa Er. pi ^U Wn Wa l 
| .|2—2o u — t 1 0 
lm Wi +y, Wal’ 
For the particular point Po, (wo, Vo, Zo) these derivatives have the values 
bm =0, FO = WO, FO = — WO, 
3,0 = — W0, 9,0 =0, 5,0 = Wo. 
Hence at Po 


du : dv : dz = WOW, : WW, : WLW) = HA ` WA: Ra 


It is assumed that the derivatives W., Ws, W, do not all vanish at the 
u point (u, v», z) and that each of them has continuous first partial 
erivatives. 
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THEOREM l. The plumb-bob locus d of Po passes through the 
points Po and Pı and is tangent at Po to the vertical PoT of Po 
(see Fig. 1). 

If we denote time by £, the differential equations of motion 
(with respect to the axes 0 — u, v, 2) of the falling particle are* 


d^u do oV 
dB 2e — qu = Au 
(4) 
m: aV d'a oV 


equations (4) may be written in the form:T 


S Pu Qui OW čo du OW du OW 
(8) d£ di du’ dé Odi av’ dë az’ 


The path c of the falling particle is that solution of equations 
(5) [or (4)] which is subject to the initial condition 


when ¿= 0, u = ugo = Dn 8 = Zo 


(6) du dv dz 


' Therefore it follows from equations (5) that 


d^u dn dig 
— Sg H (0) — = W (0) —— = W (0) 
(7) (58 ), MT (=), - (2), 8 


where the subscript ọ indicates that those particular values of 
the derivatives d*u/dé, d*v/di*, d’z/d have been taken for 
which t= 0. Since W,O, W., W,© are proportional to 
the directional cosines of the vertical PoT of Po, we have,.on 
&ecount of relations (6) and (7), the 


* For a derivation of these equations see $2 of the author's paper in 
the T'ransactions Amer. Math. Society, vol. 18, pp. 469-490, where z, y, z, U 
stand for u, nm z, V here used. 

t A superficial reading of equations (5) might lead one erroneously to the 
conclusion that w* was neglected. In these equations o! is contained in 
the expressions of the derivatives ð W /du, OH (on. In short, equations (5) 
are the equivalents of equations (4), and not the approximations thereto 
made by neglecting «*. 
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THEOREM 2. The path c of the falling particle (with respect 
to the axes O — u, v, 2) passes through the point Po and tis tangent 
at Po to the vertical PoT of Po (see Fig. 1). 


$3. Special Relations Corresponding to a Distribution of 
* Revolution. 
By a distribution of revolution of the earth’s gravitating 
matter we shall mean a distribution of matter for which the 
potential function (1) assumes the form 


(8) W = f(r, 2), 
where 
pana 


represents the distance of the point (u, v, s) from the earth’s 
axis of rotation Oz. 

For such a distribution the level surfaces of the weight field 
are surfaces of revolution, the two-parameter family of lines 
of force of the weight field lie in the one-parameter family of 
planes which pass through the axis Oz, and the differential 
equation of those lines of force which lie in any such plane is 


dz _ Of/dz | 
(9) de of lar’ 


the plumb-bob locus of Po Des in the plane of Po and Oz, and 
its equation in this plane is 


(10) 2 (r — T0) — T o — 89) = 0. 


The meridian planes of P, and Po then coincide and contain, 
besides the verticals of P, and Po, the plumb-bob locus d of Po. 
The path c of the falling particle does not lie in this plane. 
Let us project it orthographically on this plane and denote by 
- € and C' the projections of c and C respectively (see Fig. 2). 
Then it follows from Definition 2, § 1, that 


(11) S.D. = DO, 


where S.D. stands for southerly deviation. The point T in 
which the vertical of Po pierces the horizontal plane of Pi 
now (i. e, for a distribution of revolution) lies in the north- 
and-south line of Pi. Let us put (see Fig. 2) 


ġ& = TU, &=TP, 
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the positive sense of each of these quantities being the same 
as that of S.D. Then 


(12 &-—&- TO — TP, PT + TC = P4C = S.D. 


The curve o is closely related to a curve c" which we will now 
define. The path c of the falling particle may be regarded as 
the directrix of a surface of revolution of axis Oz, This 
surface of revolution passes through the point Py. The inter- 
section of this surface of revolution by the plane of P, and Oz 
is the curve c". 

We will now prove the two following theorems. 


TnurgonEM 3. The curvature, at Po, of the plumb-bob locus 
d of Po 1s twice that of the line of force of the weight field which 
passes through Po, and the concavity of these curves is in the 
same direction. . 

THEOREM 4. The curvature, at Po, of the curves el and c" 
18 the same in both magnitude and direction. 

In order to prove Theorem 3 let us note that, since the two 
curves are tangent, it will be sufficient to compare the values, 
which correspond to the two curves, of the second derivative 
diz|di^. For the line of force the expression for this second 
derivative is found by differentiating equation (9). "Thus we 
find for the line of force that 


dei E 


Let us represent by F(r, ai the left member of equation (10). 
The derivatives dz/dr, d’s/dr? of the function defined by equa- 
tion (10) are expressible in terms of the partial derivatives of 
F by means of the well known relations 


(18) 


OF | OF de 

T dr ðs dr ° 
C9 ap SEP ds CEA Mm 
Gei" "arm dr Os dr) ^ dz di H 


For the particular point Po(ro, 20) we have* 


T — 70 2% 


af a 
Or 02 


* Since F = , 
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er (S. - (Be) 
OT o> 03 o! 02 BE OT 0 
19) (SS) m) Gr). Se). (ae) 
( ) ðr? a dada 0° drds "un dei 0 dai 0” 
KH 
gei Jo \ Orda Jo" 


Hence for the plumb-bob locus we have, at Po, 


(i. Je (2). 




































































ôT Jo 
JF T — To £ — Z0 1 O0 
Fe) ay elle a 
Or? Ozdr dr OZ 
— — 1 
aF T To Z Zo 0 
z| 9f f |t| sf» 
ÓTOZ oz Or 9 
T — To Z2 — En 1 0 
ar orf 
ar | Of af (tle Ff tas 
or? ETS Ta dai T 
T — To £ — £9 0 T 
EU af 
3:0 | OF ay tjs OF tv 
QirT0z ddr Or Oder 
T — To 2 — En 0 1 
ar Of 
ga "7| OF S || 97, S7|— 5.5; 
ðr? oz? Ordz Oz 
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The first of these relations being the same as equation (9) 
for the point P, furnishes another proof of the fact, contained 
in Theorem 1, that the plumb-bob locus of Pp is tangent, at 
Po, to the line of force (of the weight field) which passes through 
Po. This fact, taken in conjunction with the fact that the 
second of expressions (16) is -+ 2 times as great as expression 
(13) for the point Po, constitutes the proof of Theorem 3. 

In order to prove Theorem 4 let us express the equations of 
motion of the falling particle in terms of cylindrical coordinates. 
For this purpose let us put 


(17) u = T COSA, DV=TSINA, 25, 


where 7 = Vu? + 0? has the same meaning as above, and X 
is the angle which the plane through Oz and the general 
point (u, v, z) makes with the plane zOu. If we subject the 
system of equations (4) to this transformation, we obtain the 
equations 


d’r dAV oV d dA oV 
a (era) ain nn lz me 


18 
e P. Y | 
] d? Oz 
By the same transformation relation (1) becomes 
o? 
(19) W = V + 5 T’. 
If we assume the potential function to be of the form (8), 
ow oV 
GC ox ON” 


and then the second: of equations (18) yields the integral 


dn k 


where E is the constant of integration. The first of equations 
(18) then becomes 


d? oV ke d I? 
G tat 
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Furthermore, when t= 0 we have dA/di = 0 and c = To, 
whence by (21) 


(23) k = wr. 
If now we put 

e? To 
(24) 053 =f.) - S (5). 


the equations of motion (for a distribution of revolution) 
take the form 

0, 3.8, 2_ (3) 
dë ar’ dë Ox dt "\r l 


The path c of the falling particle is (for a distribution of revo- 
Jution) that solution of equations (25) which is subject to the 
initial conditions 

when $— 0, T= ro = Vue + 0%, 3 — 2%, 


(29) 


(26) vo 
A= Ans aretan—c, ————-6. 
uo 


The curve c" is now easily seen to be that solution of the pair 
of differential equations 


dr OQ æz 90 
(27) fr 5% 
which is subject to the initial conditions 
dr dz 
; when $— 0, T= To 2= so dd 


i 
For the same ordinate g the abscissas of the two curves c" 
and c’ differ by the amount 


T — T cos (A Aa 
= 2r sin? SO — Ao) = TEA — Ao)? Les 


where z and 7 are those solutions of equations (27) which are 
subject to the conditions (28), or where z, 7, ^ are those solu- 
tions of equations (25) which are subject to the conditions (26). 

The solutions r, z to terms of order not higher than the 
second in £ are easily seen to be 


(80 T= tat, 2 — znt BP e, 


(29) 
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(2), o MS 
2V0r Jo’ Bs — 9 Az Jo’ 


where 


aa = Z 


the subscript o indicating that the values of the derivatives to 
which it is attached correspond to r = ro and z = zo Hence 


2 

—«-1—-—B4..., 

T TO 
and therefore, by the last of equations (25), 

dA = 203 
(31) ne ler), 
whence, by (26), 
(32) N— No = — Fo BH oo, 
0 

Therefore the difference (29) becomes 


2,2 
T — T COS (A— Xo) = (To + oa + ($25 P ) 


2 
(33) ar... 








Since this difference is of the third order in (z — zo) it follows 
that the curves c’ and ei have contact of the second order at 
the point Po and hence we have proved Theorem 4. 


$4. Some Known Theorems. 


The following three theorems will be found useful: 

THEOREM 5. In a two-dimensional field of force, for which a 
potential function exists, the curvature of a line of force is the 
derwative of the logarithm of the force taken in that direction, on 
an equrpotential curve, in which the force increases. 

THEOREM 6. If, in a positional field of force, a particle 
starts from rest, the initial curvature of the path described is 
one-third of the curvature of the line of force through the initial 
position.* 


* See Kasner’s Princeton Colloquium Lectures, p. 9, footnote 2. 


+ 
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THEOREM 7. If ata point P of a curve (with a continuously 
turning tangent) at which the curvature is finite (1. e., neither 
zero nor infinite) the tangent and the inner normal be taken as a 
set of rectangular axes, then the equation of the curve referred to 
these axes may be written in the form 

= 7 - 32 + an expression of order three, or higher, in z, 
where x is measured from P along the tangent, y is measured 
from P along the inner normal and p ts the radius of curvature 
at P.* 

References to proofs of Theorems 6 and 7 are given in the 
following footnotes. In order to prove Theorem 5 let us 
refer the field of force to a set of rectangular axes (x, y) and 
denote by X, Y the components of the force j of the field. ' 
Then the differential equation of the lines of force is 


dy Y 
(34) =F, 
whence 
ðY ðX OY OX 
A EE See 
(35) T4 : 


On the other hand, the magnitude of the force is 
(36) Ze NX? + Y? — X cos à + Y sing, 





Fra. 3. Fia. 4. 
where tan $ is the slope of the vector representing the force 


* See Osgood's Introduction to Infinite Series, p. 39. Also Goursat- 
Hedrick, Mathematical Analysis, vol. 1, p. 451. 
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(Fig. 3). Hence 
0 = — X sin $ + F cos 9, 


whence 
jcosó = X, jsinó- E. 
Then 
07 dE ‘OY 0j l dÄ or 


1 
rt): tr) 


If now we represent by s (Figs. 3 and 4) distance measured on 
& line perpendicular to the yector representing j and such that 
8 is positive on the side opposite to that on which the angle & 
lies, then 


9j — 9). 05 II 9 0j 
op satin } + 52 005 6 = = ( Ya gX) 
(97) Ox EK OY 9X 
ra ratar- 
| N 
If now 
aX OY 
(38) an Oe 


which is the case when a potential function exists, then by 
(35) and (37), 


3; 
(39) ES 
whence 
97 d'y 
d . d ` dy , dæ 
(40) 35108. J zs jo cos’ $73 = [14 (yp 
dz 1 
since : 
E TEE XN 
u 1+ tan? ¢ dy M 
\ Se 


Hence Theorem 5. 
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$5. Applications of the Preceding Theorems to the Problem 
under Consideration. 


Let us now replace the variables x and y by 7 and z re- 
spectively, and denote by U the potential function of the 
field of force of Theorem 5. Then l 
E aU 
2 am ds Y= — E" 


dr’ 


QUNM? aU M? 

N). 
and relation (37) becomes ` 
9j 

ds | O(U) 
Fi 


(41) jeos@= X= EE 





H 


(42) 


where 


oU rann an Ap ðUU OU 
om - ix Cu) -(&) IX] 


If now U = f(r, 2) is the function (8), 


(43) i-s- (Hy (2, 


where g is the acceleration due to weight, formula (42) becomes 





0g 
às. O(f) 
Ge g p 


If, further, we denote by & distance measured along the 
north-and-south line of Po (positive to the south), we obtain 
the relation 








(45) = 


in which, by Theorem 5 or relation (40), — (9g/0£)g/go is the 
curvature at Po of the line of force of the weight field which 
passes through Po. Hence by Theorem 3 we have 
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THEOREM 8. The curvature at Po of the plumb-bob locus d of 
Pow 


(46) fees 


go 
Let us next put U = Q, where Q is the function defined in 
(24). By (24) 


op af. (+ a óQ of 


Or dr T 02 Oz! 
(47) 
OY (iuam), BI, re m 
dai Qr zi ]? ðrðg ðrðz? Oz ð’ 


where f is the function (8). For the particular point Po, 
whose coordinates are ro and zo, these derivatives assume the 


values 
ee RICE 
(48) (=), (55) e ee: 
EM 
Dr, = [O (F) — 4o? (2) (2). 


= OUT la — 4w*go* sin do cos dn, 


Therefore for the particular function Q and the particular 
point P, we have, by (42), 





whence 


(49) 


OI 
Pal [G(f)]le 4e? sin do cos do 


jo u go i go 
(50) 


= — 2 LI. by(45) 
m ES y (45) 
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By Theorem 5 or relation (40) this expression (50) is the cur- 
vature at Po of the line of force, passing through Po, of the 
positional field of force of potential function 2. Hence by 
Theorems 4 and 6 we have 

THEOREM 9. The curvature at Po of the orthographic pro- 
jection o on the meridian plane of Po of the path of the falling 
particle is i 


Lif fa 
(51) -32 | (3) + 4o sin do ST 


We have now found expressions for the curvature at D 
of the curves d and c’, which pass through the point Pp, lie in 
the meridian plane of Po, and have (by Theorems 1 and 2) 
as common tangent at Po the vertical PoT of Po (Fig. 2). By 
Theorem 7 we can now find expressions for the quantities E 
and & which were defined between equations (11) and (12). 
For this purpose let us denote by h the height of fall P,P». In 
the first place, let us drop perpendiculars from Pı and C’ to 


the line PoT and denote by P, and C respectively, the feet ‚of 
these perpendiculars (Fig. 5). Then the infinitesimals D, 





Pi, PP, C'C' differ from the infinitesimals h = Daf, A 
f = TP; &: = TC’ respectively by infinitesimals of higher 
order. Therefore by Theorems 7, 8 and 9 
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KE 
h--z — g NOE Jo h? + e, 


go 


f= 5 SEN + 4w? sin do cos $0 | [ea e, 
where e and e are infinitesimals of order higher than that of k. 
In order to remove the ambiguity in sign let us observe that 
since the latitute ¢ lies between — 90? and + 90°, it follows 
that cos $ > 0, and therefore, by relation (40), (8j/0s)[; 
and d?y/dx? are either both positive or both negative. Hence 
it follows from (45) and Theorem 8 that for the curve d, 
— (8g/0£)o/go and (d’e/dr?), are either both positive or both 
negative; and from (50) and Theorem 9 that for the curve c’, 
— l/go((0g/0£)o + 2w? sin 260} and (d’z/dr?), are either both 
positive or both negative. Furthermore, we assumed £i and 
t£» to be positive toward the equator. Consequently if for 
definiteness we:suppose (as shown in Fig. 5) that for curve 
d, (d’z/dr*)y > 0 and for curve ei, (ddr?) < 0, it follows 
that & = — PT <0 and & = TC > 0. Therefore in the 
above expressions for & and £i the lower signs must be used 


( ) 
E 


(52) f= p 


hi? 
(53) Ei = | 2 sin 2¢0 + (5 x) le. 


to terms of order not higher than the second in h; whence 


d I 
(54 S.D.=&-&= | 2a sin 240 — EA di 
‚which is formula (I). 


NOTE ON SOLVABLE QUINTICS. 
BY PROFEBSOR F. N. COLE. 
(Read before the American Mathematical Society, January 2, 1915.) 


THE substance of the following paper was included several 
years ago in my university lecture course on the theory of 
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groups. Being laid away for seasoning and final touches, it 
was destroyed in the fire of last October, along with the rather 
lengthy computations under Lagrange’s theorem involved in 
the transition from the equations of Runge to those here 
employed. I have succeeded in restoring the paper from the 
lecture notes of my students, and am moved to publish it 
now in order that whatever value it may have may not be 
further exposed to destruction. The process of solution seems 
to be reduced to the simplest terms, and I have not been able 
to find that it has been anticipated. 

The quintic is supposed to have been reduced (by Tschirn- 
hausen transformation) to the form a5. ox 4-8 — 0. In 
his paper in the Acta Mathematica, volume 7 (1885), Runge 
obtained the sextic resolvent 
(v — o)*(v* — bav + 2502) = 558», 
where v = (ziza + Tats + vaca + 2425 + zsz), the ze being 
the roots of the quintie, and expressed the coefficients of 
solvable (irreducible) quintics in terms of two parameters. 
The condition for solvability is of course that the resolvent 
sextic shall have a rational root. The function v belongs to 
the group of order 20, and the problem is substantial to 
caleulate by radicals the four Lagrange functions 


Ti7 H+ etot Cast ev Etts, T3= 01d- rekt exs tH €íz44- es, 
Ta= tir Hetit rst tat Ors, ra= rrt ért ent Cat ex. 
These last belong to the identical group, their fifth powers to a 
group of order 5, the combinations e, = 75+ 7.5, os = rÆ 
CF r$ to a group of order 10, and finally 559 = cı + os to 


the same group of order 20 as Runge's v. 
I find now the following series of resolvent equations: 


(1) Zoe + 68p + 258°) = (p + 258)(p + 58)5; 








56 
(2 oit oz = Dp, cio — 94 (p? + 308p + 12583; 
Tj) +76 = 01, 5 s _ 58 (pe + 256} _ 5 5 
(3) 72° + 735 = ge, r ^. 98 05 — Ol TESI SES 


As an example, the equation z + 15x + 12 = 0 gives 
p= 60, Ti F Fg = 54. 12, 0109 = — 58 s 108, di = — Di, 6, 
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ga = 55-18. m4 76 — 5-6, r6 = 395. 5, r= 
— 1875 + 525410, 7 = — 1875 — 525 10. r6 + r£ 
= 51.18, rør = — 35. 55, zb 5625 + 180010, rë 


= 5625 — 1800410. 5z = tı + Te + Ta + T4 
The connection with Runge’s resolvent is effected by the 
relation 
y — 5a 
pP = ~~ öp D 


UA 





by which equation (1) may be verified. "The relation 


_ 58 sr 
Dog bo + Vo? — Gav + 250), 

which includes the preceding and gives the key to equations 
(2) and (3), was worked out by Lagrange’s theorem. 


COLUMBIA UNIVERSITY 
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THE MADISON COLLOQUIUM LECTURES ON 
MATHEMATICS. 


Part I: On Invariants and the Theory of Numbers. By LEONARD 
Eugene DicksoN. New York, American Mathematical 
Society, 1914. 


Tre number of new mathematical systems which may be 
characterized as distinct mutations, whose discovery or de- 
velopment is to be credited to American research, has shown 
a marked increase within a few decades. The reviewer of 
Professor Dickson’s Lectures of the Madison Colloquium 
volume has the satisfaction of recording one of these great 
discoveries, his theory of classes in invariant theory, and of 
observing bow as & result of this discovery, number theory, 
which long had little contact with the theory of invariants, 
now has very much in common with it. Dickson’s technical 
memoirs in which the theory of classes and the invariant theory 
of modular forms were first expounded appeared in 1909. 
And while the material and indeed much of the method also 
of the Colloquium Lectures are new, they are dominated by 
the theory of classes and may, therefore, be regarded as a 
superstructure of the system founded in his 1909 papers. 
Lecture I may be regarded, also, as introductory to the theory 
as & whole. 
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The theory of classes is a general invariant theory, appli- 
cable, and applied by the lecturer, to three types of invariants. 
We now define these. Ordinary invariant theory of alge- 
braical quantics, which we may call the algebraic theory, is 
one in which the coefficients of the linear transformations as 
well as the coefficients of the transformed quantics them- 
selves are perfectly arbitrary variables. If both of these sets of 
coefficients are parameters representing residues of a prime 
number p (or, generally, marks of a Galois field), we have the 
invariant theory called modular invariant theory, due to Dick- 
son. Again if the coefficients of the quantics are variables 
while the coefficients of the transformations are modular the 
invariant formations are called formal modular. This type 
of invariant was first defined by A. Hurwitz. 

Suppose that S is a system of modular forms, and to follow 
the inductive plan of the Lectures, suppose that the modulus 
is p and that S consists of one modular quadratic form 
qm in m variables. The coefficients ß,, of qm are parameters 
to which may be assigned in turn particular sets of residues 
modulo p, giving the particular forms qm’, gm’, *"*. Now if 
the totality of forms gn‘ be transformed by all of the trans- 
formations of the linear group L (mod p) on the variables, 
the gn are separated into classes C; such that two particular 
forms belong to the same class if and only if they are equivalent 
under Z. 

The definition of an invariant now becomes a function- 
theoretic matter. A single-valued function e of the unde- 
termined coefficients 8, is an invariant of gm if o has the same 
value for all sets ß,,’, Bu”, - of coefficients of forms gm’, gell, 
+. belonging to the same class. 

To determine the value of an invariant ¢ for a given class 
C; we need only assign to the §;; in ¢ the particular coefficients 
in a canonical form of qm which belongs to C;. In consequence 
invariants may here be determined from their values by an 
interpolation formula, or by some particular method whose 
use would be equivalent to the determination of a function 
by the interpolation process. And to determine a funda- 
mental system of invariants we need only to determine & set 
which completely characterizes the classes C;. Specifically 
a set of invariants en, qs,  - is said to characterize completely 
the classes when each e; has the same value for two classes 
only when the latter are identical, and the following theorem 
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proved in Lecture I, taken with the interpolation idea, 
furnishes not only & powerful construction method, but also 
an advantageous means of proving that & system which has 
been constructed forms a fundamental system: If the modular 
invariants A, B, ---, J completely characterize the classes, 
they form a fundamental system of modular invariants. 

The particular problems treated in Lecture I are, first, the 
reduction of the algebraic quadratic form 


a= 2 Butit; (B = bn) 
to the canonical form 
(1) t F e F tm + Dim fleece 
or to 
(2) 2 ace 


according as the rank r of D is — m or « m. This can be 
done by linear transformations with complex coefficients of 
determinant unity, and thus all algebraic quadratic forms 
may be separated into the classes 


On,p Cr (D+0,r=0,1,--:,m— 1), 


where, for a particular value of D, Cn,» is composed of all 
forms qm of determinant D, each being transformable into (1), 
and so on. Every single-valued algebraic invariant of qm is 
a single-valued function of D and r which completely char- 
acterize the classes. 

Secondly, the corresponding canonical reduction of the 
modular qm is made; the forms are (1), (2) and 


(3) att e+. 4 ai? + opd ((<r<m),, 
and the classes 
Cm, Ds Cr, +15 Ur, A Co (D=1, ar) p—1; r=], =>, m—1), 


where, for instance, C,,1 is composed of all forms trans- 
formable into (3). A fundamental system of rational integral 
modular invariants of gm is then 


D, Ai, ne As Io, 


where if Mi, Mo, ---, Mn denote the principal minors of order 
r of D, and d ranges over the principal minors of orders > r, 


A, = ite [2 + M;vo-» I2 (1 = My?) Lee 
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+ MDR — Myr?) (1 — My) X II — det), 


This invariant has the value + 1 for any form of class C, 1, 
for example. Also I; = U(1 — B,? ^D. 

In the opening paragraphs of Lecture II the algebraic bi- 
nary quartic forms f are separated into classes by transforma- 
tions of the type (algebraic) T: x = z' + ty’,y = y’. Since 
Invariants under T are seminvariants of f we arrive at a 
determination of five seminvariants of f from the point of view 
of the classes, and a proof that they form a fundamental 
system of rational integral seminvariants. This set does not 
completely characterize the classes, i. e., is not a fundamental 
system of single-valued seminvariants of f. If f is modular 
and p > 3 eight determinate seminvariants characterize the 
classes. 

Professor Dickson next establishes an inductive method of 
constructing all of the members of a fundamental system of 
modular seminvariants of a form of order n from the system 
for a form of order n — 1. For instance if n is divisible by p 
(n = pq), and Fn = Aox^ + Av” ty + ---, the set consisting 
of A, and the fundamental system for 


(4) E es ; Bed: Keine 


completely characterize the classes of F,. 

By this and similar processes an explicit fundamental 
system of modular seminvariants of F4 (p > n) is constructed 
and for particular low orders some explicit systems for p $ n. 
Invariants are then treated as seminvariants which possess 
the right type of symmetry, and the subject of linearly inde- 
*pendent sets claims attention. 

Lecture III is devoted to concomitants of the formal modu- 
lar type. The first problem solved is that of the deter- 
mination of a set of rational integral invariant functions of the 
variables of the modular transformations L, alone, such that 
any other such function 1s a rational integral function of those 
determined, with integral coefficients; i. e., the determination of 
a fundamental system of universal covariants of the group L. 
The first such determination was made by Dickson in a paper 
published in 1911. But for the case of two variables the 
work is here simplified by the introduction of geometrical 
concepts. 
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. The transformations being 
(5) G: x! = bz + dy, y' =cx+ey, be — cd - 1 (mod p), 


and a point being defined as a pair of homogeneous coordinates 
(x, y) = (ka, ky), we say that a point is a special point if it 
is invariant under at least one transformation which is not 
identity. For it 

z = pr, y = py, 


and p is a root of the characteristic congruence 
(6) p? — (b+ e)p+1=0 (mod p). 


Only real special points are invariant when (6) has an integral 
root, and all real points are conjugate under G. It follows that 
if an invariant of G vanishes for one of the real points it vanishes 
` for all and has the factor 


—1 
L- vr — ay) = «?y — ty? (mod p). 


If (6) has Galois imaginary roots, the corresponding invariant, 
representing the conjugate set of imaginary special points, is 


Q = (ey — ay?) + L, 
and L, Q is the system sought. 

The’ details of the proof here contain the two principal 
elements in the author's main method of constructing formal 
modular invariants and showing what ones are reducible. For 
with p=2 and f= az? + bzy + cy? the transformation 
t= +y’, y= y induces the transformation 


a=a, b'zb, c'za-4- b+c (mod 2). e 


This latter may be identified with a special case of, (5), and 
the two universal covarlants of this special group become 
formal modular seminvariants of f. As to reducibility, in 
view of the theory of conjugate points, we need only show 
that a covariant has the factor y in order to know that it has 
the factor L. e 

Fundamental systems of formal modular seminvariants 
and invariants of the binary quadratic form modulo p are 
completely determined in this Lecture, as well as sets for the 
cubic, and some simpler modular covariant systems modulo 2. 
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Brief mention is given to the total binary group’s form problem, 
and the invariantive classification of forms. 

We now come to the two lectures on modular geometry, 
and in Lecture IV, the modular geometry and covariantive 
theory of a quadratic form in m variables modulo 2. Modular 
geometry is not a new term, but Dickson’s formulation of a 
new theory under the old name marks a notable advance. 
In modular theories such as G. Arnoux’s Essai de Géométrie 
analytique modulaire (1911), a “curve” is a finite aggregate 
of real points. Thus an analytic representative of this curve, 
its quantic, is not determinate in any sense from its points. 
Dickson assumes at the beginning that the curve, represented 
for instance by the modular form 

Qm (X) E LCi Lj 2 Zb (2, J == iP very M; A e J), 
modulo 2, shall contain an infinitude of points. That is, he 
defines a point as a set of m ordered elements (zi, -: —— Im), 
not all zero, of the infinite field F4 composed of the roots of all 
congruences modulo 2 with integral coefficients. The point 
(x) = (wi +++, Xm) is called real if the ratios of the z's are 
congruent to integers modulo 2, otherwise it is imaginary. 
Then the aggregate of points (x) for which qn(2) = 0 (mod 2) 
is called a quadric locus, a conie if m = 3. The quadric is 
thus composed of an infinitude of points, only a finite number 
of which are real. The investigation of the modular invariant 
theory of this locus is carried out as a purely arithmetical 
theory, without any geometrical representation of the locus, 
although the terminology and to some extent the methods of 
analytic projective geometry are employed. The lack of any 
mode of geometrical representation leaves the reader with & 
feeling of conjecture as to just what kind of geometry in the 
` concrete he is here concerned with, and as to whether something 
similar, perhaps, to isometric projection could be invented to 
give & picture of the infinite point cluster constituting the 
modular curve. 

'The first invariant formation treated in this lecture is the 


polar locus: 
P(y, 2) = Ze; (yv; + y,z,) (mod 2). 


For &n odd m the polars of all points (y) have at least one point 
incommon. A determinate common point, whose coordinates 
happen to be'cogredient to the variables, is called the apex of 
the quadrie. Any line through the apex is tangent to the 
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quadric, and conversely. Thus the quadric has a linear tan- 
gential equation. If (C) is the apex, q«(C) is a formal modular 
invariant. If it vanishes, the apex is on the locus, which is 
. then a cone. In the case of a conic, reducible to 


p= X1 + Xs, 


the only real points on the locus are (1, 1, 1), (1, 0, 0), (0, 1, 0). 
The apex is (0, 0, 1). The only other real points, three in 
number, lie on the covariant line 


(7) Xı + Xs + Xs = 0 (mod 2). 


A like configuration on the real points defined by the quinary 
surface, of great beauty, is constructed, and a similar theory 
for the case of an even m is given. 

The latter half of this chapter, the most technical part of 
the Lectures, is devoted to a determination, from the stand- 
point of the classes, of a fundamental system of modular 
covariants of the ternary quadratic form F with integral 
coefficients modulo 2. 

With a modular analytie projective geometry defined and 
its covariant theory established Professor Dickson proceeds 
in Lecture V to a particular curve and a particular feature of 
the geometry on that curve. "This is a theory of plane cubic 
curves with a real inflexion point which holds true both in . 
ordinary and in modular geometry. After reducing the cubic 
to the normal form 


C = z*y + gy + hy’s + 82 (6 + 0), 


the author develops the theory of the inflexions. A prominent 
part is played by the invariants 


s$s = — 36h, t= — 108038. 


A cubic with integral coefficients taken modulo p, a prime 
> 3, with at least one real inflexion point and with invariant 
s = 0, and £ + 0, has nine real inflexion points if p is of the 
form 3j + 1 and — t is a sixth power modulo p, a single real 
inflexion point if p = 37-++ 1 and — t is a quadratic non- 
résidue of p, and exactly three real inflexion points in all other 
cases. The author proves a series of similar theorems. 

As a whole these Lectures are indeed a most meritorious 
contribution, suggesting many new problems of many new 
kinds. 
O. E. GLENN. 


1915. ] SOME BOOKS ON CALCULUS. 471 


SOME BOOKS ON CALCULUS. 


Elements of the Diferential -and Integral Calculus ` (Revised 
Edition). By W. A. GRANVILLE. Edited by P. F. SMITA. 
Boston, Ginn and Company, 1911. xv+463 pp. 


Elementary Textbook on the Calculus. By V. SNYDER and J. I. 
Hvrtcaınson. New York, American Book Company, 
1912. 384 pp. 


The Calculus. By E. W. Davis assisted by W. C. BRENKE. 
Edited by E. R. Hepricx. New York, The Macmillan 
Company, 1918. xx4-383-4-63 pp. 


Esercizi dt Analisi Infimitesvmale. By G. Vrvawmr. Pavia, 
Mattei, 1918. vii+470 pp. 


GRANVILLE’S Calculus is too widely known both in its orig- 
inal and in its revised edition to require any long notice.* 
A number of changes have been introduced in the revision and 
all seem to improve the work as a class drill book. In the 
number of pages the additions and subtractions exactly 
balance. 

In the preface the author states that in the last few years 
considerable progress had been made in the teaching of the 
elements of the calculus and in this revised edition the latest 
and best methods are exhibited. This statement is entirely 
incomprehensible to us. So far as we have observed the only 
important improvement in teaching calculus has been to 
introduce the calculus earlier in the student's course and so to 
present it in matter as in time that it may be of greater use to 
the student in his courses on physics and mechanics. Gran- 
ville's book veers not the slightest toward this point, no more 
in the revised than in the original edition. 


* For a review of the original see E. B. Van Vleck, this BULLETIN, 
volume 12, pages 181-187. We are personally out of sympathy with that 
review because we believe that it represents the view-point of the mathe- 
matician catering to the one per cent of the students of calculus who will 
possibly be pure mathematicians rather than the point of view of the 
teacher of mathematics who sets his heart on doing the maximum good to 
the maximum number and who regards mathematics through calculus as 
essentially the handmaiden of the theoretical and applied sciences. We 
believe that the aristocratic movement has passed its zenith and is giving 
way to a less selfish and more democratic point of view,—and we daresay 
the earlier reviewer is in sympathy with the change. 
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The caleulus is taught to such a large number of students in 
so many institutions that there is no particular reason why 
any teacher who has a prominent position cannot find or 
should not find & publisher for his own notes on calculus and 
thus have a text of his own which suits him better than any 
other. This is sufficient excuse for the appearance of Snyder 
and Hutchinson’s book. The work is short. It could have 
been made shorter without harm by abridging the 42 pages 
given to contact and curvature, singular points, and envelopes. 
The most natural book with which to compare Snyder and 
Hutehinson's is Osborne's (revised edition, 1908). The two 
are a good deal alike; they give the calculus which is really 
needed and give it in direct teachable form,—which must be 
balm to the souls of those that are bored by the modernization 
of caleulus toward rigor, or toward '' practical mathematics," 
or toward the so-called “ mixed method." 

In their preface the authors call attention to the pressure 
toward shortening the course in mathematics, they cite the 
appearance of books on calculus for engineers, physicists, 
chemists, and so on, and state that it is in recognition of this 
pressure that they have written. It is good that they are 
alive to the advisability of adapting calculus to the students 
who take it; we should all be alive to that fundamental prin- 
ciple of educational justice. But is there any real pressure 
to shorten the course in mathematics? Is not the pressure 
rather to get the kind of mathematics the student, in the 
opinion of engineers, etc., needs? And there 1s plenty of that 
kind. Is not the shortening merely an indirect result due to 
the fact that we will not give the student that which others 
think he needs and that they therefore diminish his time with 
us so that they may give him what, in their opinion, he needs 
more than what we would offer him in any additional time 
allowed to us? 

We may quote from the introduction to Perry’s Elementary 
Practical Mathematics: “ Academic methods of teaching 
mathematics succeed with about five per cent of all students, 
the small minority who are fond of abstract reasoning; they 
fail altogether with the average student. Mathematical 
study may be made of great value to the average man if only 
it is made interesting to him.” Here is the real reason for the 
pressure there is upon us. We deal in the abstract and in 
the rigorous; the average person does not, and to a certain 
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extent cannot. We teach the wrong way,—let us quote again: 
“There is always a difficulty in obtaining competent teachers 
(of practical mathematics). Any man who has learnt pure 
mathematics is thought by himself and others to be fit to 
teach, whereas his very fondness for and his fitness to study 
pure mathematics make it difficult for him to understand the 
simple principles underlying the new method. The average 
boy cannot take to abstract reasoning, and he is called stupid; 
I think him much wiser than the boy who is usually called 
clever." 

We may not believe any of this stuff, we may force it out 
of our consideration; but there are, many who believe 1t all, 
and they will constantly bring it back to our attention. 
And we cannot compromise more than temporarily by abridg- 
ing our course; the very abridgment will produce less efficiency 
in the sort of thing we do teach. Even an average class will 
take great delight in hard differentiations and integrations, 
they will rejoice in conquering the difüculty, as I many times 
observed in the classes of A. W. Phillips at Yale,—provided 
the class is drilled in differentiation and integration until the 
majority acquire sufficient technique to make the game in- 
teresting. It is ability to do that maintains the interest. 
When we abridge our course without otherwise changing it 
we diminish the chances that the student shall become able 
to do what we teach him. That is the weakness of mere 
abridging. Diminishing the requirement in Greek for entrance 
to college killed preparatory Greek as quickly as anything 
could. 

‘For ourselves, we do not believe in going the whole way with 
Perry; we believe that some abstract reasoning is good, and 
with our students prepared as they are when they come to us 
from the secondary schools a certain amount of abstract 
reasoning is not only good but possible. If we can follow a 
short course in calculus from a book like Snyder and Hutch- 
inson’s by a considerable course in concrete and practical 
problems, that may be our best procedure. But if we are 
to be allowed altogether only a short course, we should make 
that much less mathematical in the canonical sense; and by 
doing so we may perhaps be entrusted with a greater allotment 
of time. 


Davis’s Calculus is a frank attempt to introduce variety 
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and interest into the calculus. The work therefore has at- 
tractive elements; one may easily exclaim: How inspiring to 
teacher and pupil to have all this constant contact with nature! 
That the book bas bad qualities is obvious to anybody ex- 
amining it carefully, but it is only after the sad disillusionment 
of teaching it & year that one can really find out how largely 
the bad outweighs the good. The book will therefore have 
many enthusiastic adopters and many speedy rejectors. 

The main difficulty is that careless workmanship (or play- 
manship) permeates the whole in such an insidious fashion 
that it is partly hidden to the prospective user and always a 
burden to the actual user. "Whether author, assistant author, 
or editor is responsible for this defect we cannot say; but it is 
improbable that any real hard cooperation by all upon the 
whole could have left so many lesions, and we may guess that 
one brewed the text, another peppered in the exercises, and a 
third sprinkled in the sage advice to Dear Reader and the 
gratuitous reflections. ‘The answer book is full of errors, and 
thus is a great annoyance to the serious student, a corrupter 
of the careless worker. A table is valueless except as it is 
accurate, yet inaccuracies are found in the formula for center 
of pressure (not given in the text) and in the polar equation of 
the cissoid. 

If Davis-Brenke-Hedrick had written a sufficiently original 
text we could pardon a number of errors, even under triple 
responsibility; but there is no particular originality about the 
work. They treat the algebraic function first, both as regards 
integration and differentiation, and when they come to trans- 
cendental functions they carry on the differential and integral 

‘calculus simultaneously. But so did Mercer in 1910; and if 
we may trust & comparative Judgment of two books one of 
which we have not taught, we should unhesitatingly say that 
Mercer, though bearing but one workman's name, is incom- 
parably the more careful and valuable production. And, to 
mention no others, Byerly in his Differential Calculus as long 
ago as 1879 introduced the integral calculus early and carried 
it along with the differential. It can hardly be expected that 
Byerly's book as it stands after 35 years should appeal strongly 
to teachers of the present day; yet its plan has many of the 
good features of recent books which try to freshen up the cal- 


eulus. 
The authors include a considerable treatment of differential 
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equations as did Mercer in 1910 and Woods and Bailey in 
their Course in Mathematics, volume 2, some years before. 
This is not a bad thing to do, for the integration of the simpler 
differential equations is a natural part of the integral calculus; 
but I am very strongly of the opinion that a systematic chapter 
on rectilinear dynamics, such as is found in Byerly’s and Os- 
good’s books, is of much möre value to the student and teaches 
him just as much about differential equations. One of the 
earliest differential equations we meet is the so-called com- 
pound interest law, for which our authors use the term snowball 
law as more “ suggestive "; it is too bad that they regard it as 
more suggestive, for it is very wide of the mark. (The snow- 
ball law makes an interesting exercise for engineers; it leads 
under reasonable assumptions, such as an engineer would 
make, to an algebraic integral.) 

One thing above all others students of mathematics should 
learn, namely, that it is the business of mathematics to teach 
them to think and talk coherently. They should have clean- 
cut definitions and straightforward proofs. If a book contains 
these, the teacher may safely be trusted to furnish the dis- 
cussion and to point out the beauties of the landscape; whereas 
it is difficult for the teacher to furnish the definition and proof 
with any effectiveness to & class whose text is mostly discussion. 
The authors’ book is long despite its moderate number of 
pages; for it is printed to a large extent in eight-point type. 
It could be abridged without substantive omissions. 

It is the business of sets of exercises to offer definite and 
somewhat graded problems to the student; but the exercises 
in this text are wholly ungraded and in many cases very in- 
definite in statement. Sometimes there is scarcely a single, 
exercise in a whole set which I should wish to assign to a class, 
and in every case it is necessary to take the greatest care in 
the selection of exercises. We recommend a careful reading of 
the lists of exercises to every prospective user. 

The practice of leaving important items for exercises, a 
plan of which I heartily approve in advanced texts where 
exercises are hard to find or where we are trying to teach the- 
student research, seems very doubtful for any elementary 
text. Yet here the area of a surface of revolution, component 
accelerations, hyperbolic functions, average values, centers of 
gravity, the element of volume in polar or spherical coordinates 
are thus left as exercises. It must be a remarkable class that 
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can work out for itself the polar element of volume; it is more 
than most of us can do to draw a decent figure and give the 
proof for the class. 

We have heard a great deal off and on about the necessity 
of giving the student power and the spirit of investigation; 
but this is merely a visionary’s ideal, as anybody can see by 
pondering upon the question: How many of our doctors of 
philosophy in mathematics in this country or abroad are 
engaged in real research? If six to eight years of training 
lapse into desuetude in the case of professional mathematicians, 
what can you expect to accomplish with sophomores? Put 
into the text what you want them to know in such form that 
they can learn it, say I, and then see that they do learn it. 
And I have heard a very eminent investigator recommend the 
same sort of thing for candidates for the doctorate. 

There is no need of going into the details, whether bad or 
good, of Davis’s text. Suffice it to say that if books are not 
more carefully written, we shall have to refrain from adopting 
them from very lack of time to examine them in sufficient 
detail to make it.safe to adopt them; but it is too bad to throw 
the whole reponsibility upon the user instead of upon the 
author and publisher, where we previously thought it belonged, 
at least to a very large extent. 


Vivanti’s book of exercises, a .companion to his Lézioni 
d’analisi infinitesimale, contains 575 well-selected solved 
exercises in calculus; there are no applications and no rigorous 
types. The list should be of value to American writers of 
texts, but it is difficult to see how it can be of direct use in our 
classes. 

EpwiN BipwELL Wirsox. 


MASSACHUSETTS INSTITUTE OF TECHNOLOGY. 


NOTES. 


THe April number (volume 16, number 2) of the Trans- 
actions of the American Mathematical Society contains the 
following papers: “Quartic curves modulo 2,” by L. E. 
Dickson; “Mixed linear integral equations of the first order," 
by W. A. Hurwitz; "Prime power groups in which every 
commutator of prime order is invariant," by W. B. Fire; “On 
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the order of primitive groups," by W. A. MANNING; "A proof 
of the invariance of certain constants of analysis situs," by 
J. W. ALEXANDER, II; “ Point sets and allied Cremona groups," 
by A. B. CoBLE; “Scroll directrix curves," by C. T. SULLIVAN. 


Tus April number (volume 37, number 2) of the American 
Journal of Mathematics contains: “ Invariantive theory of plane 
cubic curves modulo 2,” by L. E. Dickson; “On the pro- 
jective differential classification of n-dimensional spreads 
generated by œ! flats," by ArrauR Rantm; “On the order of 
a restricted system of equations," by F. F. Decker; “One- 
parameter families of curves," by L. P. EISENHART; “On a 
porism connected with the theory of Maxwell’s equations and 
a, method of obtaining the lines of electric force due to a 
moving point charge," by H. Bareman; “The abstract de- 
finitions of groups of degree 8," by JOSEPHINE E. Burns. 


Tre Association of mathematics teachers of New Jersey held 
its second regular meeting at Trenton on May 1. Papers were 
read by Oswarp VEBLEN: “The affine geometry”; RICHARD 
Morris: “The auxiliary angle"; FLETCHER DURELL: “ Mathe- 
matics and efficiency”; A. W. BELCHER: “First year mathe- 
matics for a technical high school”; C. O. GUNTHER: “ Trigo- 
nometry for the college student"; J. W. Corurrow: “The 
study conference plan in mathematics"; H. E. WEBB: “ Ge- 
ometric definition of the trigonometric functions" and "Out- 
line of a course in advanced commercial algebra." Professor 
H. B. Drop was elected president of the association. 


Tar Adams prize for the year 1913-1914 has been awarded 
to G. I. Taytor (Trinity, 1910). The title of the prize memoir 
is: “The phenomena of the disturbed motion of fluids, includ- 
ing the resistances encountered by bodies moving through 
them." The value of the prize is about £250. 


"Dee, early publication of an Analytic Mechanics, by J. A. 
Men and S. B. Lissy, of Swarthmore College, is an- 
nounced by D. C. Heath and Company. 


UNIVERSITY OF CALIFORNIA.— The following advanced 
courses are announced for the summer session, June 21 to 
July 31:—By Professor M. W. HasxELL: Constructions by 
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ruler and compass.—By Professor C. J. KEYSER: Analytical 
geometry of three dimensions; History and significance of 
central mathematical ideas and doctrines.—By Professor 
H. W. Tyer: History of mathematical science.—By Professor 
T. M. PurNAM: Three famous problems of geometry; Theory 
of functions of a complex variable. 


Dr. E. S. ALLEN, of Brown University, has been appointed 
instructor in mathematics at the University of Michigan. 


PROFESSOR J. J. Harpy, who had held the chair of mathe- 
matics and astronomy at Lafayette College since 1876, died 
May 2, 1915, at the age of seventy-one years. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


Cason (F.). History of mathematics. 2d reprint. New York, Mac- 
millan, 1913. S8vo. 422 pp. $3.50 


CAMPBELL (D. F.). A short course on differential equations. 5th reprint. 
New York, Macmillan, 1913. 12mo. 123 pp. $0.90 


——. Elements of the differential and integral calculus. 4th reprint. 
New York, Macmillan, 1913. 12mo. 362 pp. 1.90. 


CaRVALLO (E.). Le calcul des probabilités et ses applications Paris, 
Gauthier-Villars, 1912. 8vo. 9--169 pp. 


CREMONA (L.). Opere matematiche. .lomo II. Milano, Hoepli, 1915. 
4to. 459 pp. L. 25.00 


ENcYkLoPADIE der mathematischen Wissenschaften. Band II 2, Heft 4: 
E. Hill, Lineare Differentialgleichungen im komplexen Gebiet. Leip- 
zig, Teubner, 1915. Gr. 8vo. Pp. 471-562. M. 2.80 

FrNE M B.) and Tuompsox (H. Di Coordinate geometry. 5th reprint. 

ew York, Macmillan, 1914. 12mo. 300 pp. Half leather. $1.60 

HARUSSLER (J. W.). Geometrischer und algebraischer Beweis des Fer- 
matschen Satzes durch Auszichen der n-ten Wurzel und durch Ab- 
leitung des Satzes als ganzzahlige Ungleichung. Berlin, M. Krayn, 
1912. 8vo. 48 pp. 

Hirn (bi See ENcYELOPADIE. 

La Marca M Criteri di congruenza e criteri di divisibilità. Esereizt 
vari. Torre del Greco, Pantaleo, 1912. 8vo. 30 pp. 

Laska (W.). Einleitung in die geometrische Funktionentheorie, 2te 
Auflage. Bremerhaven, 1915. Gr. 8vo. 6+87 pp. M. 2.00 

NxkRASSOW (P. A.). Theory of probabilities. 2d edition, with the addi- 
tion of the statıstical theory of correlation and the elementa of nomo- 
graphy. (In Russian.) Bt. Petersburg, 1912. 8vo. 30--532 pp. 

Riaes (N.C.). Analytic geometry. 8threprint. New York, Macmillan 
1914. 12mo. $1.60 

TuoxPsoN (H. D.). See Fow (H. B.). 
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Wızsner (S.). Ueber mathematische Logik. Berlin, 1914. Gr. 8vo. 
12 pp. 
O.: ELEMENTARY MATHEMATICS. 
Beard (W. Bi Arithmetical examples. London, Dent, 1912. 269 pp. 
Comrort (L. C.). Geometry: a reasoned chain. London, Gill, 1015. Is. 


Conti (A.). Elementi di calcolo letterale. 3a edizione. Bologna, Zani- 
chelli, 1912. 16mo. 136 pp. 


(H. S.) and Stevens (F. H.). Examples in arithmetic taken from 
“A school arithmetic." London, Macmillan, 1012. 8vo. 15+281+ 

89 pp. 
Hoózvan (F.). rd Gees be buch der Arithmetik für Gymnasien 


und Real e. 2te umgearbeitete Auflage. Wien, 
F. Tempsky 1912. Z5 pp. 


JENSEN (O.). See WALTHER (F.). 
Lesser (O.). See Scuwas (R.). 


NASAREVBEY (J.). Die Anzahl der Ziffern in der Periode des periodischen 
Dezimalbrüches (Vortrag gehalten in der Sitzung der Mathematischen 
Gesellschaft Charkow 15/28. IV. 1909). Charkow, 1912. 8vo. 6pp. 


Orro (F.), PETRI (W.), Taarer (A.) und Soen (J.). Mathematik fur 
Oberlyzeen. In 2 Teilen. iter Teil unter Mitwirkung von Otto, 
bearbeitet von Petri, Thaer, Ziegler. 2te umgearbeitete Auflage. 
Leipzig, F. Hirt, 1919. 8vo. 7+293 pp. 


Petri (W.). See Orro (F.). 


Rorarock (D. A.). Elements of plane and spherical trigonometry, with 
tables. 3d reprint. New York, Macmillan, 1912. 8vo. ii^ "b 


PP. 
Rovwornr (R.) See THARR (A.). 


ScuwaB (R.) und Lesser (O.. Mathematisches Unterrichtswerk zum 
Gebrauche an hoheren Lehranstalten. 2te Auflage. Leipzig, Frey- 
tag, 1912. 8vo. 290 pp. i 


Sorotsko (L.). The accuracy of computation with logarithmic tables. 
(In Russian.) Moscow, 1912. 8vo. 12pp. 


SPoRER (B.). Niedere Analysis. 2te Auflage. 4ter Abdruck. Berlin 
und Leipzig, Goschen, 1912. 8vo. 179 pp. 


SrmvzNs (F. H.). See Harr (H. S.). 
TuHAER (À.). See Orro (F.). 


THAER (A.) und PORTON (R.). Rechenbuch fur höhere Schulen. Aus- 
Rape B, in drei Heften und einem gsheft. Lien Heft, fur 
exta, Ate und 4te Auflage, 1913; 2tes Heft, für Quinta, 3te und 4te 
Auflage, 1914; 3tes Heft, fur Quarta und Untertertia, 3te und 4te 
Auflage, 1914; Erganzungsheft, für Obertertia und Untersekunda, 2te 
Auflage, 1913. Breslau, F. Hirt. 95+96+96+100 pp. Kartoniert. 

M. 1.004-1.00 4-1.00 4- 1.00 


——, Rechenbuch fur Vorschulen hoherer Lehranstalten in drei Heften. 
dte Auflage. Breslau, F. Hirt, 1014. 83+95+100 pp. Kartoniert. 
M. 0.80 4-0.90 4-1.00. Ergebnisse zum 3ten Heft. M. 0.60 


THAER (A.) und WIMMENAUER (T). Arithmetische Aufgaben fur hohere 
Schulen. Ausgabe C, für Realschulen. Breslau, Hirt, 1012. 8-160 
pp. Geb. M. 2.40. Ergebnisheft dazu. Geh. M. 1.60. 
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lonoPov (K.). Magic series and their a EE to the solution of exer- 
cises. (In Russian.) 2d edition. Orenburg, 1912. 8vo. 454-2 pp. 


WALTHER = .) und Jensen (O.). Mathematischer Lehr- und Uebungsgan 
fur hohere Mädchenschulen, Lyzeen und Studienanstalten. Abtl. A ve) 
(Kl VII-V). 3tes Heft (Kl. V) von Jensen. Leipzig, F. Brand- 
stetter, 1912. 8vo. 140 pp. 


WIMMENAUER (T.). See "Dousen (A.). 
ZIEGLER (J.). See Orro (F.). 


HI. APPLIED MATHEMATICS. 
Br&aowT (P.). See CÉsaR (J.). 


CALDARERA (F.). Corso di meccanica razionale. Vol. I: preliminari, 
cinematica, studio delle forze. 2a edizione migliorata. Palermo, 
Virzi, 1915. 8vo. 8--330 pp. L. 13.00 


CASTLE (F.). Workshop arithmetic. London, Macmillan, 1915. 1s. 6d. 


CÉSAR (J.) et BrÉuoNT (P.). Traité d'arithmétique financière. Paris, 
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X THE APRIL MEETING OF THE AMERICAN MATHE- 


MATICAL SOCIETY IN NEW YORK. 


Tus one hundred and seventy-seventh regular meeting of 
the Society was held in New York City on Saturday, April 24, 
1915, the following seventy-one members being in attendance 
at the two sessions: 

Mr. J. W. Alexander, II, Professor M. J. Babb, Dr. Ida 
Darney, Dr. F. W. Beal, Dr. R. D. Beetle, Professor Susan R. 
Benedict, Mr. A. A. Bennett, Professor E. G. Bill, Professor 
G. D. Birkhoff, Professor Maxime Bócher, Professor Joseph 
Bowden, Professor E. W. Brown, Dr. T. H. Brown, Professor 
A. B. Coble, Dr. Emily Coddington, Professor F. N. Cole, 
Dr. G. M. Conwell, Professor J. L. Coolidge, Professor 
Elizabeth B. Cowley, Dr. Louise D. Cummings, Dr. H. B. 
Curtis, Mrs. E. B. Davis, Professor L. P. Eisenhart, Professor 
H. B. Evans, Professor F. C. Ferry, Professor H. B. Fine, 
Dr. C. A. Fischer, Professor T. S. Fiske, Professor W. B. F ite, 
Professor A. S. Gale, Professor O. E. Glenn, Dr. G. M. Green, 
Professor C. C. Grove, Professor H. E. Hawkes, Professor 
E. V. Huntington, Dr. Dunham Jackson, Mr. S. A. Joffe, 
Professor Edward Kasner, Dr. L. M. Kells, Professor C. J. 
Keyser, Dr. E. À. T. Kircher, Professor W. R. Longley, 
Professor James Maclay, Dr. E. J. Miles, Professor H. H. 
Mitchell, Professor E. H. Moore, Dr. R. L. Moore, Mr. G. W. 
Mullins, Professor W. F. Osgood, Dr. Alexander Pell, Pro- 
fessor Anna J. Pell, Dr. G. A. Pfeiffer, Professor A. D. Pitcher, 
Dr. H. W. Reddick, Professor R. G. D. Richardson, Dr. R. B. 
Hobbins, Professor W. H. Roever, Professor J. E. Rowe, Dr. 
Caroline E. Seely, Professor H. E. Slaught, Professor Clara E. 
Smith, Professor H. F. Stecker, Professor H. D. Thompson, 
Mr. H. S. Vandiver, Mr. C. E. Van Orstrand, Professor 
Oswald Veblen, Mr. R. A. Wetzel, Professor H. S. White, 
Miss E. C. Williams, Professor Ruth G. Wood, Professor 
J. W. Young. 

Owing to the large amount of business to be transacted, 
the Council met on the evening of April 23, as well as on the 
following morning. President E. W. Brown occupied the 
chair at the Council meeting, being relieved at the sessions of 
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the Society by Ex-Presidents Osgood, Moore, and White, 
and Vice-President Veblen. The Council announced the 
election of the following persons to membership in the Society: 
Professor L. S. Hill, University of Montana; Miss G. I. 
McCain, Indiana University; Mr. J. F. Riley, Rice Institute. 
Eleven applications for membership in the Society were re- 
ceived. Professor P. F. Smith was reelected a: member of 
the Editorial Committee of the Transactions, to serve for 
the three years beginning October 1, 1915. 

The invitation of the Division of Mathematics of Harvard 
University to hold the summer meeting and colloquium of the 
Society at Harvard University in 1916 was accepted. A 
committee, consisting of Professors Osgood, Böcher, Moore, 
White and the Secretary, was appointed to make the arrange- 
ments for this meeting. A committee was also appointed to 
prepare a list of nominations for officers and other members 
of the Council to be elected at the annual meeting. It was 
decided to hold the annual meeting this year in New York at 
such time as not to interfere with the meeting of the Chicago 
Section at Columbus in affiliation with the American associa- 
tion for the advancement of science. 

Reports of committees were received concerning the proper 
attitude of the Society toward the movement against mathe- 
matics in the schools and the possible relations of the Society 
to the field now covered by the American Mathematical 
Monthly. In the former matter it was held to be inadvisable 
for the Society to take any action at the present time. He- 
garding the relations of the Society to the Monthly, the sense 
of the Council was embodied in the following resolution: 

“Tt ig deemed unwise for the American Mathematical 
Society to enter into the activities of the special field now 
covered by the American Mathematical Monthly; but the 
Council desires to express its realization of the importance of 
the work in this field and its value to mathematical science, 
and to say that should an organization be formed to deal 
specifically with this work, the Society would entertain 
toward such an organization only feelings of hearty good will 
and encouragement." 

In the interval between the sessions the members took 
luncheon together. Thirty-seven members gathered in the 
evening for an enjoyable dinner at the Terrace Garden. 


The following papers were read at this meeting: 
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(1) Professor C. J. DE LA VALLÉE Poussin: “ Demonstra- 
tion simplifiée d'un théoréme de Vitali sur le passage à la 
limite sous le signe d'intégration." 

(2) Dr. C. A. Fischer: "Minima of double integrals with 
respect to one-sided variations." 

(3) Dr. G. M. GREEN: “Nets of space curves." 

(4) Dr. R. L. Moonz: "A set of axioms in terms of point, 
region, and motion." 

(3) Dr. R. L. Moors: “On the categoricity of a set of 
postulates." 

(6) Mr. H. S. Vanprver: “A property of cyclotomic 
integers and its relation to Fermat’s last theorem. Second 
paper." 

(7) Mr. J. F. Rirr: “The reduction of invariant equations." 

(8) Professor E. B. Wirsow: "Linear momentum, kinetic 
energy, and angular momentum." 

(9) Professor F. H. Sarronp: “An irrational transforma- 
tion of the Weierstrass ?-function curves.” 

(10) Professor ARNOLD Emcu: “A certain class of functions 
connected with Fuchsian groups.” 

(11) Professor G. D. BIRKHOFF: “An elementary double 
inequality for the roots of an algebraic equation having greatest 
absolute value.” 

(12) Professor H. S. Warre and Dr. Lovise D. Cumminas: 
“Groupless triad systems on 15 elements" (preliminary 
report). 

(13) Professor Epwanp KasNER: “Conformal geometry in 
the complex domain." 

(14) Professor Epwarp KasNzn: “ Convergence proofs con- 
nected with equilong invariants." 

. (15) Professor E. V. Huntington: “Notes on the catenary, 
including the case of an extensible chain." 

(16) Mr. R. C. SrRACcHAN: “Note on the catenary." 

(17) Professor J. E. RowE: “A property of the osculant 
conic of the rational cubic." 

(18) Professor J. E. Rowe: “The node of the rational cubic 
as a rational curve in lines." 

(19) Dr. F. W. Bear: “A congruence of circles.” 

(20) Professor H. F. STECKER: "Linear integral equations 
whose solutions have only a finite number of terms.” 

(21) Mr. C. A. Epperson: “Note on Green's theorem." 

(22) Mr. L. J. REED: “Some fundamental systems of 
formal modular invariants and covariants." 
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(23) Mr. J. R. Kure: “Double elliptic geometry in terms 
of point and order." 

(24) Dr. ALEXANDER PELL: “On the curves of constant 
torsion." 

(25) Mr. J. H. Weaver: “The Collection of Pappus" 
(preliminary report). 

(26) Professor J. W. Young and Dr. F. M. Morean: 
“The geometries associated with a certain system of Cremona 
` groups.” 

(27) Professor T. H. GRoNwaLL: “A functional equation in 
the kinetic theory of gases.” 

(28) Mr. J. W. ALEXANDER, II: “A theorem on conformal 
representation.” 

Professor de la Vallée Poussin was introduced by Professor 
Osgood, Mr. Ritt by Professor Kasner, Mr. Strachan by 
Professor Huntington, Mr. Reed by Professor Glenn, Mr. 
Kline by Dr. R. L. Moore, and Mr. Weaver by Professor Babb. 
Mr. Epperson’s paper was communicated by Professor G. C. 
Evans. In the absence of the authors the papers of Professor 
Wilson, Professor Safford, Professor Emch, Mr. Epperson, 
Professor Young and Dr. Morgan, Professor Gronwall, and 
Mr. Alexander were read by title. 

Abstracts of the papers follow below. The abstracts are 
numbered to correspond to the titles in the list above. 


1. Professor de la Vallée Poussin presented a new proof 
of a theorem due to Vitali. This proof forms part of a paper 
entitled “Les intégrales de Lebesgue" which will appear in 
the Transactions of the Society at a later date. 


2. In some problems in minima of double integrals, the ` 
surface over which the integral is taken is restricted to lie in 
a given closed region R. Then it may happen that there is 
no extremal surface bounded by a previously given space 
curve which lies entirely within R, but that there is a surface 
consisting of a part of an extremal surface and a part ol the 
boundary of R which minimizes the given integral. In this 
paper Dr. Fischer derives some necessary conditions for such 
a minimum, and also a set of sufficient conditions. 


3. In the metric differential geömetry of a surface, use is 
frequently made of the Gaussian parameter form of representa- 
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tion, the surface being thereby referred to an arbitrary net 
of parameter curves. But only the organic properties of the 
surface, and not those of the net, are the objects of study. In 
this paper Dr. Green investigates an arbitrary net of curves 
for its own sake. A canonical development for the con- 
figuration in the neighborhood of a point is found, and leads 
to a consideration of certain osculating quadric and cubic 
surfaces. Of especial interest and importance is a certain 
congruence, formed by the lines of intersection of the osculat- 
ing planes to the curves of the two families of the net at the 
points of the surface. The same congruence was used in 
obtaining the canonical development of & surface referred to 
à conjugate net, given in the report of the February, 1914, 
meeting of the Society. The study of this congruence leads 
to certain theorems concerning tbe general theory of con- 
gruences, in which the focal points on a line of the congruence 
appear as the double points of an involution. New theorems 
of & metrie nature, concerning geodesics and normal con- 
gruences, are corollaries of the general theory. The entire 
'discussion 1s founded on the consideration of & completely 
integrable system of partial differential equations, following 
out the general ideas of Wilczynski. 


— 


4. Dr. Moore proposes the following set of axioms for plane 
analysis situs in terms of point and region. 

1. A region is a set of points. ' 

2. Every region contains at least two points. 

Definitions. P is a limit point of M if every region which 
contains P contains at least one point of M different from P. 
A set of points is connected if, however it be divided into two 
subsets, one of them contains'‘a limit point of the other one. 
The boundary of a region R is the set of all those limit points 
of R that do not belong to R. If Risa region, R’ denotes R 
plus its boundary. 

3. There exists a countably infinite set of regions Rı, Rs, 
Rs --- such that (1) if P and X are distinct points within a 
region A, then there exists np, such that if n > nz, and Ry 
contains P then R#,’ is a proper subset of R — X; (2) if 
6 O0 and P is a point, then there exists n greater than ô 
such that Rn» contains P. 

4. Each region is connected and so is its exterior. 

5. If two regions contain a point in common, then they 
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also contain in common a region which contains that 
point. 

6. If the point P does not belong to the region R, then every 
region containing P contains & region which has no point in 
common with R. 

7. Not every infinite set of points has a limit point. 

8. If A and B are distinct points on the boundary of a 
region Rand A X Bisa Jordan arc whose interior í lies entirely 
within T (where T is either R or its exterior) and T — t 
= 81+ 82 + Ss, where Sı, Se, Ss are mutually exclusive point 
sets, then one of the sets S), Ss, 83 contains a limit point of 
one of the other two. 

9. The Heine-Borel proposition as applied to a set of 
regions covering a given region and its boundary. 

10. If R is a region, T either its interior or its exterior, B 
a point in 7 or on the boundary of R, A a point in T, and 
AX B a Jordan are whose interior ¢ lies in T, then if T is 
connected so is T — f£. 

11. Every Jordan arc is the boundary of only one region. 

12. If one point of a region R is interior to a Jordan curve 
lying in R, then every point of R is interior to such a curve. 

From axioms 1-12 follows & considerable body of proposi- 
tions relating to non-metrical properties of plane curves and 
point sets. It follows from axioms 1-6 and 9 that every two 
points of a region can be joined by a Jordan arc lying in that 
region. If axiom 12 is omitted and in place of axiom 3 
are substituted certain axioms involving the third undefined 
term motion, there results a system of axioms categorical 
with respect to point, motion, and limit point of & point set 
as defined above. 


5. In a recent paper* Dr. Moore has given a system of 
axioms for the linear continuum in terms of point and limit. 
In his second paper Dr. Moore proposes to show that, while 
this set of axioms 1s categorical with respect to point and order 
as there defined, nevertheless it is not categorical with respect 
to point and limit but will become so if for axioms 5 and 8 are 
substituted the following axioms 5’ and 8’: 

5’, If rı and re are two mutually exclusive rays and if the set 
S of all points contains points not belonging to rı + rs, then 


* “The linear continuum in terms of point and limit," Annals of 
Mathematics, vol. 16 (March, 1915), pp. 123-133. 
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every infinite set of points lying in S — (rı + rn) has at least 
one limit point. 

8'. If P is a limit point of M, then P is a limit point of every 
infinite subset of M. 


6. In a paper presented at the January meeting of the 
Society, Mr. Vandiver proved a relation in connection with 
Fermat's last theorem from which the criteria of Kummer and 
Furtwängler were deduced. The present paper contains 
developments along the same line. 


7. In computing invariants under a group by executing a 
transformation of the group and then eliminating the param- 
eters of the transformation, one obtains & system of equa- 
tions which, when properly separated, yield the invariants. 
It seems that the only proof heretofore known of the separa- 
bility of the invariant equations consists in an appeal to the 
results of the Lie theory. Mr. Ritt gives a direct method for 
replacing the invariant equations by a system of invariants. 

8. Professor Wilson points out that some persons, who 
should know better, seem to think that the kinematic resolu- 
tion of motion of laminas and rigid bodies into a velocity of 
translation of any arbitrary point and an angular velocity 
about an axis through that point, is dynamically valid. Asa 
matter of fact the center of mass is introduced in kinetics 
precisely so that we may have a point for which the kinematic 
resolution holds dynamically. A number of simple geometric 
theorems develop from the search after points other than the 
center of mass for which dynamic results have the same simple 
resolution as the kinematic. The paper will appear in the 
American Mathematical Monthly. 


9. On September 10, 1912, Professor Safford read before the 
Society a preliminary communication entitled “ An irrational 
transformation of the Weierstrass P-function curves." The 
present paper gives the final results and will be sent to the 
Archiv der Mathematik und Physik, in which the first paper 
appeared on June 12, 1914. "The original curves are obtain- 
able from x + iy = P(t-+ iu), and are of the fourth degree. 
After transformation and rationalization the resulting equation 
is of the sixteenth degree, but is resolvable into three factors, 
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corresponding to one irresolvable curve of the eighth degree 
and one of the fourth degree taken twice. 


10. In this paper Professor Emch shows that the series 


2, [Ra — ®)(% — 5)] — Ra — a) bh 
extended over a Fuchsian group with the unit circle as a 
natural boundary, where z, 2’, a, b, a’, bi are within and not 
on the unit circle, 2’, a’, b’ are fixed, and R(z) is a rational 
funetion, under certain restrictions represents an analytic 
function of z with the unit circle as a natural boundary. It 
appears that, in general, these functions are not automorphic 
in the ordinary sense of the word. 


11. The note by Professor Birkhoff appears in the present 
number of the BULLETIN. 


12. From previous publications and a paper presented to 
this Society in October, 1914, 44 different triad systems on 15 
elements are known. These 44 belong to groups of order 
from 81/2 down to 2. Systems whose group is identity, or 
groupless systems, on 15 elements have not been known 
hitherto. This paper of Professor White and Dr. Cummings 
exhibits a mode of deriving new systems from old, and applies 
it to the derivation of grouplesssystems. Over 20 such are an- 
nounced, and the extent of the research now under way is indi- 
cated. 


13. Real conformal geometry deals with the o»? real points 
of the usual Gaussian plane under real conformal transforma- 
tion. Complex conformal geometry, as discussed by Professor 
Kasner, deals with the totality of oi complex points of the 
plane under the larger group of complex conformal transforma- 
tions. In earlier papers (see Proceedings of the International 
Congress of Mathematicians, Cambridge, volume 2, pages 
81-87) it was shown that in the real plane a regular analytic 
curvilinear angle has an invariant of higher order only when 
its magnitude is a rational part of 360° (including the horn 
angles of magnitude 0). The present paper includes a com- 
plete classification of analytic angles in the complex plane. 
In contrast with the real discussion, it is shown that certain 
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types of angle have an infinite number of higher invariants, 
and other types are capable of uniquely determining a con- 
formal transformation. The bisection problem (defined in 
. the paper cited) is also generalized and it is shown that the 
number of solutions may be not only 0, 1, 2, ©, as in the real 
case, but also 3, 4, or any finite number. 


14. In the paper cited above, Professor Kasner discussed 
also the invariants of a pair of analytic curves having a com- 
mon tangent under the group of equilong transformations of 
the plane. It was shown that each type of configuration 
(classified according to the order of contact of the two curves) 
has a unique invariant Joy;;. Hence if two configurations of 
the same type have the same J it follows that a transformation 
converting the one into the other can be formally calculated 
as a power series. The author now completes the theory by 
showing that these series are always convergent. This is 
done by reducing the problem to a differential equation of the 
form dy/dx = P/Q, where P and Q are series in x and y without 
absolute terms. The regular Cauchy theory is thus not 
applicable, but it is shown that after certain substitutions the 
. Briot-Bouquet criterion may be used. The equilong theory 
thus turns out to be essentially simpler than the (roughly) 
dual conformal theory, since in the latter case the convergence 
question cannot be reduced to differential equations. 


15. Professor Huntington's paper shows how to compute 
the length of a chord of a generalized catenary from the 
following data: the inclination of the chord to the horizontal; 
the weight per unit length, area of cross-section, and modulus 
of elasticity of the tape; the nominal length of the arc; and 
either the tension at the upper end or the tension at the lower 
end; and tables are provided for facilitating the computation. 
The paper also contains tables giving an auxiliary variable z 
in terms of the arguments (coshz — l)/z or z/coshz or 
sinh z/z, these tables being useful in the ordinary computations 
connected with the common catenary. 


16. Mr. Strachan points out the desirability of having 
tables for the quantities | = u/sinh u and k = 2u/(cosh u — 1) 
for use in certain well-known computations connected with 
the catenary, and suggests the following form for such a table: 
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l6— gdu|| u |sinhu|coshu|tanhul I k 


where the argument 0 runs from 0° to 90? at intervals of 20", 
and the functions are tabulated to six figures. 

Ás an alternative, he suggests the following form, to be 
used in connection with existing trigonometrical tables: 


|0= gdul| logu log I logk | 


17. In Professor Rowe’s first paper the osculant conie of 
the rational cubie is defined algebraically, and it is proved not 
only that this osculant conic at a particular point whose 
parameter is & touches the R? at that point (which is a well- 
known theorem), but that the parameters of the remaining 
intersections of the AR? and the osculant conic constitute a 
self-apolar set. 


18. In this paper Professor Rowe shows how to derive 
from the parametric equations of the rational cubic the equa- 
tion of the node in line coordinates. The parametric equa- 
tions of the node in lines may be found by taking the polar 
of the flex cubic as to the line equation of the curve. 


19. Dr. Beal considers a congruence of circles which he calls 
a congruence C and which may be defined in the following 
manner: Any point P on a circle of the two-parameter 
system is to be a point P of a surface Z whose tangent plane 
at P passes through the center of the circle and cuts the plane 
of the circle under an angle which is a function of the circle 
alone. Of particular interest is a congruence C such that the 
center of the circle is the point at which the plane of the circle 
touches its envelope M. In this case the surfaces > have the 
same total curvature as surface M. The surfaces & are not 
such that they admit a congruence C such that M is one of 
an infinity of surfaces related to C, in the same manner as 
Z is to C, unless M is pseudospherical. ‘Then the surfaces È 
are of course Backlund transforms of M.  - 


20. In solving actual problems of linear integral equations 
the Fredholm series D(s, t, X) and D(A) often have only a 
finite number of terms. It is the purpose of Professor 
Stecker's paper to determine the conditions under which this 
takes place. It is shown that it is necessary and sufficient 


1915.] THE APRIL MEETING IN NEW YORK. ` 491 


that the kernel be of the form >, eat, except, 


possibly, at the points of a set of content zero; or that the 
known term in the integral equation itself satisfy a certain 
integral equation. The corresponding forms of solution of 
this linear integral equation are also obtained. 


21. The aim of Mr. Epperson’s paper is to extend Green’s 
theorem to apply to integro-differential relations equivalent to 
the general linear partial differential equation of the second 
order in two variables. ‘These relations are written in such a 
way as not to involve derivatives of the second order, and the 
theorem is proved without assuming their existence. ‘This 
point of view is desirable for the possibility of its application 
to physies. The proof is deduced without making use of 
Green's theorem in its usual form. 


22. The method of constructing formal modular concomi- 
tants of a form that Mr. Reed uses in this paper is the one 
outlined by Professor O. E. Glenn in an article published in 
the BULLETIN for January, 1915. The method consists in 
finding transvectants of the form with the absolute covariants 
of the modular group and in:the use of certain invariant 
operators. By this method are constructed fundamental 
systems for the linear form modulo p, for the quadratic form 
modulo 2, and & simultaneous system for the linear and the 
quadratic form. These three systems are shown to be 
complete. 'lhe same method applied to the quadratic form 
modulo p gives a series of irreducible concomitants, 3(p + 7) 
in number. 


23. In his Rational Geometry, Halsted gives a set of axioms 
for double elliptic plane geometry in terms of point, order, 
association, and congruence. Mr. Kline proposes the follow- 
ing categorical set of eleven axioms for three dimensional 
double elliptic geometry in terms of point and order alone: 

1. If A 1s a point, there exists at least one point A’, different 
from A, such that the order 4A’C does not hold for any point 
C. A’ is called an opposite of A. 

2. There exist at least two distinct points A and B such 
that B + A’. 

3. If ABC, CBA. 
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4. If ABC and A’ is any opposite of A, A'CB. 

9. If ABC and ACD, then not ADB. e 

: If ABC and BCD, then either ABD or AD’B. 

If there exist an infinite number of points, there exist 
ani points A, B, D such that D is not on the line AB. 

8. If AED and ABF and D is not on AB, then there exists 
an H such that BHD and EHF. 

9 and 10 are the same as Axioms IX and X of Veblen's 
euclidean system. 

11. The Dedekind cut postulate for every segment. The 
straight line AB is defined as the set of all points X satisfying 
one of the eight conditions X = A, X = B, X = A, X = p, 
XAB, AXB, ABX, AX'B. 

It follows from Axioms 1-6 that a point has onlv one 
opposite; from Áxioms 1 to 6 and Axiom 8 follows the existence 
of an infinite number of points and the fact that any two dis- 
tinct points of a line, not opposites, determine this line. 
That the points of a line are in cyclical order follows from 
Axioms 1 to 6 and Axiom 8, Axiom 8 being merely used to 
show that, assuming the hypothesis of Axiom 5 satisfied, D is 
on the line AB. That every two lines in a plane intersect in 
two points, which are opposites, is a consequence of Axioms 1-8. 
It follows from Axioms 1 to 10 that every two planes intersect 
in a straight line. 


24. Dr. Pell shows that the coordinates of & curve of con- 
stant torsion can be expressed as the sum of the coordinates 
of a minimal curve and of a spherical curve. The curve of 
constant torsion lies on a developable surface whose edge of 
regression is the corresponding minimal curve, the distance 
between corresponding points being constant. Some prop- 
erties of a circular helix are generalized for curves of constant 
torsion. 


25. Mr. Weaver has made a translation of the Collection of 
Pappus, to which he is adding &, commentary, explaining in 
modern form the Greek geometric methods. In this pre- 
liminary paper he discusses the various criticisms of Pappus in 
the light of this extended study. He gives references from 
Pappus's own works, which have doubtless been missed by 
many historians who have blamed Pappus for literary theft 
or on the other hand have given credit which Pappus definitely 
disclaims. These ancient impressions being corrected, Mr. 
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Weaver wishes to discuss in succeeding papers some notions 
developed by Pappus which he believes are not generally 
known. 


26. The paper by Professor Young and Dr. Morgan is a 
revision from a much more general point of view of a paper 
presented by.them to the Society two years ago (April .26, 
1913) under the title “The geometry associated with a certain 


group of Cremona transformations in space." This earlier : 


paper called attention to a system Gi, Gs, G3, ---, Ga, ++- of 
groups of Cremona transformations (of order n) in spaces of 
1, 2, 8, ---, n dimensions respectively, and developed elemen- 
tary properties of the geometry associated with one of the 
particular forms assumed by the group Gs in space of three 
dimensions. In the present paper the symbol G (without 
subscripts) is used to denote any one of the groups G, (i = 1, 
2, *-:, n); the associated point space, on which the transforma- 
tions of G operate in a one-to-one reciprocal way, is denoted 
by S. The geometry of the system (S, G) is then developed. 
The theorems are for the most part the same as in the previous 
paper; the novelty in the present revision lies merely in the 
recognition (explicitly) of the fact that the theorems are of 
"general reference" in the infinite system of geometries 
defined by the groups G,. 


27. Let Ent, and £y m, D be the velocity components of 
two spherical molecules at the instant of their collision, and 
ef, n, £) the logarithm of the function defining the distribu- 
tion of velocities; then the Maxwell-Boltzmann fundamental 
theorem leads to the functional equation 


(£, 7); t) + olé, Nis ei 
= f(E + &, nF ly t+ (1, £ + n? + (? + E? + m? + 3. 


Assuming the existence of all six partial derivatives of the 
second order of o, it is readily shown (Boltzmann, Vorlesungen 
über Gastheorie, volume 1, pages 128-131) that the general 
solution of the functional equation is 


GCE, n, $) = a+ bE + bm + bat + e(£ + v? + &) 
with constant coefficients. In the present paper, Professor 
Gronwall establishes the same result under the sole assumption 
of the continuity of ¢ for all real values of the variables. 

F. N. Core, 
Secretary. 


D 
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AN ELEMENTARY DOUBLE INEQUALITY FOR THE 
ROOTS OF AN ALGEBRAIC EQUATION 
HAVING GREATEST ABSOLUTE 
VALUE. 


BY PROFESSOR GEORGE D. BIRKHOFF, 


(Read before the American Mathematical Society, April 24, 1915.) 


Let there be given an algebraic equation of the nth degree 
written 


q^ -- NET + Cn aac ` Ss SE TECH 


where C44, C45, --- denote binomial coefficients. Let x, 
25, ***, Zn denote its roots, and X the greatest absolute value 
of any of these roots. 
From the equations which express the coefficients in terms 
of the roots 
Ca ag = (- Drum. ar (k—1,2,-..m) 


we infer at once that 


| ax | <A"; 


In fact there are precisely Cn, terms on the right-hand side 
of the kth equation, each of which is not greater than X*. 
Hence, if œ stands for the greatest of the quantities 


ja, | aa |12, D |, 


it is clear that we have X 2 a. 
Also from the given algebraie equation we obtain directly 


realer po soe sr dafs 


where x represents any of the quantities tı, 2, ---, %n. Re 
lacing | *| by one of its possible values X, and each quantity 
E | by the quantity och, at least as great, we obtain 


XPS Caa |Z [EH e H aa, 
which may be written 


XS (X +a)" — X" 
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Transposing the term X” to the left-hand side and extracting 
the nth root of the two members of the resulting inequality, 
we find 
Q 
XS m 
The roots of largest absolute value X are restricted by the double 
inequality 


Qq 
e S X Saz: 


where a denotes the largest of the quantities 
|a |, | aa P7, +++, | an n. 


The inequality X 2 a was noted by R. D. Carmichael and 
T. E. Mason,* who observed also that the lower limit is 
reached if the equation is 


(z+ a)" = 0. 


It is also evident that the upper limit found above is reached 
if the equation is 
27" — (Loi = 0 


HARVARD UNIVERSITY, 
April 23, 1915. 


CERTAIN NON-ENUMERABLE SETS OF INFINITE 
PERMUTATIONS. 


BY PROFESSOR A. B. FRIZELL. 


(Read before the American us EU Society April 10 and December 
28, 1914. 


1. Tur simplest element of a permutation is the pairing of 
one of the objects permuted with & number indicating its 
place in the permutation. Such a pairing may be called a 
primitive element and denoted by (i, n), where nis the object 
and 2 the number of the place assigned to it. In this paper 
the objects will all be numbers, finite or transfinite. 

2. Permutations of finite sets are simply collocations of 
primitive elements. They are conveniently denoted by ‘ex- 


* BULLETIN, vol. 21 (1914), pp. 14-22; in particular p. 20. 
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pressions of the form (2, 11) O (ls, m2)O +++ O (ik, nx) (31 < te 
<- <t) and may be said to form polynomial elements. 
The number of the place will be called the index of a term (or 
monomial element) and the number placed there its digit. 
Index and digit may be transfinite and the terms may form 
an infinite series instead of a finite polynomial. 

3. If in an infinite well ordered set only a finite number of 
objects are permuted, the pairing of these objects with their 
new places may be called a finite permutation. It 1s easy to 
see that any set of finite permutations can be well ordered. 
If, e.g., in the series 1, 2, --- we bring the numbers 2, 3, =.. 
successively to the first place, leaving the rest unchanged, 
and in each resulting series do likewise for the second place, 
then similarly for the third, and so on, the whole set is well 
ordered by the process of formation. 

4. By an infinite permutation is to be understood here a 
pairing whereby infinitely many objects change their places. 
Thus, for example l 


(1, 2)0 (2, Don, 4)0(4, o, 


is an infinite permutation of the series 1, 2, --- yielding the 
new series 2, 1, 4, 3, 6, 5, ---. Another example is obtained 
by interchanging the powers of 2 with the corresponding powers 
of 3, giving the series 1, 3, 2, 9, 5, 6, 7, 27, 4, 10, 11, =.. 
5. The polynomial elements that can be made with an 
w-series of digits and an w-series of indices form an enumerable 
set, since they are in one-to-one correspondence with the set 
of algebraic polynomials in which all coefficients are natural 
numbers. Let us order these polynomials according to the 
rules 
20) ` (i,m) < lin) fm<n; 


(2) (à, m) < Dani ifti < à; 
(3) p < q if p has fewer terms than q; 


(4) p < q if they have the same number of terms but the 
first term of p that is not in q is lower than the first 
term of q which is not contained in p. 


It is not difficult to show inductively that in this way the 
set is well ordered. Its type of order is the same as that 
which results from arranging the natural numbers according 
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to their prime factors—first simple primes, then products of 
two primes, of three primes, and so on. This observation 
also proves at once that the set is countable. 

6. The polynomial elements ZC. n) are now to be used in 
forming infinite permutations. In the series 1, 2, --- let the 
monomial (2, m) interchange an w-series of products of m 
primes with a similar series of products of 4 primes, and let 
the polynomial ZC. m) effect simultaneously the exchanges 
indicated by its several terms. Thus the first primitive (1, 1) 
is an identical transformation, leaving the series unchanged ; 
the second monomial (1, 2) is to interchange the simple 
primes with some w-series of products of two primes; let it be 
the first one, 2p,, and we get the permutation 1, 4, 6, 2, 10, 3, 
14, 8, 9, 5, 22, 12, 26, 7, 15, 16, 34, 18, 38, 20, -... The 
transformation numbered w is (2, 1); let it exchange the 
simple primes and the series 3p,. The next transformation is 
(2, 2); let it interchange the series 2p; and 3p,, yielding the 
series 1, 2, 3, 9, 5, 15, 7, 8, 4, 21, 11, 12, 13, 33, 6, 16, 17, 18, 
19, 20, 10, ---. We have, then, an enumerably infinite set of 
infinite permutations, since to every polynomial has been 
assigned a finite set of transpositions as just described. 
Whether these transpositions are all used does not interest us. 

7. It is now easy to obtain non-denumerable sets by re- 
peating the above process. To illustrate, let (1, 2) operate 
on the series of primes in the result of the transformation 
(2, 2); it produces the series 1, 2, 7, 9, 13, 15, 3, 8, 4, 21, 29, 
12, 5, 33, 6, 16, 43, 18, 19, 20, 10, 39; ---. Let p, denote 
a polynomial and P, the result of applying it as in § 6, 
where 2 is the ordinal symbol assigned to p, by the rules of 
§ 5, and let the w-series used in §6 be numbered likewise. 
Then P® ~ (i, n) shall be the permutation obtained by 
applying p, as a transformation to the series whose ordinal 
symbol isn. The new symbols (i, n) are to be combined into 
new polynomials p as in § 2 and ordered by the rules of § 5. 
The new set of permutations P® cannot be put into one-to-one 
correspondence with set [P]. For on this assumption there 
still exists a P® which differs from Pı® in the transformation 
p performed on its first wseries, differs at the same time 
from P, in the transformation performed on its second 
w-series, and from P„® in that performed on its nth w-series 
(where n runs through the values 1, 2, ... o, .. 5, 0, +++), 
and is therefore not contained in the assumed list, which is & 
contradiction. Hence [P®] is not enumerable. 
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8. It is worth while to study the preceding types of order 
in & different way, following Cantor; they are all compre- 
hended under the concept of a ' Belegung." In forming the 
primitive elements of the p™, two places are covered with an 
w-series of numbers; this covering is denoted by w. For the 
binomials, four places 41, nı, 72, m2 are covered with an w-series, 
indicated by œw. The polynomials of N terms have 2N places 
to cover, giving the ordinal symbol oof, whence the whole set 
[p(9] is of ordinal type w*. And this is the same as the type 
of the set of w-series of prime factors in the system of natural 
numbers, for the products of two primes exhibit a single 
w-series of w-series, 2p,, 9p,, 5p,, +++; in the products of three 
primes P., Pı, f, the successive w-series are obtained by 
covering two places 4; and Ze with an w-series, with four factors 
three places are covered, and so on. The same type again 
is exhibited in each P™ (cf. $ 5) and therefore in forming the 
PO we have likewise a covering. In the P® each w-series 
may be re-arranged as an w®-series and this process admits an 
w-series of repetitions, but no more; beyond this point it 
yields nothing new. 

There is a bit of formalism in the preceding which perhaps 
calls for closer scrutiny. The set of products of N primes is 
in the strict sense a covering of N factors with an w-series of 
values. Think of a row of N boxes or spaces into each of which 
a compositor throws a prime. "The totality of different ways 
in which he might set up this line is precisely what is meant 
by the symbol w”. The symbol o^, then, would mean, by 
analogy, that to every one of an c-series of spaces 1s assigned 
arbitrarily a prime number. But if an w-series of places is 
covered in this way with the series of primes we certain y do 
not get the set of natural numbers. And the covering of an 
w-series with an w-series is not a “limit” of the coverings 
wW”, because the set [p] lies between them. The use of w°” 
for this set is merely a convenient symbolism not capable of 
supporting any logical deductions. 

9. The process by which the permutations P® were obtained 
from the P™, however, being carried out by finite arithmetical 
steps, is not liable to inconsistency and, moreover, can be 
repeated. Thus we get a new set [P?], the digit n running 
through the series of all ordinal values lower than the ordinal 
type of the set of series in PX. Suppose that to every P9 
has been assigned a P®. There exists a PO from which 
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every P,® differs in its yth transformation D. n,) for values 
of » forming a series of type > w. Hence the terms in the 
corresponding polynomial p® are a set whose type is > c. 
But there are no such polynomials. Therefore the PO 
cannot be put into one-to-one correspondence with the P®, 
The same reasoning holds for the P®, so we have two proofs 
that this set 1s non-enumerable. 

10. The process of $7 applied to the permutations PO 
yields a new set [P“] and the reasoning of $ 9 shows that this 
set is not equivalent to [P?]. Therefore by strict induction 
from N to N + 1 we infer the existence of an w-series of sets 
of infinite permutations no one of which can be put into 
one-to-one correspondence with its predecessor. Ordinally 
[P+] > [P] for N — 0, 1, 2, ---. In Cantors termi- 
nology, the set of infinite permutations of a simple infinity of 
objects presents an ordinal type higher than any finite aleph. 


McPumrson, KANSAS. 


GEORGE WILLIAM. HILL, 1838-1914.* 


GEORGE WILLIAM HILL was the son of John William Hill 
and Catherine Smith, and was born in New York City on 
March 3, 1838. Both his father and grandfather were artists 
and he himself was of English and Huguenot descent. His 
early education like that of most of the men of his time in 
America gave him few advantages. In 1846, when his father 
moved from New York to the farm at' West Nyack, the 
country was too busy with material development to produce 
many teachers who could give any but the most elementary 
instruction, and the country school which he attended must 
have been inferior in this respect to those of the larger cities. 
Even at Rutgers College in New Jersey, to which Hill was 
sent owing to the exhibition of unusual capacity and from which 
he took his degree in 1859, the course probably went but little 
beyond that now found in secondary schools. There, however, 
he came under the influence of à man whose ideas on educa- 
tion were unusual. Dr. Strong, according to Hill's evidence, 
believed only in the classic treatises; but little published after 





* Reprinted, by permission, from, the Proceedings of the Royal Sociely 
May 3, 1915. 
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1840 was admitted to his library. Hill's sound knowledge of 
the fundamentals of his subject is doubtless due to this course 
of reading. 

Hill's first paper, published in 1859 when he was but twenty- 
one years of age and before he had taken his degree at college, 
is a half-page note on the curve of a drawbridge. Two years 
later he showed his capacity in the essay which gained a prize 
offered by Runkle’s Mathematical Monthly for the best solution 
of & problem connected with the constitution of the Earth. 
President R. S. Woodward, who has himself worked much at 
this subject, says that the memoir is still worthy of careful 
reading. 

In the year 1861 he joined the staff of the Nautical Almanac 
office which then had its headquarters in Cambridge, Mass., 
and for a year or two he worked there and thus had an op- 
portunity for association with some of the ablest men of the 
time in astronomical science. But he soon obtained permis- 
sion to do his work at the home in West Nyack which be never 
seemed to leave willingly during the rest of his life. It was 
there that nearly all his best work was done. In fact he was 
only away from it for one considerable period and tbis is 
covered by his residence in Washington from about the year 
1882 until 1892; even during that time the summers were 
generally spent in West Nyack. 

In the first ten years after leaving college, Hill only pub- 
lished eight papers and none of them deal with celestial 
mechanics in the modern sense of the term. But from his 
output after that time it is evident that he had been reading 
and digesting the newer treatises and memoirs as they ap- 
peared. Delaunay’s two magnificent volumes on the lunar 
theory were published in 1860 and 1869, respectively, and the 
methods of that investigator exercised a fascination over Hill 
for the rest of his life. The other great lunar theorist of the 
period, P. A. Hansen, had been explaining his methods for 
many years before this time and Hill was probably one of the 
few men of his time who understood them thoroughly. He 
does not seem to have been particularly drawn to them, 
although they are used in his theories of Jupiter and Saturn 
with but little alteration. It is difficult to find many traces of 
other influences in his work. His most celebrated memoir, 
it is true, is based on one of Euler's numerous methods, as he 
himself tells, but after the start he proceeds entirely on lines 
of his own devising. 
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The publications which follow his first attempts during this 
early period exhibit knowledge of theoretical astronomy and 
the power to handle large masses of numbers rather than any 
unusual mathematical ability. In his diseussion of the ob- 
servations of the great comet of 1858 which was undertaken 
to obtain a satisfactory orbit (1867), he has to deal with 363 
places gathered from many sources. As usual with Hil, 
he does not confine himself to the main point but discusses 
systematic errors between different observatories and those 
due to the size of telescope used. His final conclusion 1s that 
there is no evidence of any force other than gravitation influ- 
encing the motion of the comet. 

It is probable that his work on this body was responsible 
for the next three papers: on the reduction of star places, the 
determination of the elements of a circular orbit and the 
conversion of latitudes and longitudes into right ascensions 
and declinations, or at any rate that it drew his attention to 
these fundamental problems. But he was soon to lay them 
in the background for more original investigations in celestial 
mechanies proper. One can see in his published work the 
gradual approach to this subject. His tenth memoir is a 
correction to the elements of the orbit of Venus from ob- 
servations extending over 33 years. It is followed by a 
derivation of the mass of Jupiter from the perturbations of 
certain asteroids, and the calculation of an inequality of very 
long period in the motion of Saturn. Shortly before, however, 
he had been assisting in the campaign which had started some 
years earlier to get the utmost out of the transits of Venus in , 
1874 and 1882. Part II of the Papers of the U. S. Commission 
relating to the transits is by his hand; it consists of charts 
and tables for facilitating predictions of the several phases 
at any place on the globe. 

The active period of Hill's work in celestial mechanics 
began in 1872. Between that year and 1877, when his two 
chief memoirs appeared, he published eleven papers on 
various phases of the subject besides seven others in pure and 
applied mathematics and the long transit of Venus calculations 
already mentioned. Most of them are quite brief and call 
for no special mention. 

In order that the value of Hill's contributions to celestial 
mechanies and more particularly to the lunar theory may be 
made clear, it is necessary to say a few words as to the con- 
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dition of the subject at the time they were published. For 
two hundred years mathematical astronomers, many of them 
of the first rank, had been devoting their energies to furnishing 
a complete demonstration of the power of the law of gravita- 
tion to account for the motions of all the bodies in the solar 
system within the degree of accuracy of the observations. In 
the third quarter of the nineteenth century it was evident 
that this demonstration would soon be made. Leverrier was 
publishing his tables for the positions of the great planets, 
while Hansen and Delaunay had completed their work on 
the moon. For the purposes of navigation all needed accu- 
racy had been obtained, and from the scientific side there 
seemed to be but few matters which needed explanation: the 
final polish which & few industrious workers might give was 
the last step. .There was thus danger that the subject of 
celestial mechanics might encounter a blank prospect. The 
number of investigators began to dwindle. At the same time, 
pure mathematies and physies were showing vast territories 
to be explored, while the discovery of spectrum analysis and 
the use of the photographic plate attracted many astronomers 
who earlier would have devoted themselves to the mathemat- 
ical side of the subject. From the old point of view this atti- 
tude on the part of astronomers was justifiable. But Hill saw 
that there were problems other than the mere verification of 
the law of gravitation by comparisons of theory and observa- 
tion of the chief bodies in the solar system which would demand 
solution. He also saw, partly {rom the industrious GER of 
Newcomb on the old and modern observations of the moon, 
that even the enormous labors of Hansen and Delaunay on 
the theory of its motion would demand extension and veri- 
fication if a test of the Newtonian law to the degree of accuracy 
of the observations were required. For the former object, a 
new set of problems must be formulated and a start made 
towards their solution; for the latter, a new method of pro- 
cedure was practically necessary, for it was almost certain that 
no one would repeat the calculations which appeared to have 
been pushed as far as was humanly possible with the adopted 
methods. These two sides of Hill's work are quite distinct 
even though they both start from the same memoir. 

The older lunar theorists had taken the ellipse as a first 
approximation, that is, at the start the action of the sun was 
neglected. Hill proposed a first approximation in which a 
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portion of the sun’s action should be taken into account. If 
an examination of Delaunay’s final expressions for the longi- 
tude, latitude, and parallax be made, it is seen that the infinite 
series proceed along powers of five parameters and that the 
rate of convergence along powers of one of these, the ratio of 
the mean motions of the sun and moon, is far more slow than 
along powers of the others, owing to the presence of large 
numerical factors. Hill conceived the idea of neglecting all 
these other parameters and then finding the series in powers of 
this ratio alone, with all needed accuracy. He set up the 
equations of motion, solved them and gave formulas of 
recurrence which enabled him to avoid the slow approximation 
methods which generally advanced the degree of accuracy by 
only one or two powers of the ratio at each step; in his method 
it advances by four powers of this ratio. The expressions are 
worked out both literally and numerieally, the latter being 
taken to fifteen significant figures, a number not very much in 
excess of what is actually required. 

As obtained, the coordinates are referred to axes which move 
with the mean velocity of the sun round the earth and in this 
form the expressions involve the time through its presence in 
multiples of a single angle. In the transformations which are 
necessary to convert rectangular coordinates to polars Hill 
makes full use of the method of “ special values " or, as it is 
now called, of harmonic analysis and synthesis. He was always 
very fond of this kind of transformation, using it much in , 
later years and even attempting to systematize its use when 
many hundreds of terms were present. 

It would be unjust in this connection not to mention'the 
indebtedness of Hill to Leonard Euler, probably the greatest 
of lunar theorists since Newton. Euler, as Hill remarks, had 
had the idea of starting the theory in the same way with 
moving rectangular axes and with the same first approximation 
and had carried it out to & considerable extent in his theory 
published in 1772 and in a later memoir. 

The further steps outlined by Euler and quoted by Hill 
consist of the determination, step by step, of the terms arranged 
in powers of the parameters which had been neglected. Each 
step is to consist of the complete caleulation with all needed 
accuracy of the function of the time and the ratio of the mean 
motions which multiplies each combination of powers of the 
remaining parameters. There are several difficulties in fol- 
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lowing this process. The chief one, which Hill solved in the 
memoir on the perigee of the moon, is the determination of the 
first new angle containing the time which arises in the second 
approximation. In later approximations this angle also in- 
volves all the parameters and other methods are needed to 
find the new portions depending on them. Euler possibly 
foresaw this; Hill certainly did, but he never carried his work 
to the degree of approximation which would need them. The 
method has been used by the writer for the construction of a 
complete theory of the moon’s motion. 

The expressions for the coordinates, referred to the moving 
rectangular axes, have another property: they form Fourier 
series and are therefore periodic. The resulting orbit in this 
moving plane is consequently closed. Recognizing this fact, 
Hill draws the curve. But he saw that the orbit was of in- 
terest apart from its application to the lunar problem, for he 
immediately proceeds to trace, with some care, orbits for 
values of the ratio of the mean motions other than that which 
holds for the actual moon and sun. He thus obtains a family 
of such orbits. It is Hill's idea of the periodic orbit which, 
developed chiefly by Poinearé and G. H. Darwin, has given 
new life to the whole subject of celestial mechanics and has 
induced many mathematicians to investigate on these lines. 
The treatise of the former, Les Méthodes nouvelles de la 
Mécanique céleste, is based mainly on this idea. Darwin 
actually traced many such orbits under varying conditions. 

There is still another portion of this memoir which has been 
largely used as a foundation for investigations into the stability 
of celestial systems. If the eccentricity of the earth’s orbit 
round the sun be neglected, it is possible to write the relative 
energy equation in a finite form. Referred to the same moving 
axes, the square of the velocity can, in fact, be expressed as a 
finite algebraic function of the coordinates. Since the square 
of the velocity can never be negative, this function, equated to 
zero, gives the equation to a surface which the moon cannot 
cross. As the surface consists of various ovals and folds, we 
can obtain certain limitations on the path of the moon and 
therefore carry forward the question of the stability of its 
motion one important step. Hill draws the surfaces for a 
limited case. Darwin made extensive use of a similar diagram 
for a more extended case, and many others have followed on 
the same lines. 
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Thus this memoir of but fifty quarto pages has become 
fundamental for the development of celestial mechanics in 
three different directions. Poincaré’s remark that in it we 
may perceive the germ of all the progress which has been made 
in celestial mechanics since its publication, is doubtless fully 
justified. It has sometimes been said that Hill did not ap- 
preciate at the time the importance of his work. Hill was far 
too modest about his own achievements to lay any such stress 
on bis productions as has the scientific world. But it dpes not 
require an extended study of his memoirs to see that his 
vision often went beyond the particular matter in hand. 

Ihe second memoir of 1877, “On the part of the motion of 
the lunar perigee which is a function of the mean motions 
of the sun and moon,” has already been referred to. It is 
essentially a continuation of that part of the researches which 
deals directly with the lunar problem, although published a 
few months earlier. While not so far reaching from the point 
of view of future developments, it is even more remarkable as 
an exhibition of Hill's powers of analysis. In it, the deter- 
minant with an infinite number of elements is raised from a 
nebulous possibility to an instrument of computation. Hill's 
periodie orbit contained only two of the four arbitrary con- 
stants which the complete solution of his differential equations 
requires. . He therefore proceeds to find an orbit—no longer 
periodic—differing slightly from the periodic orbit but still 
satisfying the differential equations to the first power of the 
small variation. "The equations obtained are two of the second 
order and linear with respect to the two unknown dependent 
variables. An able analysis with the use of known integrals, 
enables him to reduce the solution to that of one of the second 
order in the normal form 


d’p 
dp*p-o 
where V is a known Fourier series depending on the time. 
Knowing the form of the solution 
p = Xa, cos felt — t1) + i(n — n^)(t ill 


from previous work in the lunar theory, a form he justifies 
by general considerations, Hill substitutes and obtains an 
infinite series of linear equations for the determination of the 
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unknowns a,. But c is also unknown and it does not enter in 
a linear form. The a; are eliminated by means of a deter- 
minant with an infinite number of rows and columns equated 
to zero; this is therefore a determinantal equation to find c, 
the main object of the investigation. 

Then follows a remarkable series of operations. The de- 
terminant is reduced to a convergent form (though it was left 
to Poincaré to furnish the proof of convergence) by dividing 
each row by a suitable factor which reduced every element of 
the principal diagonal to unity. Next, the unknown c must 
be isolated; Hill achieves this by recognizing that if c be a root 
so must c + 22 be also a root and that therefore the roots 
can be expressed by a cosine function. On the assumption 
that there are no otber roots, he equates the determinant to 
the cosine function, obtaining the constant by comparing the 
highest (infinite!) power of c on each aide of the equation. A 
particular value of c (not a root) can be inserted in the identity 
thus obtained. In this way, Hill reduced the work to the 
computation of an infinite determinant every element of which 
isknown. He gives a general method for this expansion which 
enables him to tell at once the order of the terms neglected 
when the series is cut off at any place. Each term of this 
series, however, consists of singly, doubly, . . . infinite series 
which must be summed. "The labor at this stage. was very 
great and it caused a corresponding liability to error. Hill 
carried it through with complete success in its general form, 
afterwards substituting numbers and determining c to sixteen 
significant figures. The principal part of the motion of the 
moon's perigee is immediately deducible from c. President 
Woodward relates that the determinant was solved during one 
of two trips which Hill made to the northwest region of 
Canada; I imagine, however, that this statement refers to the 
method to be adopted rather than to the actual computation. 

The story of these two memoirs is incomplete without a 
notice of the work of J. C. Adams on somewhat similar lines. 
Almost immediately after their publication, a brief paper by 
him appeared in the Mon£hly Notices of the Royal Astronom- 
ical Society. He had also taken up Euler's idea and had 
obtained the variation orbit as a first approximation. But 
he turned to the motion of the node instead of to that of the 
perigee. The investigation here follows lines very similar to 
those of Hill, the solution of the infinite determinant being 
closely analogous. ` 


\ 


1915. | GEORGE WILLIAM HILL. 507 


It is convenient at this stage to take up Hill's work rather 
by subject than in chronological order. "The periodic orbit 
used with such excellent results in the lunar theory is tried 
later (1887) on the motion of the satellite Hyperion as dis- 
turbed by Titan and the results applied in a following paper to 
obtain the mass of the latter. These were written before the 
publieation of Poincaré's researches. Only on one occasion 
did Hill make it the subject of a theoretical research and it was 
then probably stimulated by reading Poincaré's Mécanique 
céleste. As the title, ^ Illustrations of periodic solutions in 
the problem of three bodies," indicates, 3t consists of appli- 
cations to certain bodies in the solar system. 

From time to time & paper was published advancing the 
applications to the lunar theory. In one, the periodic orbit 
is extended so as to include the terms which depend on the 
ratio of the parallaxes of the sun and moon as well as on the 
ratio of the mean motions. In another paper the terms 
dependent on the latter ratio and on the first power of the 
solar eccentricity are computed. In still another paper he 
calculates the expression for the principal part of the motion of 
the moon’s perigee as far as m” literally in order to settle the 
correctness of Delaunay's value, which had been questioned 
as to certain of the earlier powers of m by Andoyer. Beyond 
these, he seems to have made no effort to continue the work 
in this direction. Possibly this was due to the heavy labor 
on the theories of Jupiter and Saturn which engaged him at 
least until 1892. In fact, as early as 1888 he stated in a letter 
to Sir George Darwin that he scarcely expected to proceed with 
the subject. ' 

His fondness for Delaunay’s methods has already been 
mentioned. One of his most valuable memoirs is an applica- 
tion of them to the calculation of the smaller perturbations of 
the moon's motion which arise from the action of the planets 
andthefigureoftheearth. Hill, using Delaunay’s methods and 
results, showed, in a short paper on the Jovian evection, that 
the whole action of the earth and sun on the moon could be 
treated as known from the start and that therefore only one 
approximation was needed in order to get the effect of any 
disturbance whose square could be neglected. All later in- 
vestigators have used this method. The formulas of Delaunay 
are literal, while Hill's final equations for the calculation of 
the effect of any small disturbing force have the great ad- 
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vantage of well-determined numerical coefficients to be 
multiplied by the constants which depend solely on the nature 
of the given force. 

In an earlier paper he had also shown how the disturbing 
function for direct planetary action can be expressed as a 
series of products, one factor in each product containing the 
coordinates of the earth and moon only, while the other .con- 
tained those of the earth and planet only. The former could 
therefore be computed once for all; it was the latter which 
required separate computations for each planet. This paper 
has also formed the basis for all the complete calculations of 
the planetary disturbing forces which have been made since its 
publication in 1883. 

But Hill’s most extensive application of Delaunay's theory 
Is made in its original form to the calculation of the inequalities 
produced by the figure of the earth. While he carried these 
to the degree of accuracy needed for observation, the method 
appears to be somewhat long and complicated. It has to be 
applied in a literal form and this requires expansions which 
converge very slowly. As a matter of fact a few days work 
with the methods which he adopted for the planetary terms 
wil furnish the inequalities with all needed accuracy. In 
the first part of this paper Hill, not content with the values for 
the flattening of the earth which were then in use, deduced one 
directly from a large number of pendulum observations all 
over the earth. The result, 1/288, is considerably larger than 
most of the other determinations and notably so than that of 
Helmert, 1/298, deduced from the same class of observations. 
The memoir occupies over a hundred and forty pages and 
must have demanded an enormous amount of careful and 
accurate algebraic computation. To complete the account of 
his work on the lunar theory, mention must be made of his 
calculation, by de Pontécoulant's method, of the principal 
inequalities produced by the motion of the ecliptic. Hansen 
was the only writer who had found the term in longitude as 
well as in latitude, and nearly all his calculations of the small 
perturbations are doubtful. Hill, of course, obtained correct 
results as far as he went in the matter. 

Newcomb, who had taken charge of the American Ephem- 
eris in 1877, soon induced Hill to undertake the theories of 
Jupiter and Saturn, and so give material assistance in his 
plan of forming new tables of the planets. The method 
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adopted is that of Hansen with only a slight modification which 
consisted in expressing the computations directly in terms of 
the time instead of using two auxiliary angles. That he used 
an old method in preference to devising a new one is perhaps 
unfortunate even though the result leaves little to be desired. 
Had he taken more time over the preliminary stages we should 
probably have had something new and original, for Hıll was 
then at the height of his powers as a mathematician. But 
he was doubtless under some pressure from Newcomb, who 
wished to complete his great plan during his tenancy of the 
office of director, and Hill himself may have desired to finish 
the calculations as soon as possible in order that he might 
return to West Nyack. However this may be, he completed 
the task successfully as may be judged from the small residuals 
which he obtains after a comparison with observations ex- 
tending over 150 years. The tables which he formed from 
the theories of the two planets are now used in most of the 
national ephemerides. 

In 1882 Hill published a memoir of some length on Gauss's 
method for computing the secular perturbations of the planets. 
Gauss had outlined only the general idea. Hill takes it up and 
develops in detail the formulas to be used. In the course of 
the work he finds that a considerable portion of the calculation 
depends on three elliptic integrals which may be needed for 
values of the argument up to 50°. Consequently a large part 
of the paper consists of the tabulation of these to eight places 
of decimals at intervals of a tenth of a degree; the first and 
second differences are also printed so that the tables are in 
form ready for interpolation. As an example he computed 
the secular perturbations of Mercury by Venus with great 
accuracy. "Two further papers on the same subject appeared 
in 1901. 

In these years Hill published a number of short papers in 
the Analyst, a journal no longer in existence. Sometimes they 
are merely solutions of well-known problems, at other times, 
simplifications of proofs of theorems which had evidently 
presented difficulties to him and which he felt needed elucida- 
tion or elaboration—two favorite words with him. But Hill 
was not a great expositor: even for those familiar with the 
subject his work is often difficult and sometimes obscure. 
Newcomb used to say that if Hill had only the faculty of 


explaining his own ideas he might have avoided many an 
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error and saved much time. Hill's ability to assimilate and 
extend the work of his predecessors, at any rate in his earlier 
days, doubtless prevented him from appreciating the diffi- 
culties of others. When the reader is used to Hill's style of 
composition and his general plans in writing out what he had 
to say, his arguments are much more easily grasped, but he is 
rarely anything else than concise. 

In his last years Hill still continued to publish in spite of 
failing health. He covered a variety of topics, several of 
them quite away from the region of celestial mechanies. One 
of the most extensive of his papers is a memoir on dynamic 
geodesy, the last in the fourth volume of his collected works 
and not previously published elsewhere. Some later papers 
. on a variety of subjects will appear in a fifth volume, to be 
published, like the previous four volumes, by the Carnegie 
Institution of Washington. 

If an attempt is made to regard Hill's work as a whole and 
to try to find out his point of view, one thing stands out clearly: 
a desire to obtain exact knowledge about natural phenomena, 
in however limited a field, which could be expressed in a 
numerical form. He never seemed to hesitate about making 
long caleulations &nd apparently had a positive liking for 
obtaining his results to many places of decimals. But unlike 
the tendencies of those who engage much in computation, his 
mind did not seem to get cramped by figures. Not only 
could he see both trees and wood, to adopt a familiar simile, 
but could trace paths in the wood and keep his eyes open for 
roads which led in directions other than that he was exploring. 
He had remarkable ability for algebraic manipulation which 
reached its highest manifestation in the memoir on the perigee 
ofthe moon. The more modern sides of mathematics appealed 
to him but little; if a formula or a series could be reduced to 
numbers, such questions as convergence did not trouble him 
much, a point of view which has later been fully justified by 
Poincaré. He seemed to take but little color from the work 
of others. Even when, as in many cases, he starts with the 
results of some previous investigator his writing shows only 
slight influence of the source of his ideas; it is individual and 
carries the reflection and methods of his own mind. 

Hillnever married. Helived much alone, but while resident 
in Washington would take long walks on Sunday, often with 
one or two companions. He was fond of botany without 
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being a collector of specimens and found his chief outdoor 
recreation in the study of nature. He made two long canoe 
trips in the northwest of Canada. A carefully written diary 
illustrated with photographs of the second expedition which 
took him by rivers and lakes from Lake Superior to Hudson's 
Bay, is amongst the books which he left in his will to Columbia 
“University. 

He was president of the American Mathematical Society 
from 1894 to 1896, and served as lecturer on celestial mechanics 
in Columbia University from 1898 to 1901. The manuscript of 
his lectures shows that they must have cost him much labor; 
it contains long algebraic developments and is apparently 
intended to be & more or less complete account of the methods 
by which the motions of the moon and planets are calculated. 
His numerous honors include foreign membership in the Royal 
Society, the Paris Academy, and the Belgian Academy. He 
received the Schubert Prize (Petrograd), the Damoiseau 
Prize (Paris), the Gold Medal of the Royal Astronomical 
Society and in 1909 the Copley: Medal of the Royal Society. 

His chief characteristic was a single-minded devotion to 
the subject which he had made his own. A highly sensitive 
conscience was always apparent in his dealings with the world: 
one year he refused to accept the salary of his lectureship at 
Columbia because no students then appeared to attend the 
course, and this in spite of the fact that the endowment left 
him absolutely free to lecture or not as he chose. In later 
years, he rarely left West Nyack, owing to ill health. He died 
on April 16, 1914, from heart failure and was buried near the 
graves of his ancestors not far from his home. 

E. W. Brown. 
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Linear Algebras. By L. E. Dıckson, Ph.D. (No. 16, Cam- 
bridge Tracts in Mathematics and Mathematical Physics.) 
Cambridge, University Press, 1914. 8vo. vili + 73 pages. 

And still they read, and still the wonder grew, 
That one small tract contain so much. . . i 
Å SUBSTANTIAL and systematic introduction to general 
linear algebras, associative and non-associative, a revision of 
Cartan's theory of linear associative algebras over the field of 
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complex numbers, the results of Wedderburn's theory of such 
algebras over a general field, the relation of linear algebras to 
finite and infinite groups and bilinear forms, the consideration 
of various special algebras and a wealth of historical and bib- 
liographical references in footnotes—in seventy-three pages! 

Ihe space at the author's disposal was doubtless limited. 
To have compressed so much material into it is indeed an 
achievement. "With such an end in view the author could not 
afford to bandy words. He must needs make a point of being 
brief. And he has made this point well. His sentences are 
concise, and more often than not are condensed by the use of 
symbols rather than words or, now and then, by some ingenious 
form of brevity. The neatest of these is the use of (31), (82), 
etc., to denote “ the first of the formulas (3),” “ the second of 
the formulas (8),” etc. The equality sign is called upon to 
do duty in various röles: thus, to denote the equivalence of 
two references, “ Proc. London Math. Soc., . . .«— Coll. Math. 
Papers, . . . )"; or to indicate the coordinates of a point, “the 
point C = (e, d).” 

In attempting to attain to brevity, an author runs the danger 
of sacrificing clearness. Doubtless it is to avoid this pitfall 
that some authors spare no space in inserting every last bit 
of reasoning in their proofs and discussions. But a text-book 
from the pen of such an author affords the reader merely 
mental entertainment, whereas, in the reviewer’s opinion, the 
ideal text-book on any except the elementary subjects should 
also require of the reader mental exercise. And often the more 
vigorous the exercise required, provided it remains within the 
possibilities of the reader, the more really lasting and beneficial 
is the entertainment. 

Needless to say, the book under review is of the entertain- 
ment-plus-exercise type. The author demands continually 
of the reader that he supply bits of reasoning. But he is 
always very careful to make adequate suggestion as to their 
nature, usually by reference to previous sections and formulas. 
Thus actual clarity does not suffer; there is not an obscure 
place in the tract if one reads every word at its full value. 
Especially is the author to be complimented on his able re- 
vision of the complicated theory of Cartan in Part II. 

For a complete understanding of a book, a reader needs not 
only to master the details but, as he reads, to strip them of their 
unessentials and assign them to their proper place in a skeleton 
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structure of the whole subject, so that in the end he will see 
the aims, methods and facts, their significance and relative 
value, in a true perspective. Naturally he must do most of 
this digestive work himself, but the author may furnish him 
invaluable help by appropriate comments now and again. 
To do this, and do it well, is no easy task at the best. Still it 
is simpler, certainly, in a book of the type under review, in 
which the abstraction from the unessentials is already partly 
done, than in one of the purely entertainment type, in which 
such abstraction is rendered exceedingly difficult by the great 
mass of detail. But the present author makes no use of this 
advantage; in fact he makes next to no attempt to keep the 
reader properly oriented. As a result, his book presents 
always one and the same aspect, a desert of statement and 
proof with not a refreshing oasis in sight, where the reader 
may pause to rest and take account of stock. An amount of 
space, equivalent, say, to a half dozen unbroken pages, devoted 
to “oases” distributed judiciously throughout the book, 
would, in the reviewer's opinion, improve it greatly in raising 
the quality of clearness of the whole up to the standard of that 
attained in the details. 

The tract is divided into four parts. Part I contains 
“ definitions, concrete illustrations and important theorems 
capable of brief and elementary proof." It deals with the 
general linear algebra, associative and non-associative. Now 
the associative algebras of real interest are those possessing 
principal units, for in such an algebra without a principal unit 
division, if possible at all, is not unique. But with the intro- 
duction of non-associative algebras into the discussion, the 
presence or absence of a principal unit takes on new meaning. 
Hence in reading this first part, the beginner should keep an 
eye peeled for the appearance and disappearance not only of 
“ associative," but also of “ principal unit." In Part II we 
find the heart of the general theory, presented from Cartan's 
point of view for linear associative algebras over the field of 
complex numbers. The author chooses Cartan’s treatment 
rather than those of Molien, Wedderburn, or Frobenius, 
because it alone remains within the bounds of linear algebras 
for its methods and proofs. The other treatments depend 
in whole or in part on the theory of groups or bilinear forms, 
and it is the purpose of the writer not to appeal to these to 
establish his results. The relations of these allied the- 
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ories to linear algebras are adequately discussed, however, 
in Part III. Part IV contains the statement and elucidation 
of Wedderburn’s results concerning linear algebras over an 
arbitrary number field. Numerous examples, illustrative of 
the theory, are given in smaller print throughout the book. 

Part I begins with the development of the system of ordinary 
complex numbers. We are disappointed to find that the 
method of procedure here does not wholly conform to that used 
later in developing the system of general hypercomplex 
numbers. In this latter method the n-tuple form (a1, a, - ++, 
£4) of the hypercomplex number z 1s discarded just as soon as 
the processes, addition and multiplication by a scalar, re- 
quisite to obtain the more useful form x = eix + esta + ++. 
+ @ntn, where ¢1, 6s, ---, e, are the n units, have been defined. 
But in the development of the ordinary complex numbers 
(and also in that of the matric algebra which follows in §§ 3, 4) 
there is no explicit mention made of multiplication by a scalar, 
and the couple form (a, b) of the complex number is retained 
almost to the end. 

In $2 a set of complex numbers is defined as a number 
field “if the rational operations can always be performed 
unambiguously within the set." The reviewer has racked his 
brain in a vain attempt to conceive a reason for the insertion 
of “unambiguously.” If a rational operation on ordinary 
complex numbers—the definition can refer only to these, 
since no others have as yet been defined—is performable at 
all, i. e., if it is not division by zero, then the result is certainly 
unique. 

The author adheres rigorously to the use of the concept of. 
number field throughout. Thus, he defines ($ 5) as a linear 


algebra* over the field F the set of all numbers 2.6, with 


coordinates xin F, subject to combination by suitably de- 
fined addition, subtraction, multiplication by a scalar in F, 
and by a distributive multiplication with the multiplication 


table e,e, = dy Yin (4,4 — 1, :--, 5; ys in F). 


In such an algebra, right-hand division, i. e., solution of 
zz! = y (y + 0) for 2’, is possible and unique if and only if the 


right-hand determinant of x, A(x) = | Zären) G, k= Lon 


* From now on in this review "algebra" will be used in the sense of 
‘linear algebra." 


1915. ] DICKSON'S LINEAR ALGEBRAS. 515 


n), is not zero. The left-hand determinant A'(x) is similarly 
related to left-hand division ($ 6). The number e, if it exists 
such that ze = er = x for every number x of the algebra, the 
author sometimes calls “ principal unit,” but just as often 
“modulus,” a term aptly and justly described by Study as 
" den auf alles Mögliche angewendeten Ausdruck ‘Modul. ”* 
A necessary condition that there exist a principal unit is that 
both kinds of division be, in general, possible. The condition 
is proved sufficient if the algebra is associative, but for a non- 
associative algebra the author does not enlighten us (§ 7).f 

In $8 linear transformation of the units of an algebra is 
considered and the equivalence of two algebras under such 
linear transformation defined; in $$ 9, 10 it is noted that the 
general number x of an associative algebra is the root of an 
equation of degree S n + 1 and satisfies any algebraic iden- 
tity in an ordinary complex variable made up of functions 
without constant terms, or if the algebra moreover con- 
tains a principal unit, is a root of an equation of degree 
S n and satisfies any algebraic identity in an ordinary com- 
plex variable. By application of these results the author 
shows, in $ 11, that every number of an associative algebra 
over the field F(a) of real numbers, which has no nilfactors 
(divisors of zero), is a root of a quadratic equation, and 
hence obtains a nest proof that the only such algebras 
are F(a) itself, the field F(z) of ordinary complex numbers, 
and the algebra of real quaternions. In $12 we find a 
discussion of the simplest properties of real quaternions, in 
$13 a proof that the complex quaternion algebra and the 
complex matric algebra with four units are equivalent, though 
their real sub-algebras are not. In $ 14 the author represents 
Cayley's eight unit algebra, & non-associative generalization 
of real quaternions, as a “ quasi-binary algebra with real qua- 
ternion coordinates " and thus gives simple and pretty proofs 
that this algebra contains no nilfactors and that in it, too, the 
norm of a product equals the product of the norms. 

We now return to the general theory and introduce the 
right and left-hand characteristic determinants and equa- 
tons 6(w), 6’(w), 6(w) = 0, 8’(w) = 0, where ö(w) and 6’(w) 
are derived from A(x) and A’(x) by subtracting w from each 








e ese - —— — mM 


* Encyklopàdie der math. Wiss., I, A, 4, p. 162. 


T It is a simple matter to construct an example to show that the con- 
dition 18 not cient for a non-associative algebra. 
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element of the principal diagonals: The general number of an 
associative algebra is a root of both 6(w) = 0 and ö’(w) = 0. 
Suitable variations of this theorem for an algebra with a 
principal unit and for. an arbitrary algebra are given. In 
$17 a function of the x; and the Y; which reproduces itself 
under an arbitrary linear transformation of units with a 
factor depending only on the coefficients of the transformation 
is called a covariant (invariant, if it involves only the ys). 
The determinants A(x), A'(2), ö(w), 6’(w) are absolute cova- 
riants of the general algebra. The proof given in $16 of 
this is incomplete,* since the statement *' let A(x) be not iden- 
tically zero, so that there exists a modulus" assumes the 
algebra associative and hence leaves the theorem unproved for 
non-associative algebras for which A(x) = 0. The theorem is 
applied in $ 18 to obtain the three (two) types of non-equiva- 
lent binary algebras over F(a)[F(7)] with a principal unit. 

The rank r of an associative algebra is the least positive 
integer such that 2” is a linear combination of lower powers of 
x whose coefficients are rational functions of 2, +*+, £n with 
‘coefficients in F. The corresponding equation R(x) = 0 is 
‘called the rank equation. If the algebra has a principal unit, 
R(w) = 0, d(w) = 0, 8’(w) = Oall have the same distinct roots. 
As an application, the author gives Study’s classification of 
complex ternary associative algebras with a principal unit 
into five non-equivalent types according to the five possi- 
bilities for the degree and the multiplicity of the roots of the 
rank equation (§ 20). 

The author defines an associative algebra with n units and a 
principal unit as reducible in its field F if it contains n numbers 
€1, +++, Gei Fa, «++, Eq, linearly independent with respect to F, 





* The author’s proof goes astray in assuming the existence of a principa 
unit. But the only use he makes of this assumption is to show, after he has 
proved that D(X) = cA(z), where c depends only on the coefficients o 
of the transformation of units, that c — 1. Now, by i tion, c is the 
uotient of a homogeneous expression of degree 2m in the c, by ETA 
Sinks c cannot vanish unless |c,,| vanishes—otherwise we could exhibit 
values for the zı, zit for which A(z) + 0, while D(X) = 0—and |q,| is 
irreducible, c = klc.,|', where k is independent of the c. But evidently 
l = 0, and, by applying the identical transformation of units, k = 1. 
Professor Dickson’s proof holds for any algebra with a principal unit. In 
a letter to the reviewer he points out that the case of an algebra without a 
principal unit may be treated by enlarging it to an algebra with a principal 
unit by adjoining a new unit (as in the proof of Theorem 3, 3 15), and 
calls attention to a later proof by Miss Hazlett, Annals of Mathematics, 
vol. 16 (1914), p. 2. 
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such that e,E; = Ba = 0, (i = 1, -, p; j= 1, +++, q), and 
proves that such an algebra is the direct sum of two algebras.* 
He then sets up Scheffer’s criterion for reducibility. In § 22 
the direct product of any two algebras is defined and Wedder- 
burn's generalization of Scheffer's theorem identifying an 
associative algebra, which has the quaternion algebra as a sub- 
algebra and its principal unit as principal unit, as the direct 
product of the quaternion algebra and a second algebra. 

In the last main paragraph ($ 23) of Part I a set of normal- 
ized units for any algebra is developed. Since their main pur- 
. pose is to form a point of departure for Part II, we have need 
to describe them here only for an associative algebra with a 
principal unit e Suppose that the solutions of 6(w) = 0 for 
a particular number a of the algebra are «1, *:-, wa of multi- 
plicities mı, «++, mx, and consider one of these solutions, say 
wo. Now a— aye is a nilfactor, that is, there exist solutions 
y + Oof (a — wıe)y = 0 or ay = wy; take a complete system 
of solutions y, say ¢ in number, as the first ¢ of the new units 
eu, ën, «++. If X m, there exist solutions z of az = «i2 

t 


+ ` ce; take a complete system of solutions z, say fı in 
=i 


number, for the next & of the new units. If t+ ti < mı, 
repeat; we will finally obtain m; numbers ay, ay’, «++, a”, 
such that (a — wıe)aı” is a linear function of the preceding 
ajs. Similarly, there exist, corresponding to the root w, m; 
numbers o5, œ’, ==, a7, such that (a — a,e)a; is a 
linear function of the preceding oa The n = m+ m + 
... -+ m; new units thus obtained are linearly dependent; they 
are termed a set of units normalized relatively to the number a. 

Part II consists of a “ revision of Cartan's general theory of 
complex linear associative algebras with a modulus." In $25 ` 
units having a character are developed. Denote the principal 
unit, expressed in terms of the units of $28, by e€ = e&t es 
+... + ep, where e, is a linear combination of thea,’s. (The 
e; are called the partial moduli.) Then.the number 7 is said 
to have the character (j, k) if en = n, mex = n, and every 
other combination of 7 with an e; by multiplication is zero. 
Now ell = œa, ea, — 0 and in particular e?= e, 

* He might have generalized the definition by demanding, instead of 


the existence of a principal unit, the existence of two numbers e, Æ, where 
e (E) is a linear function of the e(E,) with coefficients in F, which 18 not a 


nilfactor with respect to all other such linear functions, and the proof would ' 


gtill hold with but slight variation. 
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ep = 0; furthermore there exist m, linearly independent 
linear combinations of the a,“, such that the product of any 
one of them into a certain e, gives itself, and its product into 
any other e, gives zero, 1. e., such that they have definite char- 
acters (t, -). Hence we have obtained n new units e, e, 

"+, €h) 91, °**, Me each having a definite character. We wish 
further to show that we can choose the n’s so that each is 
nilpotent, i. e., so that some power of it is zero. Now the 
square of every 7 of character (i, 7), 7 + 5, is zero, since the 
product of a number of character (2, 7) by a number of char- 
acter (k, l) 13 zero, if 7 + k. And since the sum or product of 
two numbers of like character, if not zero, is of that character, 
all the numbers of character (7, 4) of the algebra form a sub- 
algebra 2,; it is possible to choose the units of this sub-algebra, 
other than e; as nilpotent numbers. Thus we have arrived 
at a set of normalized units consisting of the partial moduli 
and n — h nilpotent numbers each having a definite char- 
acter. We shall refer to such a set of normalized units as 
being of type K. 

We now separate algebras into two categories, according as 
the determinant A(z) does not or does contain a non-linear 
irreducible factor. 'To prove the principal theorem for al- 
gebras A; of the first category, i. e., that for such an algebra 
a set of units of type K can be found having the further prop- 
erty that og, is a linear function of those n’s whose subscripts 
exceed 2 and 7 and have the same character as 7,n, (property 
L), the author shows that the nilpotent numbers of 4; form a 
sub-algebra JV, for which units a of definite characters en- 
joying the property L can be found. Conversely, if an algebra 
is given possessing a set of units of type K enjoying the prop- 
erty L, the zo of the multiplication table are determined 
(except for the non-vanishing ones in the 7,7,) and inspection 
shows that 6(w) = (zı — o)" ..- (za — w)^, that is, that 
the algebra is of the first category. An algebra such as N is 
called nilpotent. 

To every irreducible factor of the characteristic determinant 
for an algebra As of the second category corresponds a sub- 
algebra of Ag, just as in the case of an algebra 4;. But here 
at least one of these irreducible factors is not linear. Each 
Sub-algebra corresponding to such an irreducible factor 
contains linear combinations of nilpotent numbers which are 
not nilpotent. ‘These numbers are peculiar to algebras A; 


H 
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and form the basis of Cartan's treatment of them. The 
details of the treatment are too intricate to permit of an 
adequate description in a brief space. We content ourselves . 
with a statement of the principal results. First, any algebra 
As contains a sub-algebra equivalent to a matric algebra with 
more than one unit. Hence Cartan's classification of algebras 
into those of the first and second categories coincides with that 
of Scheffers into those without and with quaternion sub-alge- 
bras. As the final result we have a process by means of which 
the algebras A, may be derived from the algebras Ai: the 
general number of an Ae is obtained from the general number 
of an Aı, expressed in terms of units of type K having the 
property L, “ by regarding the coefficient of e, to be a square. 
matrix of p? elements and that of a, of character (t, J), to 
be a rectangular matrix of p, rows and p, columns, these 
matrices to be regarded as commutative with each e and a 
Thus we obtain from the units of an Aı, the multiplication 
table and the characteristic determinant corresponding to 
them, the units, multiplication table and characteristic de- 
terminant of an 4s. 

In $8 49, 50 the composition of an algebra with respect to 
the presence or absence of invariant sub-algebras is discussed. 
A sub-algebra I of an algebra A is termed invariant if the 
product of any number of / and any number of A in either 
order is a number of I. An algebra having no invariant sub- 
algebra is called simple and one having no nilpotent invariant 
sub-algebra semi-simple. A general algebra, A: or As, is 
the sum, but not necessarily the direct sum, of a semi-simple 
algebra and a nilpotent invariant sub-algebra. A semi-simple 
algebra, if not simple, is the direct sum of simple algebras 
and conversely. Finally, & simple algebra is matrie, unary 
if an A;, non-unary if an As, and conversely. 

In concluding Part II the author shows that a commutative 
algebra must be an Aj and, in particular, an A; which is the 
direct sum of its sub-algebras 21, ---, Da. 

Part III begins with a consideration of the correspondence 
between associative algebras and linear groups. To each 
number y of any algebra correspond two linear homogeneous 
transformations (y), [y] of the variables zi, ---, 2, into the 
variables 21’, - - -, tn’, defined by the equations obtained from 
the products x’ = zy, ©’ = yx. If the algebra is associative, 
the set of transformations (y) is closed and so is the set of 
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transformations [y]. If further the algebra contains a 
principal unit, there corresponds to it in each set the identical 
transformation, and hence the inverse of any transformation 
corresponding to a non-nilfactor exists (and belongs to the 
same set). Thus the two sets of transformations (y), [y], 
corresponding to the non-nilfactors y, form groups G, GO. 
These groups are simply transitive, mutually commutative 
(reciprocal in the sense of Scheffers), and each is its own para- 
meter group. Conversely, any two simply transitive reci- 
procal groups of linear transformations can be transformed 
by the same change of variables into a pair of groups G, G', 
defined by an associative algebra with a principal unit. A 
classical example of the representation of linear transformations 
by hypercomplex numbers is then given: if o and Q are variable 
and qı, q2 given quaternions, then Q = qi q 9 represents the 
¢-parameter group of transformations of similitude in R, 
leaving the origin invariant; the group represented by the 
equation when, in particular, qı and qs are conjugate and q 
and Q vectorial quaternions, is not the corresponding group 
in Rz, as the author states, since it does not contain the stretch- 
ings from the origin but only the rotations about it. 

Section 53 shows that the theory of bilinear forms is equiv- 
alent to that of matrices and also,in the last analysis, to that of 
associative algebras; section 54 explains the relations between 
finite groups and their group matrices to linear algebras; and 
section 55 treats of Dedekind's idea of considering the relations 
giving the values of the products e;e, (i, j = 1, ---, n) of the 
units of & commutative associative algebra as ordinary 
algebraie equations in the units as unknowns. 

Ihe decomposition of a linear associative algebra over a 
field F within this field is precisely the same as that given 
above ($ 50) for a complex associative algebra within the field 
F(a), except that instead of the last statement we now have: 
any simple algebra over F is the direct product of a division 
algebra and a simple matric algebra, each over F, and con- 
versely. A division algebra is one without nilfactors. The 
relation of the particular case, F = F(2), to the general one is 
made clear by the fact that the only division algebra over 
Fi) is F(a) itself. Further, if F is the field F(a) of all reals, 
the only division algebras, besides F(a), are F(t) and the alge- 
bra of real quaternions. Now, since it can be shown that a 
commutative matric algebra has a single unit, it follows that 


1915. | DICKSON’S LINEAR ALGEBRAS. 521 


any real commutative algebra without nilpotent numbers 1s the 
direct sum of unary algebras equivalent to F(a) and binary 
algebras equivalent to F(z). Weierstrass showed that a 
real commutative associative algebra, possessing & principal 
unit and such that the only algebraic equations with an 
infinitude of the numbers of the algebra as roots are those in 
which the coefficients are multiples of one nilfactor, is equiva- 
lent within F(a) to just such & sum of real unary and binary 
algebras and conversely. 

In §§ 58-60 are given examples of various types of division 
algebras previously published by the author. In § 61 results 
concerning difference algebras, the composition, difference 
and reduction series of an algebra are given, and, in particular, 
Wedderburn's theorem to the effect that an associative algebra 
over F can be decomposed in one and but one way into the 
direct sum of irreducible algebras with principal units and, 
if the given algebra has not a principal unit, an algebra without 
a principal unit. The closing section ($62). of the tract 
contains brief mention of the work of Berloty, Scheffers, and 
Hausdorff on analytic functions of hypercomplex numbers. 

Attention is called to the following misprints: page 4, line 8, 
read of instead of by; page 24, last line, &—2L£ instead of DL 
2L£; page 32, last line, es instead of e; § 26, last line, ee instead 
of ee $ 33, third line, — w° instead of w®; § 33, fifth line, omit 
“the” before ‘normalized units”; page 43, “ (71) " applies to 
both equations; page 48, ninth line from bottom, insert “ vari- 
ables " before [2, 2]. In $6, the condition y + 0 is omitted; 
on page 41, in the statement of the lemma, u + 0, and in $ 57, 
k #0. In light of the complexity of the subscript notation 
needed, it is surprising that there are so few typographical 
errors. As the author says, in closing the introduction, “the 
quality of the printing speaks for itself." There is no index, 
but the table of contents is so detailed that it practically 
‚takes the place of one. 

We have already pointed out the lack of general comment; 
in this connection we wish now to note the meagreness of the 
treatment accorded to nilfactors. We should like to have 
seen such an important concept introduced at the first op- 
portunity, namely in $ 4, by calling attention to the fact that 
the algebras given as examples differ essentially, in that the 
matric algebra contains nilfactors whereas F(z) does not. And 
it would be natural for us to introduce the definition of nil- 
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factors in Sp in connection with A(x) and A'(z), and point 
out that they are simply the numbers for which these deter- 
minants vanish. As a matter of fact, nilfactors are not defined 
until $ 19 and then only for an associative algebra with a prin- 
cipal unit e, whereas the concept may be extended to any 
algebra; we learn there that x — we.is a nilfactor if and only 
if w is a root of the rank equation. This is the first and last 
mention of “ nilfactor ” in Parts I, II. It is not even pointed 
out that the nilpotent number.is a special type of nilfactor. 
We learn that a necessary and sufficient condition that a 
number be nilpotent is that every root of its characteristic 
equation be zero, but nowhere are we told that the correspond- 
ing condition for a nilfactor is that one root of its character- 
istie equation vanish. 

The conditions on the Y,,x, that multiplication be associative, 
all but escape mention; we find them buried in a proof on page 
59. If the author was to accord them a place at all—as he cer- 
tainly should—should 1t not be their natural one in $ 5, where 
multiplication is defined and discussed? Finally, the following 
points did escape mention: an associative algebra with n 
units with (without) a principal unit, which is of rank n(n4- 1), 
is commutative; a binary algebra with a principal unit is 
associative and commutative (essential to the complete under- 
standing of $ 18). 

Though we have had differences with the author, we are in 
the main at one with him. He has written an able and com- 
prehensive book on an abstruse subject, and & book which 
satisfies a long felt need, as an introduction and also as an 
up-to-date book of reference. It should prove invaluable to 
the beginner and advanced student alike. 

W. C. GRAUSTEIN. 
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SHORTER NOTICES. 


Wissenschaft und Methode. Par H PorNCARE. Autorisierte 
Deutsche Ausgabe mit erläuternden Anmerkungen von F. 
und L. Lindemann. Leipzig und Berlin, Teubner, 1914. 
vi+283 pp. 5 Marks. 


Tes is a straightforward translation of the Science et Mé- 
thode of Poincaré, and although the original has never been 
reviewed in the BULLETIN, it is scarcely necessary at this late 
date to do so, since every one is familiar with it. In case one 
were not, he needs only to be informed that the book is the third 
in the famous series of Poincaré on Science and Hypothesis, 
the Value of Science, Science and Method, and Last Thoughts. 
The chief principle of this work is the substantial identity of 
the methods of science and those of mathematics. The re- 
markable address on mathematical invention occurs here, in 
which Poincaré states his views of how mathematical creation 
takes place, illustrating his remarks from his own experience. 
In brief the explanation is that after a long and severe study 
of the nature of & problem, one need not keep on hammering 
away indefinitely, but should remember that if the right idea 
for the solution ever comes, it will flash out suddenly and at 
even inopportune moments, often many days, or weeks, or 
even years, after the first consideration of the problem. He 
explains the attractiveness of the right idea when it comes 
before the mind, by ascribing to our esthetic sense the power 
of arresting and holding such 1deas as fit in with the harmony 
of the intellectual world we build. It then becomes the func- 
tion of our logical faculty to verify formally the truth of what 
has presented itself to us in this way. 

The same general notions underlie his statement of the 
method of the scientist whether in the selection of his facts 
or in the general development of his theories. The first part 
of the book discusses from this standpoint the scientist and 
his work. ‘The second part discusses mathematical educational 
method. The third part discusses the mechanics of the re- 
lativity theory. The fourth part consists of two chapters: in 
one, a study of the Milky Way by the kinetic theory of gases; 
in the other, a description of the precise methods of a geodetic 
survey. Each of these parts contains the well-known ideas of 
the author in various places. Each part has the stimulating 
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character of all of the philosophical work of the eminent mathe- 
matician, physicist and philosopher. It is a rare occurrence 
for one so profound in each of these lines to be also so skilled 
in presenting as clear an exposition of the working of the in- 
telleet. The best criticism we can make on the book is that 
no one can afford to be without it or the original. 

JAMES BYRNÆ SHAW. 


A Text Book of Mechanics. By Louis A. Martin, Jr. Vol. 5, 
Hydraulics. New York, John Wiley and Sons, 1914. 12mo. 
223 pp. 

Tats is the concluding volume of a series, the earlier volumes 
of which (Statics, Kinetics, Mechanics of Materials, Applied 
Statics) have been previously reviewed in this BULLETIN.* 

Approximately 50 pages are devoted to the discussion of 
liquids at rest; the force exerted by a liquid upon a plane or 
curved surface; methods of measuring pressure and locating 
the centre of pressure; applications to gates, locks and dams; 
floating bodies and the conditions for stability. The remainder 
of the book treats of liquids in motion, starting with an ele- 
mentary discussion of the free surface of liquids moving with 
acceleration. ‘Then comes Bernouilli’s classic theorem on the 
flow of liquids, followed by a treatment of flow through orifices, 
various formulas for weirs of several types, flow through pipes 
with applications to hydraulic transmission of energy and cal- 
culation of losses in pipe lines, force exerted by a moving liquid 
upon pipes and on stationary deflecting surfaces, axial or 
radial flow, impulse wheels and turbines, and their design. 
There is a good set of problems for a final review. 

As in the earlier volumes, the exercises distributed through 
the text play a vital part in the course, giving students a 
chance to work out parts of the subject for themselves. These 
exercises are not too difficult, having been introduced so care- 
fully as to fall within the power of average students. We 
should add that throughout the series of texts the author 
presupposes practically no knowledge of physics, stating care- 
fully the basic principles which are to be employed. 

The mathematical equipment assumed, however, steadily 
increases through the series, so that the first volume may be 
studied before the first course in calculus, while this last 
volume assumes a very fair knowledge of integral calculus. 


* Vol. 16 (1909), pp. 144-7; vol. 21 (1914), pp. 140-3. 





1915. ] NOTES. . 525 


The present volume, like those which preceded it, gives every 
indieation of representing an actual course, skillfully taught. 
The series of volumes afford a most satisfactory introductory 
course in theoretical and applied mechanics. 

F. L. GRIFFIN. 


NOTES. 


Tue closing (June) number of volume 16 of the Annals of 
Mathematics contains the following papers: “ Projective classi- 
fication of cubic surfaces modulo 2," by L. E. Dickson; 
“Normal forms for one- and two-sided surfaces," by J. W. 
ALEXANDER, II; “Minima of double integrals with respect to 
one-sided variations," by CG A FISCHER; “A new proof of 
Sylow’s theorem," by G. A. Men: “Non-linear integral 
equations of the Volterra type," by H. GALASIKIAN; “On 
some general] theorems concerning ordinary closed curves," 
by ARNOLD Emcu. 


PROFESSOR ARTHUR RANUM, of Cornell University, has been 
appointed an associate editor of the Transactions of the Amer- 
ican Mathematical Society. 


At the meeting of the London mathematical society held 
on April 22 the following papers were read: “Note on Dirich- 
let's division problem," by G. H Harpy; “Note on a new 
form of closed linkage,” by R. L. HıprısLev; “ Division of the 
lemniscate into seven equal parts," by G. B. MATTHEWS; 
“The influence of the oceanic waters on the law of variation 


of latitude," by J. LARMOR. 


AT the meeting of the Edinburgh mathematical society on 
May 14, the following papers were read: “On the roots of a 
derivative of a rational function," by L. R. Fon»; “Study 
of the life and writings of Colin Maclaurin,” by C. TWEEDIE; 
“Recurrence formulas for the functions which represent 
solutions of the differential equation d^u/da? — au = p(p 
+ Duje,” by H. T. Fumwr; “Two simple nomograms,” by 
E. T. WMTTAKER. 


Tux eighty-Afth annual meeting of the British association 
for the advancement of science will be held at Manchester, 
September 7-11, under the presidency of Professor A. Scuvs- 
TER; Sir F. D. Dyson is chairman of section A, mathematical 
and physical sciences. 


526 - NOTES. [July, 


THE following courses in mathematics are announced for 
the present summer semester: 


UNIVERSITY op Den Du Professor H. A. SCHWARZ: 
Integral caleulus, with exercises, six hours; Applications of 
elliptic functions, four hours; Elementary geometric treat- 
ment of certain problems in maxima and minima, one hour; 
Colloquium, two hours; Seminar, two hgurs.—By Professor 
G. FROBENIUS: Analytic geometry, four hours; Seminar, two 
hours.—By Professor F. ScuorT&v: Theory of ellliptic func- 
tons, four hours; Plane differential geometry, two hours; 
Seminar, two hours.—By Professor J. KwonBLAUCH: Par- 
tial differential equations, four hours; Theory and applica- 
üon of determinants, four hours; Selected chapters from the 
theory of surfaces, one hour.—By Dr. A. Ber: Non-euclidean 
geometry and mechanics, one hour.—By Dr. B. GEHRCRE: 
Elements of higher mathematies, two hours.—By Dr. C. 
Knopp: Ordinary differential equations, four hours; Theory of 
functions, four hours.—By Dr. D. RorsEs: Differential 
caleulus, with exercises, five hours. 


UNIVERSITY OF Bonn.—By Professor E. Stupy: Differential 
geometry, four hours; Seminar, two hours.—By Professor F. 
LowpoN: Elements of differential and integral calculus, four 
hours; Axonometry and perspective, two hours.—By Pro- 
fessor I. SCHUR: Algebraic equations, four hours; Theory of 
sets, two hours; Seminar, two bours.—By Dr. J. O. MÜLLER: 
Selected chapters of integral calculus, one hour; Introduction 
to differential equations, three hours; Seminar, two hours. 


UNIVERSITY OF FRANKFORT.—By Professor A. ScHoEN- 
FLIES: Differential calculus, with exercises, five hours. —By 
Professor L. BIEBERBACH: Algebra, four hours; Algebraic 
curves, two hours; Seminar, two hours. —By Professor E. 
HELLINGER: Theory of functions, five hours; Seminar, two 
hours.—By Dr. O. SzAsz: Analytic geometry, with exercises, 
five hours. —By Professor E. BRENDEL: Spherical astronomy, 
two hours; Mathematics of insurance, with exercises, four 
hours. 


UNIVERSITY OF GÖTTINGEN. —By Professor D. HILBERT: 
Calculus of variations, four hours; Selected chapters on the 
structure of the plane, two hours; Seminar, two hours.—By 
Professor E. LANDAU: Applications of the calculus and the 
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theory of functions to the geometry of numbers, six hours; 
Seminar, two hours.—By Professor C. CARATHEODORY: Theory 
of functions, four hours; Partial differential equations of the 
first order, two hours; Seminar, two hours.—By Professor C. 
Runge: Calculus, with exercises, six hours; Seminar, two 
hours.—By Professor L. PRANDTL: Elementary mechanics, 
four hours; Seminar, two hours.—By Dr. H. v. SANDEN: 
Numerical calculations, with exercises, six hours.—By Dr. 
E. Hecke: Analytic geometry, with exercises, five hours.— 
By Dr. L. Courant: Partial differential equations of mathe- 
matical physies, four hours; Selected chapters of the theory of 
functions, two hours.—By Dr. F. Bernstein: Analytic 
foundation of the theory of probability, two hours; Mathe- 
matics of insurance, two hours; Seminar, two hours. 


University or Lerezic.—By Professor O. HOLDER: Higher 
algebra, four hours; Applications of the theory of elliptic 
functions, three hours; Seminar, two hours.—By Professor 
K. Roun: Plane analytic geometry, with exercises, five hours; 
Descriptive geometry, with exercises, four hours; Deter- 
minants, two hours.—By Professor G. HERarLorz: Theory of 
numbers, four hours; Definite integrals and Fourier series, 
two hours; Seminar, two hours.—By Dr. K. BrascHkE: 
Ordinary differential equations, with exercises, six hours; 
Algebraic analysis, two hours. 


UNIVERSITY op MouNicH.— By Professor F. LINDEMANN: 
Analytic geometry of space, five hours; Theory of elliptic 
functions, five hours; Seminar, two hours.—By Professor A. 
Voss: Analytic mechanics, four hours; Introduction to hydro- 
dynamics, three hours; Seminar, two hours.—By Professor A. 
PrincsHem: Higher algebra, II, four hours.—By Professor 
H. Bruns: Elements of higher mathematics, three hours.— 
By Professor G. Hanrocs: Synthetic geometry, four hours.— 
By Dr. F. Boum: Theory of probabilities, four hours; Seminar, 
two hours.—By Dr. H Doten: Elementary mathematics, 
four hours; Mathematical treatment of observational data, 
two hours.—By Dr. A. ROSENTHAL: Differential calculus, with 
exercises, five bours. 


Proressors L. PRANDTL and E. LANDAU, of the University 
of Góttingen, have been elected to membership in the Gót- 
tingen academy of sciences. 
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‘Tae Helmholtz medal of the Berlin academy of sciences 
has been awarded to Professor M. PLANCK. 


To the list of anniversaries of German professors of mathe- 
matics chronicled in the May BuLLETIN should be added the 
celebration by Professor F. MERTENS, of Vienna, of his 
golden doctor jubilee on November 7, 1914, and his seventy- 
fifth birthday on March 20, 1915, and by Professor GEoRG 
CANTOR, of the University of Halle, of his seventieth birthday 
on March 3, 1915. 


Tue College entrance examination board has now six 
examiners and twenty-five readers in mathematics, represent- 
ing twenty-two different schools, colleges, and universities. 
Professor J. W. Youna is chief examiner, and Professor 
VIRGIL SNYDER chief reader in geometry; Professor F. S. 
Woops chief examiner, and Professor C. R. MacInnes chief 
reader in algebra. Harvard, Princeton, and Yale Universities 
wil discontinue their own entrance examinations after the 
present year, and will rely entirely on the board examinations. 


PROFESSOR A. D. PrrcHer, of Dartmouth College, has been 
appointed professor and head of the department of mathe- 
maties in Adelbert College of Western Reserve University. 
Dr. J. M. STETSON, of the University of Alberta, has been 
appointed instructor*in mathematics at Adelbert College. 


Proressor W. M. SMITH, of the University of Oregon, has 
been appointed associate professor of mathematics at Lafa- 
yette College, as successor to the late Professor J. J. Harpy. 


PROFESSOR N. F. Davis, of Brown University, retires at the 
close of the present academic year, after more than forty 
years' active service. 


Ar the University of Kansas Professor C. A. ASHTON has 
been promoted from an associate to a full professorship of 
mathematics, and Professor U. G. MITCHELL from an assistant 
to an associate professorship of mathematies. Messrs. K. J. 
HOoLZINGER, A. W. Larsen, and L. L. STEIMLEY have been 
appointed instructors in mathematics. Mr. H. H. CONWELL 
has resigned his instructorship to accept an assistant professor- 
ship of mathematics in the University of Idaho. 


Ar Wellesley College Professor HELEN A. MERRILL, at 
present on leave of absence, has been promoted to a full 
professorship of mathematics. 
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Dr. H. W. Reppicx, of Columbia University, has been ap- 
pointed professor and head of the department of mathematics 
in the Cooper Union, New York City. 


Proressor R. D. CARMICHAEL, of Indiana University, 
has been appointed assistant professor of mathematics in the, 
University of Illinois. 


By mutual arrangement between the departments con- 
cerned, Mr. C. H. YEATON, recently appointed instructor in 
mathematics at Dartmouth College, has resigned to accept 
a similar appointment at Northwestern University, and Mr. 
C. R. DINES, at present instructor at Northwestern University, 
has accepted an instructorship in mathematics at Dartmouth 
College for the coming academic year. 

AT Cornell University Drs. C. F. Crate and F. W. Owens 
have been promoted to assistant professorships of mathe- 
matics. 


Ar the Massachusetts institute of technology Dr. B. B. 
Liest and Mr. GEORGE RUTLEDGE have been appointed 
instructors in mathematics. 


Dr. G. M. CoNwELL, of Yale University, has been appointed 
instructor in mathematics in the New York state college for 
teachers. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


Auoroso (F.) Complementi di analisi algebiica elementare, con appen- 
dice sulle sezioni coniche. 2a edizione, riveduta e migliorata. Napoli, 
Puro, 1912. 16mo. 34-+229 pp. 


BRENKEN (E.). Die Erzeugung der Kurven konstanten Gauss’schen 


Krummungsmasses auf Flachen zweiten Grades durch elliptische 
Zylinder. Papenburg, 1914. 17 pp. M. 1.50 
CovrunaT (L). d delalogique. 2e édition. (Collection Scien- 
tia.) Paris, Gauthier-Villars, 1914. 8vo. 100 pp. Fr. 2.00 
Davison (C.). Subjects for mathematical essays. London, Macmillan, 
1914. 8vo. 3s. Od. 


D’Enno (J. G. Ai Ein ganz elementares Verfahren zur Lösung des 
grossen Fermat’schen Satzes wie auch zur vollständigen Erweiter 
und Verallgemeinerung des berühmten Theorems mit Uebungen und 
Anwendungen auf die Geometrie fur die höheren Klassen der Mittel- 
schulen. Trient, G. B. Monauni, 1912. Gr. 8vo. 23 pp. 


. Ein neues Verfahren zur Lösung des grossen Fermat’schen Satzes. 
Trient, G. B. Monauni, 1912. Gr. 8vo. 15 pp. 
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Dörr (H.) Grundzuge und Aufgaben der Differential- und Integral- 
rechnung nebst den Resultaten, neu bearbeitet von E. Netto. 13te 
Auflage. Giessen, A. Topelmann, 1912. 8vo. 3-+216 pp. 


Grops (G. D.). Integral calculus. Part 1: Integration of functions. 
3d edition. (In Russian.) St. EE 1012. 8vo. 14-165 pp. 
Hamricas (G.). Uebungsbuch der Analysis der Infinitesimalen. Heraus- 
gegeben von A. Suworin. St. Petcsburg. 1912. 8vo. 24-136 pp. 


MEHLER (F. Gi Hauptsatze der Elementar-Mathematik zum Gebrauche 
an hoheren Lehranstalten. Bearbeitet von A. Schulte-Tigges. Aus- 
gabe B, Oberstufe. 3ter Teil: Grundzüge und Anwendung der 

ifferentialrechnung. 2te Auflage. Berlin, Reimer, 1912. 7-+84 pp. 


MusorrER (R.). Eine Skizze der Geschichte der Infinitesimalrechnung. 
Progr. Wien, 1912, 8vo. 21 pp. 


NETTO (E.). See Dörr (H.). 


brio (N.. Elementar Talteori. Kopenhagen, Gyldendal, 1912. 8vo. 
144 pp. 


RosTscuiN (P.). Textbook of the differential and integral calculus. Part 
1: Differential calculus; Part 2: Integral calculus. (In Russian.) 
St. Petersburg, 1911-1912. 4-730-124-5608 pp. 


SCHULTE-TIGGES (A.). See MERLER (F. G.). 
SuwonIN (A.). See Hervricus (G.). 


ViLLANI (N.). L'equazione di Fermat z^ + y^ = z^ con dimostrazione 
generale. Lanciano, Masciangelo, 1912. 8vo. 21 pp. 
Wr (W.P.). On the theory of remainders of the eighth degree in the 
. algebraic number fields. Russian.) Warsaw, 1912. 8vo. 21+ 
229 pp. 
IIl. ELEMENTARY MATHEMATICS. 


AMMERMAN (C.). See Forp (W. B.). 


Bertrand (G.). Trattato di algebra elementare. Prima traduzione 
italiana con note ed aggiunti di E. Betti. Nuova edizione per cura 
di A. Socci. 15a impressione. Firenze, Le Monnier, 1912. 16mo. 
4 + 531 pp. 


Bern (E.). See BERTRAND (G.). 
BRABANT (F. G.).' See Marcon (C. A.). 


CaxMAN (P.) et FASSBINDER (L.). Algèbre et géométrie. Classe de 3e 
A. Paris, Gigord, 1012. 18mo. $87 pp. 


Cuore (R. H.) Junior arithmetic (with answers). London, University 
Tutorial Press, 1912. 8vo. 84-398 pp. 


DrexxzsR (P.. See NirgMOLLxE (F.). 


DornauscmN (P.À.). Approximations. For gymnasia, Realschulen, trade 
and technical schools. Revised by the author. 2d edition. (In 
Russian.) Kieff, 1012. 8vo. 46 pp. 


FASSBINDER (L.). See CAMMAN (P.). 


Fisuer (G. E.) and Scuwart (I). Quadratics and beyond. Reprint.’ 
New York, Macmillan, 1914. 12mo. 287 pp. $0.90 


———,. Complete secondary algebra. 2d reprint. New York, Macmillan, 
1912. 12mo. 504 pp. $1.35 
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Ford (W. B.) and AuatgRMAN (C.). Plane and solid geometry, edited by 
E. R. Hedrick. Reprinted with corrections. New York, Macmillan, 
1914. 12mo. 321 pp. $1.25 


FRENZEL (C.). See MEHLER (G.). 


FRIEDMANN (W. G.). Textbook of theoretical arithmetic. For upper 
classes of the boys’ and girls’ gymnasia and Realschulen and for private 
study. (In Russian.) Moscow, 1912. 8vo. 138 pp. 


HEpnick (E. R.). See Ford (W. B.). 


Jacos (J.). Lehrbuch der Arithmetik für Madchenlyzeen und verwandte 
Anstalten. Iter Teil: Lehrstoff der Iten und 2ten Klasse. Wien, 
F. Deuticke, 1912. 8vo. 3--110 pp. 


———. Manuale d’aritmetica per la prima classe delle scuole medie. 
Versione di R. Marussig. lest, M. Quidde, 1912. 8vo. 34-64 pp. 


JACOB (J.) und ScuirrxER (F.). Lehrbuch der Arithmetik und Geometrie 
fur Realschulen. Wien, F. Deuticke, 1912. 8vo. 64 pp. 


Jacon (J.), SCHIFFNER (F.) und DpAewgrënr (J.). Arithmetik und Geom- 
etrie fur Gymnasien und Realgymnasien. Analytische Geometrie der 
Ebene bearbeitet von J. Travniček. Wien, F. euticke, 1912. 8vo. 
4-+115 pp. 


Marcon (C. A.) and Brasant (F. G.). Responsions papers in stated 
subjects (exclusive of books), 1906-1911. With answers to mathe- 
matical questions and introduction to mathematics, grammar, ... 
Oxford, Clarendon Press, 1912. 160 pp. 


Marino (A.). Applicazioni algebraiche alla geometria piana e solida. 
Milano, 1914. 12mo. 82 pp. 


ManxkowrrscH (B. A.). Elementary logarithms. (Elements of the theory 
of logarithms and of the practice 1n logarithmie com utation.) (In 
Russian.) St. Petersburg, 1912. 8vo. 8-72 pp. Ihe same with 
4-place logarithm tables and samples of other logarithm tables. 8vo. 
164-104 pp. 


Manussia (R.). See Jacos (J.). 


Menen (F.G.). Hauptsätze der Elementar-Mathematik zum Gebrauche 
an hoheren Lehranstalten. Bearbeitet von A. Schulte-Tigges. 
Ausgabe B, Oberstufe. 2ter Teil: Arithmetik mit Einschluss der 
niederen Analysis, Trigonometrie und Stereometrie. Unter Mitwirk- 
ung von C. Frenzel bearbeitet. 2te unveränderte Auflage. Berlin, 
Reimer, 1912. 8vo. 84-169 pp. 


Mtızer (O.). Tavole di logaritmi con cinque decimali. 12a edizione, 
aumentata della tavole dei logaritmi d'addizione e sottrazione, per 
cura di Michele Rajna. Milano, Hoepli, 1915. 24mo. 364-191 pp. 

L. 1.50 


NIEMÖLLER (F.) und Derker (P.). Arithmetisches und algebraisches 
Unterrichtsbuch. In 4 Heften. 1tes und 2tes Heft. Breslau, F. 
Hirt, 1912. 92-116 pp. 


OrENSHAW (P. A.). Public school examination papers in mathematics. 
With answers. London, Bell, 1912. 135 pp. 


PENDLEBURY (C.). A preparatory arithmetic. London, Bell, 1912. 
14+185+30 pp. 


Razna (M.). See MÜLLER (O.). 
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‘ RaASCHEVSEY (K.). "Elementary algebra. Textbook for higher schools. 
(In Russian.) Moscow, 1912. 8vo. 3014-3 pp. 


SALOMON (A.). Lecons d’algébre. 7e édition. Paris, Vuibert, 1912. 
16mo. 267 pp. 


SCHIFFNER (F.). See Jacos (J.). 
ScHULTE-TiGGzES (A.). See MEHLER (F. G.). 


ScHuLtzs (A.). Advanced algebra. 11th reprint. New York, Macmil- 
lan, 1913. 12mo. 562 pp. Half leather. $1.25 


Scuwatt (I.). See Fisuer (G. E.). 
Soccı (A.). See BERTRAND (G.). 
TRAVNICEK (J.). See Jacos (J.). 


VAN DER HEYDEN (A. F.). Notes on algebra. Middleborough, W. Apple- 
yard, 1912. 8+-133 pp. 


III. APPLIED MATHEMATICS. 


AnasrRONG (H. F). Descriptive geometry for students of engineering 
science and architecture. New York, Wiley, 1915. 8vo. 64-125 pp. 
$2.00 


BERLINER (S.). Renten und Anleihen. Leipzig, C. E. Poeschel, 1912. 
8vo. 104-142 pp. 


Brace (W. H. and W. L.). X rays and crystal structure. London, Bell, 
1915. 8vo. 7s. 6d. 


Braac (W. L.). See Braca (W. H.). 


CALENDARIO astronomico delle colonie italiane d’Affrica per l'anno 1915. 
(Istituto geografico militare.) Firenze, tip. Barbéra, di Alfani e 
Venturi, 1914. 8vo. 73 pp. 


CALENDARIO del r. osservatorio astronomico di Napoli per l'anno 1915. 
Napoli, 1915. 16mo. 75 pp. 


Drory (F. Ej). Geometry of building construction. Second year course. 
London, Routledge, 1915. 8vo. 38. 


Epwarps (E. J.) and Trckre (M. J.). Practical science and mathematics 
for the second year preliminary technical or industrial course. Lon- 
don, Routledge, 1915. 8vo. 417 pp. Is. 6d. 


ELDERTON (W. P.) and Feran (R. C.). The construction of mortality 
and sickness tables. London, Macmillan, 1914. 12mo. 120 PP», 


Ferrario (L.). Studi di meccanica molecolare. Milano, Hoeplı, 1915. 
Svo. 165 pp. L. 4.50 


Fipparp (R. C). See ErpERTON (W. P.). 


oscut (R. C.) Una facile deduzione del teorema dei tre momenti. 
Gita. di Castello, S. Lapi, 1914. 8vo. Spp. 


LoxBARDI (L.). Corso teorico-pratico di elettrotecnica. 2a edizione. 
Vol. II. Milano, 1914. 8vo. 124-718 pp.+5 tables. L. 20.00 


Maccı (G. A.). Geometria del movimento. Lezioni di cinematica con 
un’ appendice sulla geometria della massa. 1915, 8vo. 8.00 


TICKLE (M.J.). See Epwarps (E. J.). 
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READ BEFORE THE AMERICAN MATHEMATICAL SOCIETY AND 
SUBSEQUENTLY PUBLISHED, INCLUDING REFERENCES 
TO THE PLACES OF THEIR PUBLICATION. 


ALEXANDER, J. W., II. A proof of the invariance of certain constants of 
analysis situs. Read Sept. 8, 1913. Transactions of the American 
M atical Society, vol. 16, No. 2, pp. 148-154; April, 1915. 


ARCHIBALD, R.C. Euclid's Book On Divisions of Figures (repi dtarpto ewe 
BıßAlor) with a restoration based on Woepcke’s text and the Practica 
Geometrie of Leonardo Pisano. Read April 25,1914. Cambridge, 
University Press, 1915. 8+88 pp. 


Bancs, C. The mathematician in modern physics. Read Sept. 8, 1914. 
Science, new ser., vol. 40, No. 1038, pp. 721-727; Nov. 20, 1914. 


BaTEMAN, H. The quartic curve and its inscribed configurations. Read 
Feb. 22, 1913. American Journal of Mathematics, vol. 36, No. 4, pp. 
357-386, Oct., 1914. 


— — The structure of the sther. Read Feb. 28, 1014. Bulletin of the 
American. Mathematical Society, vol. 21, No. 6, pp. 299-309; March, 
1915. 


— — The mathematical analysis of electrical and optical wave-motion on 
the basis of Maxwell's equations. Read (Chicago) April 29, 1911 and 
Feb. 22, 1913. Cambridge, University Press, 1015. 64-159 pp. 


BAUER, G. N., and Brong, H. L. Algebraic and transcendental numbers. 
Read (Chicago) Dec. 27, 1913. icontt del Circolo Matematico di 
Palermo, vol. 38, No. 3, pp. 353-356; Nov.—Dec., 1914. 


BELL, E. T. An mithmetical theory of certain numerical functions. Part 
1. Read Oct. 26, 1912 and (San Francisco) May 22,1914, University 
of Washington Publications (Science), 1915. 47 pp. 


BERNSTEIN, B. A. A complete set of postulates for the logic of classes 
resscd in terms of the operation “exception,” and a proof of the 
independence of a set of postulates due to Del Ré. Read (San Fran- 
cisco) Oct. 25, 1913. Unwersity of California Publications in Mathe- 
maitcs, vol. 1, No. 4, pp. 87-96; May 15, 1914. 


BirkHorr, G.D An elementary double inequality for the roots of an 
algebraic equation having greatest absolute value. Read April 24, 
1915. Bulletin of the American Mathematical Society, vol. 21, No. 10, 
pp. 494-495; July, 1915. 


Buicuretpt, H F. A new principle in the geometry of numbers, with 
some applications. Read (San Francisco) April 12, 1913.  Transac- 
tions of the American Mathematical Sociely, vol. 15, No. 3, pp. 227- 


235; July, 1914. 

Buss, G. A. A note on symmetric matrices. Read (Chicago) April 10, 
1914. Annals of Mat rcs, ser. 2, vol. 16, No. 1, pp. 43-44; Sept., 
1914. 


—— The Weieistrass #-function for problems of the calculus of variations 
in space. Read pose te Dec. 20, 1913. Transactions of the Amer- 
ican Mathematical Society, vol. 15, No. 4, pp. 369-378; Oct., 1914. 
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—— Generalizations of geodesic curvature and a theorem of Gauss con- 
EE triangles. Read April 28, 1906. American Journal 
of M tcs, vol. 37, No. 1, pp. 1-18; Jan., 1915. 


—— A note on functions of lines. Read (Chicago) Dec. 28, 1914. Pro- 
enge of the National Academy of Sciences, vol. 1, No. 3, pp. 173-177; 
arch, 1915. 


Buiss, G. A., and UNDERHILL, A. L. The minimum of a definite integral 
for unilateral variations in space. Read (Chicago) Dec. 27, 1013. 
Transachons of the American Mathematical Society, vol. 15, No. 3, pp. 
291-310; July, 1914. 


Bócnen, M. On a small variation which renders a linear differential 
system incompatible. Read April 25, 1914. Bulletin of the American 
Mathematical Society, vol. 21, No. 1, pp. 1-6; Oct., 1914. 


= The smallest characteristic numbers in a certain exceptional case. 
Read Sept. 8, 1914. Bulletin of the American Mathematical Society, 
vol. 21, No. 1, pp. 6-9; Oct., 1914. 


BucHANAN,D. Periodic orbits on a smooth surface. Read (Chicago) Dec. 
%6, 1918. American Journal of Mathematics, vol. 37. No. 1, pp. 79-94; 
an., 1915. 


Burns, J. E. The abstract definitions of groups of degree 8. Read Sept. 
8, 1913. American Journal of Maihematics, vol. 37, No. 2, pp. 195- 
214; April, 1915. 


Cajonr, F. The history of Zeno's arguments on motion: phases in the 
development of the theory of limits. Read Sept. 9, 1913 and (Chicago) 
April 11, 1914. American. Mathematical Monthly, vol. 22, No. 1, pp. 
1-6; Jan., 1915: No. 2, pp. 39-47; Feb., 1915: No. 3, pp. 71-585: 
March, 1915: No. 4, pp. 109-115; April, 1915. 


CARNICHAEL, R. D. On series of iterated linear fractional functions. 
Read Sept. 8, 1913. American Journal of Mathematics, vol. 36, No. 3, 
pp. 267-288; July, 1914. 


CanMICHAEL, R. D., and Mason, T. E. Note on the roots of algebraic 
equations. Read (Chicago) April 10, 1914. Bulletin of the American 
athematical Society, vol. 21, No. 1, pp. 14-22; Oct., 1914. 


CHITTENDEN, E. W. The converse of the Heine-Borel theorem in a Riesz 
domain. Read (Chicago) April 11, 1914. Bulletin of the American 
Mathematical Society, vol. 21, No. 4, pp. 179-183; Jan., 1915. 


— — Infinite developments and the composition pro (Ku Bı) in 
eneral analysis. Read (luengo) ril 6, 1912. voonti del 
Circolo Matematico di Palermo, vol. 39, No. 1, pp. 81-108; Jan—Feb., 


1915. 


CoBLE, A. B. Restricted systems of equations (second paper). Read 
Dec. 31, 1918. American Journal of Mathemahces, vol. 36, No. 4, pp. 
395-418; Oct., 1914. 


——— Point sets and allied Cremona groups. Read April 25, 1914. Trans- 
actions of the American Mathematical Society, vol. 16, No. 2, pp. 155- 
198; April, 1915. Proceedings of the National Academy of Sciences, 
vol. 1, No. 4, pp. 245-248; April, 1915. 

Cote, F. N. Note on solvable quinties. Read Jan. 2, 1015. Bulletin of 


the American Mathematical Society, vol. 21. No 9, pp. 462-404; June, 
1815. 
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Conner, J. R. The rational sextic curve, and the Cayley s etroid. 
Read Dec. 31, 1912. American Journal of Mathematics, vol. 37, No. 1, 
pp. 20-42; Jan., 1915. 


Co»pELAND, L. P. On the theory of invariants of n-lines.. Read Feb. 22, 
1913. Annals of Mathemahws, ser. 2, vol. 16, No. 1, pp. 7-14; Bept., 
1914. 


Cumes, L. D. On a method of comparison for triple systems. Read 
April 25, 1914. Transactions of the Amerwan Mathematical Sonety, 
vol. 15, No. 3, pp. 311-327; July, 1014. 


Cnarg, C. F. See SHARPE, F. R, 


Decker, F. F. On the order of a restricted system of equations. Read 
Dec 28, 1910. American Journal of Mathematics, vol. 37, No. 2, 
pp. 159-178; April, 1915. 


Diexson, L. E. Modular invariants of the system of a binary cubic 
quadiatic, and linear form. Read Sept. 8, 1914. Quarterly Journ 
of Pureand Applied Mathematics, vol. 45, No. 4, pp. 373-384; Sept., 
1914. 


—— Invariants in the theory of numbers. Read Sept. 8, 1914. Trans- 
aciions of the American Mathematical Society, vol. 15, No. 4, pp. 497- 
503; Oct., 1914. 


— — The points of inflexion of a plane cubic curve. Read Sept. 8, 1914. 
Annals of Mathematics, ser. 2, vol. 16, No. 2, pp. 50-66; Dec., 1914. 


—— Linear algebras. Read (Chicago) Dec. 27, 1913. Cambridge Tracts 
in Mathematics and Mathematical Physics, No. 16. Cambridge, 
University Press, 1914. 8-+73 pp. 


—— Invariants, seminvariants, and covariants of the ternary and quater- 
nary quadratic form modulo 2. Read Sept. 8, 1914. Bulletin of the 
American Mathematical Soctety, vol. 21, No. 4, pp. 174-179; Jan., 1915. 


—— Invariantive theory of plane cubic curves modulo 2. Read (San 
Francisco) Oct. 24, 1914. American Journal of Mathematics, vol. 37, 
No. 2, pp. 107-116; April, 1915. 


—— Quartic curves modulo 2. Read (San Francisco) Oct. 24, 1914. Trans- 
actions of the American Mathematical Society, vol. 16, No. 2, pp. 111- 
120; April, 1915. 


— The straight lines on modular cubic surfaces. Read (Chicago) Dec. 
29, 1914. Proceedings of the National Academy of Scrences, vol. 1, No. 
4, pp. 248-253; April, 1915. ' 


Projective classification of cubic surfaces modulo 2. Read (Chicago) 
Dec. 29, 1914. Annals of Mathematics, ger. 2, vol. 16, No. 4, pp. 
139-157; June, 1915. 


Dines, L. L. Complete existential theory of Sheffer’s postulates for 
Boolean algebras. Read Dec. 30, 1913. Bulletin of the American 
Mathematical Socwty, vol. 21, No. 4, pp. 183-188; Jan., 1915. 


Dopp, E. L. The arithmetic mean as approximately the most probable 
value a posteriori under the Gaussian probability law. Read Sept. 9, 
1913. Bulletin of the University of Teras, 1915, No. 4, 20 pp.; Jan. 15, 
1915. 


DRESDEN, A. The second derivatives of the extremal integral for a general 
class of problems of the calculus of variations Read (Chicago) Dec. 
28, 1914. Proceedings of the Natonal Academy of Sciences, vol. 1, 
No. 4, pp. 238-241; April, 1915. 
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EisgNHART, L. P. Transformations of surfaces of Voss. Read Dec. 31, 
1918. Transactions of the American Mathematical Socwly, vol. 15, 
No. 3, pp. 245-265; July, 1914. 


— — Transformations of conjugate systems with equal point invariants. 
Read April 25, 1914. Transactions of the American Mathematical 
Society, vol. 15, No. 4, pp. 397-430; Oct., 1914. 


Transformations of surfaces 2. Read Jan. 1,1915. Proceedings of 
the National Academy of Sciences, vol. 1, No. 2, pp. 62-65; Feb., 1915. 


—— One-parameter families of curves. Read (Chicago) April 28, 1911. 
T ria Journal of Mathematics, vol. 37, No. 2, pp. 179-191; April, 
1915. 


EatcH, A. On some properties of closed continuous curves. Read Dec. 31 ; 
1912 and (Chicago) Dec. 28, 1914. Rendiconti del Circolo Matematico 
di Palermo, vol. 38, No. 2, pp. 180-184; Sept.-Oct., 1914. 


—— On some general theorems concerning ordinary closed curves. Read 
(Chicago) Dec. 28, 1914. Annals of Mathematics, ser. 2, vol. 16, No. 
4, pp. 198-196; June, 1915. 


Evans, G. C. On the reduction of integro-differential equations. Read 
Jan. 1, 1913 and Dec. 30, 1913. Transactions of the American Mathe- 
matical Sociely, vol. 15, No. 4, pp. 477-496; Oct., 1914. 


—— Note on the derivative and the variation of a function depending on 
all the values of another function. Read Jan. 2, 1915. Bulletin of 
American Mathematical Socwty, vol. 21, No. 8, pp. 387-397; May, 1915. 


FiScHER, C. A. The derivative of a function of a surface. Read April 26, 
1918. American Journal of Mathematics, vol. 36, No. 3, pp. 289-306; 
July, 1914. 


— — The Legendre condition for a minimum of a double integral, with an 
isoperimetrie condition. Read Feb. 28, 1914. Bulletin of the Amer- 
scan Mathematical Society, vol. 21, No. 8, 380-387; May, 1915. 


—— — Minima of double mtegrals with respect to one-sided variations. 
Read April 24,1915 Annals of Mathematics, ser. 2, vol. 16, No. 4, 
pp. 162-168; June, 1915. 


Firs, W. B. Prime power groups in which every commutator of prime 
order is invariant. Read Sept. 9, 1914. Transactions of the American 
Mathematical Society, vol. 16, No. 2, pp. 134-138; April, 1915. 


FnizELL, A, B. An enumeration of integral algebraic polynomials. Read 
Jan. 1, 1915. Bulletin of the American Mathematical Society, vol. 21, 
No. 7, pp. 341-342; April, 1915. 


—— Certain non-enumerable sets of infinite permutations. Read (Chi- 
cago) April 10, 1914 and Dec. 28, 1914. Bulletin of the American 
Mathematical Society, vol. 21, No. 10, pp. 495-499; July, 1915. 


Gaba, M. G. A set of postulates for general projective geometry. Read 
April 26, 1913. Transactions of the American Mathematical Society, 
vol. 16, No. 1, pp. 51-61; Jan., 1915. 


GALAJIKIAN, H. Non-linear integral equations of the Volterra type. 
Read Dec. 31, 1913. Annals of Mathematics, ser 2, vol. 16, No. 4, pp. 
172-192; June, 1915. 


GLENN, O. E. Concerning an analogy between formal modular invariants 
and the class of algebraical invariants called Booleans. Read Dee. 
30, 1913. American Journal of Mathematics, vol. 37, No. 1, pp. 73-78; 
Jan., 1915. 
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—— — Modular invariant processes. Read Sept. 8, 1014. Bulletin of the 
American Mathematical Society, vol. 21, No. 4, pp. 167-173; Jan., 1915. 


GLOVER, J. W. A general formula for the valuation of securities. Read 
(Chicago) April 6, 1912. American Mathemahcal Monthly, vol. 22, 
No. 3, pp. 82-88; March, 1915. 


GnRavsTEIN, W. C. The equivalence of complex points, planes, lines with 
respect to real motions and certain other groups of r transformations. 
Read Dec. 31, 1918. Transacttons of the American Mathematical 
Socely, vol. 16, No. 1, pp. 88-44; Jan., 1915. 


GREEN, G. M. One-parameter families of curves in the plane. Read Oct. 
25, 1913. Transactions of the American Mathematical Society, vol. 15, 
No. 3, pp. 277-290; July, 1914. 


—— — On the theory of curved surfaces, and canonical Cae. in projec- 
tive differentia] geometry. Read Dec. 31, 1913. Transachons of ihe 
American Mathematical Socely, vol. 16, No. 1, pp. 1-12; Jan., 1915. 


GRoNWALL, T. H. Ueber die Summierbarkeit der Reihen von Laplace 
und Legendre. Read Jan. 2, 1018. Mathemahsche Annalen, vol. 75, 
No. 8, pp. 321-375; July, 1914. 


— On approximation by trigonometric sums. Read Dec. 31, 1913. 
Bulletin of the American Mathematical Society, vol. 21, No. 1, pp. 9-14; 
Oct., 1914. 


Some remarks on conformal representation. Read Oct. 31, 1914. 
Annals of Mathematics, ser. 2, vol. 16, No. 2, pp. 72-76; Dec., 1914. 


—— On the maximum modulus of an analytic function. Read April 26, 
1913. Annals of Mathematics, ser. 2, vol. 16, No. 2, pp. 77-81; Dec., 
1914. 


—— An integral equation of the Volterra type. Read Jan. 2, 1915. 
Annals of Mathematics, ser 2, vol. 16, No. 3, pp. 119-122; March, 1916. 


HaznEeTT, O. Invariantive characterization of some linear associative 
algebras. Read (Chicago) Dec. 26,1918. Annals of Mathematics, ser. 
2, vol. 16, No. 1, pp. 1-6; Sept., 1914. 


HILDEBRANDT, T. H. On & generalization of a theorem of Dini on sequen- 
ces of continuous functions. Read (Chicago) April 10, 1914. Bulletin 
of the American Mathematical Society, vol. 21, No. 3, pp. 113-115; 

ec., 1914. 


HowLnAND,L A. Binary conditions for double and triple points on a cubic. 
Read April 27, 1912. American Journal of Mathemat:cs, vol. 36, No. 
4, pp. 441-448; Oct., 1914. 


HuwmINGTON, E. V. The theorem of rotation in elementary mechanics. 
Read Sept 8, 1914. American Mathematical Monthly, vol. 21, No. 10, 
pp. 315-320; Dec., 1914. 


Hrvrwırz, W. A. Mixed linear integral equations of the first order. Read 
Dec. 31, 1912. Transactions of the American Mathematical Society, 
vol. 16, No. 2, pp. 121-133; April, 1916. 


Irwin, F. Relation between the roots of a rational integral function and 
ts derivative. Read (San Francisco) Oct. 24, 1914. Annals of 
Mathemalıcs, ser. 2, vol. 16, No. 3, p. 188; March, 1915. 


Jackson, D. A formula of trigonometrie interpolation. Read Sept. 8, 
1918. Rendiconti del Circolo Matemalıco di Palermo, vol. 37, No. 8, 
pp. 371-378; May-June, 1914. 
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—— On the d of convergence of Sturm-Liouville series. Read Dec. 
30, 1918. Transactions of the American Mathematical Socwty, vol. 15, 
No. 4, pp. 439-466; Oct., 1914. 


JOFFE, S. A. Sums of like powers of natural numbers. Read Feb. 24, 
1912. Quarterly Jou of Pure and Applied Mathemahws, vol. 46, 
No. 1, pp. 33-51; Dec., 1914. 


JouNBON, R. A. The conic as a space element. Read Sept. 8, 1014. 
Transactions of the American Mathematical Society, vol. 15, No. 4, pp. 
335-368; Oct., 1914. 


KanPINSKEI, L. C. The algorism of John Killingworth. Read Sept. 8, 
1913. Englısh Historical Review, vol. 29, No. 4, pp. 707—717; Oct., 
1914. 

Kasner, E. V ur ERE congruences of curves in space. Read 
Feb. 25, 1911 and Jan. 1, 1913. Rendiconti del Circolo Matematico di 
Palermo, vol. 35, No. 3, pp. 283-285; May-June, 1913. 


LAMOND, J. K. On the continuity of a Lebesgue integral with respect to a 
parameter. Read April 25, 1914. American Journal of M ics, 
vol. 36, No. 4, pp. 387-391; Oct., 1914. 


Lurscuntz, 8. Geometry on ruled surfaces. Read (Southwestern Sec- 
tion) Nov. 30, 1912. American Journal of Mathematics, vol. 30, No. 4, 
pp. 302-304; Oct., 1914. 

The equation of Picard-Fuchs for an algebraic surface with arbitrary 
gi rities. Read (Southwestern Section) Nov. 28,1914. Bulletin 
of the American Mathematical Society, vol. 21, No. 5, pp. 227—232; Feb., 
1915. 

LEHMER, D. N. List of prime numbers from 1 to 10,006,721. Read (San 
Francisco) Feb. 26, 1910. Carnegie Institution Publication No. 165. 
Washington, 1014. 164-133 pp. 

LoNarsy, W. R. An existence theorem for a certain differential equation 
of the nth order. Read Dec. 30, 1918. Transactions of the American 
Mathematical Society, vol. 15, No. 3, pp. 328-334; July, 1914. 
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pp. 324-838; March, 1915. 

Mason, T. E. On some properties of the elementary symmetric functions 
of the integers 1, 2, ---, n — 1. Read (Chicago) April 10, 1914. 
Tohoku Mathematical Journal, vol. 5, Nos. 3-4, pp. 136-141; June, 
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50, No. 9, pp. 197-222; June, 1915. 


Moors, C. N. Sur la relation entre certaines méthodes pour la sommation 
d’une série divergente. Read (Chicago) April 10,1914. Comptes 
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Rowe, J. E. Invariants of the rational plane quintic curve and of any 
rational curve of odd order. Read April 25,1914. Transachons of the 
American Mathematical Society, vol. 16, No. 1, pp. 45-50; Jan, 1915. 
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SuanPEe, F. R. Finite groups of plane birational transformations with 
eight fundamental points. Read Dec. 27, 1911 and Sept. 10, 1912. 
American Journal of Mathemaitcs, vol. 37, No. 1, pp. 55-64; Jan., 1915. 
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1915.]  TwENTY-FOURTH ANNUAL LIST OF PAPERS. o41 


SuanPE, F. R. and Snyper, V. Birational transformations of certain 
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pp. 199-214; April, 1915. 
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MirLEB, G. A. Note on the Potential and the Anti-Potential Group of a 
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